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Metal nanospheres under intense continuous-wave illumination:
A unique case of nonperturbative nonlinear nanophotonics
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We show that the standard perturbative (i.e., cubic) description of the thermal nonlinear response of a single
metal nanosphere to intense continuous-wave (CW) illumination is sufficient only for a temperature rise of up to
100 degrees above room temperature. Beyond this regime, the slowing down of the temperature rise requires a
nonperturbative description of the nonlinear response, even though the permittivity is linearly dependent on the
temperature and despite the deep subwavelength effective propagation distances involved. Using experimental
data, we show that, generically, the increase of the imaginary part of the metal permittivity dominates the increase
of the host permittivity as well as the resonance shift due to the joint changes to the real parts of the metal and host.
Thus, the main nonlinear effect is a decrease of the quality factor of the resonance. We further analyze the relative
importance of the various contributions to the temperature rise and thermal nonlinearity, compare the nonlinearity
of Au and Ag, demonstrate the potential effect of the nanoparticle morphology, and show that although the
thermo-optical nonlinearity of the host typically plays a minor role, its thermal conductivity and its temperature
dependence is important. Finally, we discuss the differences between CW and ultrafast thermal nonlinearities.
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I. INTRODUCTION

Nonlinear optical effects are usually weak. For example,
typical second-order nonlinear processes have efficiencies of
only a few percent for nonlinear crystals a few millimeters in
length [1]. Third-order nonlinear effects are usually weaker
and occur on even longer distances; see, for example, self-
phase modulation in optical fibers [2] or even in highly
nonlinear semiconductor waveguides [3]. Even the relatively
strong slow nonlinearities, which give rise to permittivity
and refractive index changes, are usually limited to modest
values due to saturation effects (see Ref. [4] and references
therein), phase transitions (e.g., in liquid crystals), or damage
(e.g., in photorefractive materials). Accordingly, the vast
majority of theoretical studies of nonlinear optical effects are
performed within the framework of a perturbative description,
i.e., involving, at most, a third-order (equivalently, cubic)
nonlinearity. This is true, in particular, on the nanoscale, where
the relevant propagation distances can be below the wavelength
scale.

Recently, the need to go beyond the perturbative description
was demonstrated experimentally in near-zero permittivity
films, a few hundreds of nanometers thick, under ultrafast
illumination [5–7]. However, a much stronger nonlinear
response was observed in a recent measurement of scattering of
intense beams from single metal nanoparticles [8–12]. These
measurements, although being conceptually simple, differed
considerably with respect to the many previous measurements
of nonlinear scattering from metal nanostructures (see, e.g.,
Refs. [13–18], to name just a few) and, in particular, with
respect to Refs. [5–7]. First, they employed intense continuous
wave (CW) light rather than the usual ultrafast illumination.
Second, they relied on a confocal microscope rather than
the usual Z-scan measurements (and their variations). Third,
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they were taken from single nanoparticles rather than from
composites or uniform films. Thus, a theoretical description
of the results of Refs. [8–12] requires a nonperturbative
description at much lower intensities, without a vanishing
permittivity, and in substantially smaller volumes, below the
wavelength scale.

In Ref. [19] it was shown that the thermal effect, known to
be among the strongest mechanisms of optical nonlinearity [1],
enables one to reproduce qualitatively the experimental results
of nonlinear scattering from Au nanoparticles [8–12] for
moderately high intensities. In the current article, using the best
experimental data available for the temperature dependence of
the permittivities, as well as numerical simulations and an
approximate analysis, we go beyond Ref. [19] and study the
nonlinear scattering from a single metal nanoparticle system-
atically and quantitatively, with the dual aim of demonstrating
the failure of the perturbative (cubic) description as well as
classifying the importance of the various contributing physical
effects. Specifically, we compare the nonlinear scattering
from Au and Ag nanoparticles; we study also the possible
contribution of the optical properties of the dielectric host to
the overall nonlinear response and show that in the absence
of a phase transition (e.g., boiling) of the host, they have
a relatively smaller role compared to that of the optical
properties of the metal; this justifies, a posteriorly, the neglect
of the host nonlinearity in Ref. [19]. We also show that, quite
unintuitively, changes of the real part of the metal permittivity
have generically a secondary effect on the temperature and
field. Further, we demonstrate qualitative differences related
with the sphere morphology, as well as with the thermal
properties of the dielectric host. Throughout the study, we
elucidate the differences between the strength of the thermal
nonlinearity in the ultrafast and CW cases. This is important
because while the former is well studied, the latter, i.e., the
CW case, has been practically ignored; see discussion in
Ref. [19].
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This study provides an important step towards reaching
a quantitative understanding of the nonlinear scattering of
CW light observed in Refs. [8–12] (i.e., matching theoretical
predictions to the experimental data) by identifying which
physical effects are most relevant. Since many of the relevant
material parameters are not known (e.g., the temperature
dependence of the thermal conductivity of the host, the Kapitza
resistance of the various metal-dielectric combinations and its
temperature dependence, etc.), this study also shows which
effect deserves an elaborate quantification. It also allows us
to suggest experiments that can provide further support to our
claims on the dominance of the thermal effects.

The paper is organized as follows. In Sec. II, we describe
the basic assumptions of the model, and in Sec. III we develop
the model equations for the temperature, permittivity, and field
within the nanosphere. We then proceed by several numerical
examples (Sec. IV) and complement the numerical results
with an approximate analysis (Sec. V). Section VI provides
a discussion of the results and an outlook.

II. MODEL ASSUMPTIONS

In what follows, we denote the quantities within the metal
nanosphere (host) with a subscript m (h); we also label the
ambient properties by a subscript 0.

The physical configuration studied in the current article is of
a single metal nanosphere in a dielectric host under intense CW
illumination. We consider spheres which are sufficiently small
so the incident and total field as well as the temperature within
the metal nanosphere (Einc, Em, and Tm, respectively) can be
approximated as being uniform [20]. The former assumption,
known as the quasistatic approximation, is justified for parti-
cles sufficiently small with respect to the wavelength; the latter
is valid when the host has a relatively low thermal conductivity
compared with the sphere (i.e., κh � κm) [19,21,22].

We further assume that the nanospheres exhibit only linear
(one-photon) absorption. While we do not expect multiphoton
absorption to yield anything more than a quantitative change
to the results shown below, it is also worth noting that the
absorption cross sections of multiphoton processes are difficult
to distinguish from the many other effects (e.g., the thermal
effect, free-carrier generation, stress or strain, etc.) and are in
general not well characterized and, hence, difficult to quantify
at this stage.

Under these assumptions, it was shown in Ref. [19] that an
exact solution of the coupled Maxwell and heat equations is
available, whereby the temperature inside a few nm sphere is
given by

�T ≡ Tm − Th,0 = a2

3κh(T )
pabs(T ),

pabs(T ) ≡ ω

2
ε0ε

′′
m(T )| �Em|2, (1)

where a is the sphere radius, ω is the angular frequency of the
incoming photons, ε0 is the vacuum permittivity, and where

�Em = 3εh(T )

ε′
tot(T ) + iε′′

m(T )
�Einc, (2)

is the field inside the nanosphere, �Einc is the incident field
amplitude, and ε′

tot(T ) ≡ 2εh(T ) + ε′
m(T ). This solution is

based on the fact that, in this limit, the functional form of
the field and temperature are known exactly (specifically,
without neglecting reflection etc.). Thus, the only remaining
unknown, their level, can be determined by simple (“fixed-
point”) iterations.

In order to compute the field and temperature, we now
need to specify the temperature dependence of the various
parameters (i.e., the various thermoderivatives). Since we want
to focus on the interplay among the field, temperature, and
various thermoderivatives, we avoid dwelling into the detailed
solid-state physics aspects of the metal permittivity and its
temperature dependence (see, e.g., Refs. [13,23–25]). Instead,
we rely on the best available empirical data. Specifically,
we assume a linear dependence of the permittivity on the
temperature, namely

εm(T ) = ε′
m,0 + dε′

m

dT

∣∣∣∣
Th,0

(T − Th,0)

+ i

[
ε′′
m,0 + dε′′

m

dT

∣∣∣∣
Th,0

(T − Th,0)

]
, (3)

where Th,0 is the ambient temperature of the host (i.e., away
from the nanosphere). This was shown to be the case at
least up to several hundreds of degrees in recent ellipsometry
measurements of Au thin films [26,27]; the data in these studies
were remarkably similar and in excellent agreement with an
earlier study [28] performed over a narrower temperature
range. Similar linear dependence on the temperature for a
Ag film can be deduced from the model derived in Ref. [24]
by extracting the dependence of the permittivity on the
electron and lattice temperatures from transient spectroscopy
measurements of thin Ag films under an ultrafast illumination
[29]; this paper describes probably the most detailed study, to
date, of the temperature dependence of the Ag permittivity (in
terms of wavelength and temperature range). An ellipsometry
study of thin Ag films (which appeared after the submission
of this article) reports similar results [30].

Similarly, we assume for the host media that εh = ε′
h,0 +

dε′
h/dT |Th,0 (T − Th,0) (see, e.g., data in Ref. [1]) and that

its thermal conductivity varies linearly with temperature,
i.e., κh = κh,0 + dκh/dT |Th,0 (T − Th,0). Under the above as-
sumptions, the thermal conductivity can also account for the
temperature dependence of the Kapitza resistance via a slight
modification of the solution (1) [19,31].

For brevity, in what follows, we denote Bm ≡ dεm/

dT |Th,0 = B ′
m + iB ′′

m,B ′
h = dε′

h/dT |Th,0 and Bκ,h ≡ dκh/

dT |Th,0 . For simplicity, we consider hosts which exhibit
negligible absorption (B ′′

h = 0); however, any nonzero
contribution will cause only a quantitative difference.

In all the examples below, we limit ourselves to a maximal
temperature rise of �T ≈ 300 K. In this range, the assump-
tions detailed above hold (see, e.g., Ref. [26]), and one avoids
sintering and melting of the metal [32] as well as damage
or phase transitions in many possible hosts, thus justifying
the neglect of additional thermodynamical considerations (see,
e.g., Refs. [33–35]).
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III. TEMPERATURE, PERMITTIVITY, AND ELECTRIC FIELD IN A SMALL METAL NANOSPHERE

With the assumptions above, Eqs. (1) and (2) reduce to a fourth-order polynomial equation in �T , namely

Bκ,h

κh,0

B ′2
tot + B ′′2

m

ε′′2
m,0︸ ︷︷ ︸

a4

�T 4 +
[

B ′2
tot + B ′′2

m

ε′′2
m,0

+ 2
Bκ,h

κh,0

B ′
totε

′
tot + B ′′

mε′′
m,0

ε′′2
m,0

− �T on
I

B ′2
h

ε′2
h,0

B ′′
m

ε′′
m,0

]
︸ ︷︷ ︸

a3

�T 3

+
[

2
B ′

totε
′
tot + B ′′

mε′′
m,0

ε′′2
m,0

+ Bκ,h

κh,0

(
1 + ε′2

tot

ε′′2
m,0

)
− �T on

I

(
2

B ′
h

ε′
h,0

B ′′
m

ε′′
m,0

+ B ′
h

2

ε′2
h,0

)]
︸ ︷︷ ︸

a2

�T 2

+
[(

1 + ε′2
tot

ε′′2
m,0

)
− �T on

I

(
B ′′

m

ε′′
m,0

+ 2
B ′

h

ε′
h,0

)]
︸ ︷︷ ︸

a1

�T = �T on
I , (4)

where B ′
tot ≡ B ′

m + 2B ′
h and

�T on
I ≡ 3ωε0

2

a2

κh,0

ε′2
h,0

ε′′
m,0

| �Einc|2 = a2

κh,0

3ωε
′3/2
h,0

4cε′′
m,0

Iinc > 0 (5)

is the temperature rise in the on-resonance case when all
thermoderivatives vanish [36], i.e., it is the first-order approx-
imation of Eq. (4), hence, the reason for the subscript I ; the
superscript on is shorthand for “on resonance”, see below.
Here Iinc = 2

√
ε′
h,0| �Einc|2/Z0 is the incident intensity. More

generally, �T on
I is proportional to Pabs, the density of power

absorbed within the sphere, namely �T on
I = Pabs/4πκh,0a

[21]. This result was referred to in Ref. [19] as the temperature-
independent permittivity model.

A few points can already be noted. First, the coefficients in
Eq. (4) involve only the relative temperature-induced changes
of the optical and thermal properties rather than the absolute
changes of these quantities. In fact, quite unintuitively, the real
part of the thermoderivatives of the metal permittivity turns
out to be normalized by the imaginary part of the permittivity
rather than by the real part; on the other hand, the (real part
of the) thermoderivative of the host permittivity is normalized
by the real part of the host permittivity. Second, it is clear
that one can distinguish between two generic scenarios: when
the illumination is on-resonance (ε′

tot � ε′′
m,0) or off-resonance

(otherwise) . We showed in Ref. [19] that there is a qualitative
difference between these two cases, something which can, in
fact, be observed from the first-order approximation of Eq. (4)
(i.e., when all the thermoderivatives vanish),

�TI = ε′′2
m,0

ε′′2
m,0 + ε′2

tot

�T on
I . (6)

Indeed, Eq. (6) shows that in the off-resonance case, the
temperature rise is higher for increasing ε′′

m,0, while the
opposite is true for the on-resonance case. This is a standard
signature of the resonance, affecting the absorption and quality
factor of this plasmonic resonator.

Equations (5) and (6) are the basis for the perturbative
description of the thermal nonlinearity of metals (as a cubic
nonlinearity), where χ (3)

m | �Em|2 ∼ Bm�TI [13]. Any deviation
from this solution, specifically, a more accurate solution

for the temperature rise that accounts for the higher-order
coefficients aj>1, will give rise to a deviation from the standard
perturbative description of a cubic nonlinear response [37].
The resulting thermo-optical nonlinearity will be, in general,
nonperturbative (i.e., requiring one to go beyond a model with a
cubic (and even a cubic-quintic) nonlinearity), despite the fact
that the permittivity is linearly dependent on the temperature
[see (3)]. While this may not be a new or surprising obser-
vation, we emphasize that, unlike the well-studied ultrafast
nonlinearity [23], the CW nonlinearity of metals in general,
and of a single metal nanosphere in particular, was not studied
systematically at all [19]. Accordingly, in this article, we aim
to study this case in detail.

We will do that in two stages. First, we will solve Eq. (4)
for a varying level of illumination. Despite its considerable
simplicity, the analytical solution of Eq. (4) is too complicated
for meaningful physical interpretation. Accordingly, we pro-
ceed by a numerical solution of Eq. (4) . We also compare
the exact solution of Eq. (4) to its third-order approximation,
i.e., the solution of Eq. (4) for a4 = 0, to its second-order
approximation (i.e., with a3 = a4 = 0), as well as to its first-
order approximation (a2 = a3 = a4 = 0), i.e., Eq. (6) [38].

We will then use the expressions for the temperature rise to
study the dependence of the permittivity (3) and field (2) on
the incoming intensity. When referring to these quantities, we
loosely adopt below the standard terminology of nonlinear
optics, namely the term proportional to Iinc ∼ |Einc|2 will
be referred to as the cubic nonlinear term and the term
proportional to I 2

inc ∼ |Einc|4 will be referred to as the quintic
nonlinear term, etc. (although the proper nonlinear coefficients
should be defined with respect to the local field rather than the
incident one).

IV. NUMERICAL EXAMPLES

Below, we describe several configurations based on noble
metals and generic dielectric hosts. Additional materials can
be analyzed along the same lines [39]. We focus on the optical
regime in order to be in the spectral vicinity of the plasmon
resonances of small nanospheres and since the infrared regime
is not so interesting in the context of nonlinear optical response
due to the lack of intense sources (see discussion in Ref. [19]).
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FIG. 1. (a) The temperature rise (4) inside a Au nanosphere (a = 10 nm) in an oil host (εh = 2.65) illuminated at λ = 550 nm as a function
of the incident intensity (black solid line); see values of additional parameters in the main text. The solutions accounting for up to third, second,
and first-order terms are shown by magenta dashed, red dash-dotted, and blue dotted lines, respectively; however, the black and magenta lines
are essentially indistinguishable. (b) Real and (c) imaginary parts of the Au permittivity (3) as a function of the incoming intensity, based on
the various solutions for �T shown in (a). (d) Same as in (b) and (c) for the normalized electric field (2) within the Au nanosphere.

Finally, without loss of generality, we choose a = 10 nm
to avoid quantum size effects [40]. Equation (5) shows that
under the quasistatic approximation used here, a change of the
nanosphere radius is equivalent to a rescaling of the incident
intensity; for smaller nanospheres, it would be necessary to
account for modification of εm due to quantum size corrections.

The quantitative discussion below will refer to the values
obtained at the maximal incoming intensity.

A. Au nanospheres in a liquid host

We set λ = 550 nm such that εAu,0 = −5.3 + 1.76i

and BAu = (0.7 + 1.7i) · 10−3/deg K [27]; thus, BAu/ε
′′
Au,0 ∼

(0.4 + i)×10−3/deg K and for ε′
h,0 = 2.65, the illumination is

resonant. We also set B ′
h = 10−4/deg K [41] (so B ′

h/ε
′
h,0 ∼

3×10−5/deg K) and κh,0 = 0.15 W/m/deg K; all these pa-
rameters correspond to an index matching oil, as used in
the experiments of Refs. [8–12]. In the absence of concrete
data, we estimate Bκ,h = 5×10−5 W/m/deg K2 such that
Bκ,h/κh,0 ∼ 3×10−4/deg K, and at �T = 300 K, and the
change of κh is ∼ 10%.

Figure 1(a) shows the solution of Eq. (4). One can see that
the temperature grows monotonically with the incoming inten-
sity but with a decreasing slope; this behavior is reminiscent
of saturation, but in the current case the temperature does not
have an asymptotic value. The deviation of the solution of the
fourth-order polynomial (4) from its first-order approximation
(5) reaches several tens of percent (as seen before in Ref. [19]).
However, this deviation decreases to less than 10% and even
less than 0.5% when the second-order and third-order terms,
respectively, are accounted for.

Figures 1(b) and 1(c) show the corresponding changes
of the real and imaginary parts of the Au permittivity,
respectively. The relative change of ε′

Au is a few percent, but
the relative increase of ε′′

Au reaches ∼30%; As noted, this is
an unusually high nonlinearity, especially in light of the short
propagation distance with which it is associated. Importantly,
this behavior is opposite to what is known as saturable
absorption. In the latter, the permittivity drops and the field
increases (locally), while in our case, the opposite happens
[42]. Figures 1(b) and 1(c) also show approximations of the
exact solution of Eq. (4), based on either the second-order
and third-order approximations, respectively. As seen, the
first-order approximation provides a good match to the exact
results only up to a temperature rise of about 100 K, beyond

which the standard perturbative (cubic) description of the
metal nonlinearity is inadequate. Instead, the second-order
approximation provides a decent match to the exact solution
within the current temperature range, reflecting the slowing
down (“saturation”) of the temperature rise. The permittivity
based on the third- and fourth-order approximations for the
temperature rise are naturally indistinguishable. This shows
that although the nonlinearity is extremely strong, it is weaker
than what the first-order, standard perturbative (cubic) solu-
tion predicts, due to the slowing down of the temperature rise.

Finally, Fig. 1(d) shows the field within the nanosphere. As
expected, it decreases due to the increase of ε′′

m, see Eq. (2),
which in turn, causes the slower rise of the temperature. Again,
while the first-order approximation is accurate only for a
limited range of temperatures (hence, intensities), the second-
order approximation is in reasonable agreement with the exact
numerical results while the third-order approximation is, again,
essentially indistinguishable from the exact solution. As shown
in Ref. [19], the scattered field follows the same trend.

One can verify the that other thermoderivatives have indeed
a lesser impact on the temperature rise and field. Indeed, a
direct test of the importance of B ′

m shows that setting its value
to zero leads to a maximal error smaller than 1% (∼3 K) in the
temperature rise (with respect to a ∼ 100% total temperature
rise of ∼300 K); the relative errors in the permittivity and
field are of comparable magnitude. A similar error is incurred
by setting B ′

h = 0. In comparison, setting Bκ,h = 0 leads to
a relative error of ∼7% for the temperature rise [43]. These
changes are in good agreement with the analysis, see Sec. V.

B. Au nanospheres in a AlGaAs host

We now choose a solid host, specifically AlxGa1−xAs
with x = 30% Al content, such that the host is transparent
throughout the infrared spectral range and exhibits a rather
high permittivity of ∼13 near the band edge (i.e., about 5
times higher than the oil liquid employed above). Accord-
ingly, the localized plasmon resonance occurs at λ = 800
nm, where εAu,0 = −26.5 + 2i [26]; in addition, BAu = (2 +
2.6i)×10−3/deg K so BAu/ε

′′
Au,0 = (1 + 1.3i)×10−3/deg K;

this choice corresponds to the largest value of B ′′
Au/ε

′′
Au,0 in

the optical spectral domain.
This choice of Al content also corresponds to nearly

minimal value of thermal conductivity, κh,0 ≈ 13 W/m/deg K
[44], which is about 100 times higher than for the previous
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FIG. 2. Same as Fig. 1 for a Al0.3Ga0.7As host with λ = 800 nm and ε ′
h,0 = 13.

example (oil) but still about 20 times smaller than for metals.
Thus, the error associated with neglecting the temperature
nonuniformity amounts to no more than 2% [19]. This error is
much smaller than all the effects demonstrated below.

Based on data for GaAs [45], we estimate B ′
AlGaAs ≈

2×10−3/deg K (such that B ′
AlGaAs/ε

′′
AlGaAs,0 ∼ 10−3/deg K;

this is an order of magnitude higher than in the previous
example) and estimate Bκ,h = 5×10−4 W/m/deg K2 such
that at �T = 300 K, the change of κh is ∼ 1%, i.e., it is
negligible. We ignore strain or stress that may develop within
the solid host due to the heating. These effects may only
increase the nonlinear response.

The results shown in Fig. 2 are qualitatively similar to the
case of a liquid host (Fig. 1), however, for �T on

I which is
∼13 times smaller [46]. This is a direct result of the heat
diffusion in the host and, more generally, of the spatially
nonlocal nature of the thermal nonlinearity in the system,
causing lower effective heating of the metal nanosphere. This
also shows, in contrast to what one may expect based on the
near-field enhancement [see Eqs. (13)–(15) below] and the
ultrafast case (see, e.g., Refs. [47,48] and discussion below),
that the metal-semiconductor system is less nonlinear than the
metal-liquid system for CW illumination.

Another difference between Figs. 1 and 2 is that in the
latter, the second-order approximation of Eq. (4) provides a
poorer match to the exact variations of the permittivity and
field compared to the previous example. This can be traced
to the relatively larger value of the (relative) change of the
host permittivity, which makes the third-order term in Eq. (4)
dominant.

C. Ag nanospheres

We now replace the Au sphere with a Ag sphere. For λ =
550 nm, it follows from Ref. [24] that εAg,0 = −12.3 + 0.36i

and BAg = (14 + 43i)×10−5/deg K such that BAg/ε
′′
Ag,0 ∼

10−3i and the illumination is resonant for ε′
h,0 = 6.15. The

most striking difference between the results shown in Fig. 3

with respect to previous examples is the stronger nonlinearity.
Indeed, �T reaches ≈300 K at much lower intensities, a direct
result of the much lower imaginary part of the Ag permittivity,
which gives rise to a more efficient absorption. Apart from
that, the results are qualitatively similar to those shown above.
Again, the properties of the dielectric host prove to be of
lesser importance. Thus, the relative nonlinearities of Au and
Ag for CW illumination are different from those reported for
femtosecond illumination [49].

In Fig. 4, we present results based on the alternative data
source for Ag given in Ref. [50]. For example, for the same
wavelength, Ref. [50] gives εAg,0 = −8.5 + 1.8i and BAg =
(−6.2 + 1.2i)×10−3/deg K such that BAg/ε

′′
Ag,0 ∼ (−3.4 +

0.66i)×10−3 and the illumination is resonant for ε′
h,0 ∼ 4.

The large differences between the permittivities and thermod-
erivatives in these data sets can be traced to the lower quality
of the Ag film from which the permittivity data was extracted
compared with Ref. [24]; beyond the well-studied changes
of the permittivity itself, this can give rise to modifications
of the metal volume morphology during the measurements
themselves and, hence, to overall larger thermoderivatives,
see corresponding discussion in Refs. [26,27,51]. Yet, this
data set is still worth studying because the morphology of the
nanoparticle is rarely perfect and depends sensitively on the
details of the synthesis.

Due to the higher value of ε′′
m,0 compared to Ref. [24],

the nonlinear response is smaller than that shown in Fig. 3 and
similar to that shown for Au (Figs. 1 and 2). A direct test of the
relative importance of B ′

m and B ′′
m shows that the importance of

B ′
m(/ε′′

m,0) is comparable to that of B ′′
m(/ε′′

m,0) although the
latter is about 6 times smaller. This is in agreement with the
analysis shown below.

We also note that the data of Ref. [50] suggests an even more
extreme case where B ′

m 	 B ′′
m (occurring at λ ≈ 450 nm) [52].

Only then does B ′
m dominate the changes of the temperature

and field. Such a case could open up additional possibilities,
such as increasing the scattering by shifting into resonance,
see Ref. [[53], Sec. IV C].
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FIG. 3. Same as Fig. 1 for a Ag nanosphere (permittivity data taken from Ref. [24]) and ε ′
h,0 = 6.15.
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FIG. 4. Same as Fig. 3 but with the permittivity data taken from Ref. [50], hence, with ε ′
h,0 ∼ 4.

V. FURTHER ANALYSIS AND SIMPLIFICATION

A. A second-order approximation of the temperature rise

We saw that the third-order approximation of the tem-
perature rise (4) is essentially indistinguishable from the
exact solution. However, as for the analytical form of the
exact solution, it is hard to extract physical insights from
the analytical form of the third-order approximation either
is reasonably accurate in most cases shown above. We would
now like to use it in order to further elucidate the relative
importance of the various physical effects and how each of
them affects the temperature [54].

The solution of Eq. (4) for a3 = a4 = 0 is

�T = a1

2a2

(√
1 + 4

a2

a2
1

�T on
I − 1

)
. (7)

This shows that in general, the temperature rise does not scale
linearly with the incoming intensity [via �TI (6)] as one would
expect from the standard perturbative (cubic) description of the
thermo-optical nonlinearity; instead, it follows a square-root
law, i.e., it grows more slowly (for a2 > 0, which is the usual
case [55]); this behavior was referred to above as a slowdown
of the temperature rise.

We can expand the square root in Eq. (7) in a Taylor series
such that

�T = �T on
I

a1
− a2

a3
1

(
�T on

I

)2 + · · · , (8)

where �T on
I (5) scales with Iinc, a

2, and κ−1
h,0; similarly, the

nonlinear correction to the temperature scales with I 2
inc, a

4,
and κ−2

h,0.
We note that some of the contributions to the coefficients a1

to a3 are proportional to �T on
I . These will, naturally, contribute

only to the next order in �T on
I (or, equivalently, in Iinc).

Specifically, this shows that although B ′′
m and B ′

h appear in
a1, they affect the temperature rise �T only via the quintic
(and higher) nonlinearity, as does Bκ,h.

Further distinction between the various contributions can
be attained by noting that, typically, the permittivity of a
(host) dielectric material is less sensitive to temperature than a
metal, i.e.,

B ′
h/ε

′
h,0 � |Bm|/ε′′

m,0. (9)

Indeed, one can compare, e.g., recent ellipsometry results
[24,26,27,50] with values detailed in Ref. [1]; see also specific
examples above . However, one cannot say anything in general
about the relative magnitude of κh,0/Bκ,h.

Even further distinction can be made for a specific spectral
configuration. At resonance, i.e., for ε′′

m,0 	 ε′
tot → 0, Eq. (4)

reduces to[
2

B ′′
m

ε′′
m,0

+ Bκ,h

κh,0
− �T on

I

(
2

B ′′
mB ′

h

ε′′
m,0ε

′
h,0

+ B ′2
h

ε′2
h,0

)]
︸ ︷︷ ︸

a2

�T 2

+
[

1 − �T on
I

(
B ′′

m

ε′′
m,0

+ 2
B ′

h

ε′
h,0

)]
︸ ︷︷ ︸

a1

�T = �T on
I . (10)

Organizing the orders of �T on
I , Eq. (8) reduces to

�T =�T on
I −

(
B ′′

m

ε′′
m,0

+ Bκ,h

κh,0
+2

B ′
h

ε′
h,0

)(
�T on

I

)2 + · · · . (11)

Note that the various thermoderivatives may not necessarily
have the same sign so they can balance each other. However, as
noted [see Eq. (9)], B ′

h/ε
′
h,0 is typically smaller with respect to

B ′′
m/ε′′

m,0, so its sign is of lesser importance and the coefficient
of the quintic nonlinearity can be simplified. In addition,
Eqs. (10) and (11) show that in this case, B ′

m appears only
beyond the quintic order. This explains the relative importance
of B ′′

m and Bκ,h for the temperature rise in the examples above.
Away from resonance, i.e., for ε′

tot 	 ε′′
m,0, Eq. (8) can be

approximated by

�T ≈
(

ε′′
m,0

ε′
tot

)2

�T on
I −

{
B ′′

m

ε′′
m,0

+ 2
B ′

h

ε′
h,0

+
[

2
B ′

totε
′
tot

ε′′2
m,0

+ Bκ,h

κh,0

(
ε′′
m,0

ε′
tot

)−2
](

ε′′
m,0

ε′
tot

)6
}(

�T on
I

)2

+ · · · . (12)

Thus, with respect to the on-resonance case, the cubic term is
smaller and the weights of the various thermoderivatives differ
for the quintic coefficient. Specifically, the quintic term now
includes also B ′

m.

B. The effects of the thermoderivatives on the electric field

From the linear dependence of the permittivities on the
temperature (see Sec. II), it follows that the field within the
nanosphere is

�Em[�T ( �Einc)] =
⎛
⎝ 1 + B ′

h

ε′
h,0

�T

1 + B ′
tot+iB ′′

m

ε′
tot+iε′′

m,0
�T

⎞
⎠f0 �Einc, (13)
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where

f0 ≡ 3ε′
h,0/(ε′

tot + iε′′
m,0), (14)

is the usual figure of merit for field enhancement inside a
nanosphere [13,47], sometimes referred to as the Faraday
number [48]. This shows that the dependence of the field within
the nanosphere on the temperature rise is not linear.

At resonance, this reduces to

�Em[�T (Einc)] =
1 + B ′

h

ε′
h,0

�T

1 +
(

B ′′
m

ε′′
m,0

− i
B ′

tot
ε′′
m,0

)
�T

f
(res)
0

�Einc, (15)

where f
(res)
0 ≡ −3iε′

h,0/ε
′′
m,0. Thus, although the thermoderiva-

tives of the permittivities affect the temperature only at second
order, they do affect the field on first order [56]. Specifically,
B ′′

m > 0 leads to a weaker field [via a decrease of the field
enhancement (hence, Q factor)]. In contrast, B ′

h > 0 leads
to an increase of the field, although it causes also a shift
away from resonance. Indeed, a Taylor expansion of the
denominator of Eq. (15) shows, somewhat unintuitively, that
|B ′

tot|, hence, the shift away from resonance and specifically,
|B ′

m|, affect the electric field only at order �T 2 (naturally, it
causes a decrease of the field inside the nanosphere). This is
a generic result, i.e., it applies to all metals, regardless of the
relative importance of intraband and interband transitions or
the spectral width of the resonance. As noted, the spectral shift
from resonance becomes important only when B ′

m 	 B ′′
m, see

Sec. IV C. This result is also independent of the accuracy of the
calculation of the temperature (i.e., it is more accurate than the
approximations described in Sec. V A). In fact, this analysis
applies for any intensity-dependent nonlinearity, i.e., it is not
limited to permittivity changes associated with a temperature
rise these theoretical results are in excellent agreement with the
pump-probe experiments reported in [12] where the linewidth
increased by ∼16% but the resonance shift was negligible.

Away from resonance B ′
m has a comparable effect to that

of the other thermoderivatives.

VI. DISCUSSION AND OUTLOOK

The numerical examples and consequent approximate
analysis above show that the nonlinear thermal response is
extremely strong, especially considering the short propagation
distances involved; however, it is cubic in nature only for a
modest temperature rise of up to about 100 K; this is a regime
where the nonlinear response is, in fact, frequently ignored
altogether. We show that beyond this regime, the growth
of the temperature and nonlinearity slows down, such that
a nonperturbative description of the nonlinear response is
needed. Remarkably, unlike many other materials for which
such “saturation”-like behavior occurs at relatively weak
nonlinearities, in the current context, this happens when the
permittivity changes already by several tens of percent. Thus,
this sphere problem offers a nonperturbative nonlinearity
with no need for a nearly vanishing permittivity, as
in Refs. [5–7].

Overall, we saw that the changes of the metal permittivity
dominate the nonlinear thermal response of the nanosphere
configuration. However, this does not mean that the effects of
thermal lensing (in particular, distortion of the incoming field
due to inhomogeneous heating of the host) are secondary.

Indeed, the host occupies a much larger fraction of space
(unless the nanoparticles are at a high density). Thus, the
relative importance of heating the metal and host should be
studied using effective medium techniques; a first step towards
this goal was already described in Refs. [57,58]. A more
detailed study should appear in a separate paper.

It is tempting to write the temperature-dependent term in
Eq. (3) as the product of the intensity and the cubic nonlinear
coefficient associated with the thermal effect and similarly
for the quintic nonlinear coefficient, etc. However, strictly
speaking, such an expansion (3) cannot be regarded as an
inherent material parameter, because although the expression
for the temperature rise involves the intrinsic material elec-
tromagnetic response of the metal, it also involves, as would
happen for any structure, the size of the nanosphere, and the
electromagnetic and thermal response of the host [59]. Thus,
specifically, the values of the nonlinear coefficients reported
in Ref. [12] cannot be compared to other reported values
of the intrinsic nonlinearity of metals. On the other hand,
the temperature-dependent term (3) cannot be understood as
an effective nonlinearity of a composite either, since such
a quantity necessarily involves the fill factor, interparticle
interactions, etc., none of which were considered in our
calculations of the temperature rise.

Thus, the correction to the permittivity, Bm�T , or its
leading-order approximation, Bm�TI , should be understood
as a figure of merit (FOM) for the nonlinear response. Note
that our FOM, Bm�T(I ), is proportional to the absorption cross
section of the nanosphere or, equivalently, to the Joule number
[48]. It, however, includes also information about the absolute
temperature rise for a given incoming intensity and host by
accounting for heat diffusion in the host. Specifically, our
FOM reflects the competition between a high permittivity
host, which yields a higher field enhancement, and, hence,
stronger nonlinear response on resonance, but may also entail
a high thermal nonlinearity which will cause the opposite
effect. Accordingly, while the conventional FOM (Eq. (14) and
[47,48]) is relevant globally for linear optics, in the context of
intense illumination, it is useful only for ultrafast nonlinearities
where the thermal properties do not play an important role, i.e.,
when the nonlinear response is spatially local. However, for
the many applications associated with intense CW illumination
(see discussion in Ref. [19]), our FOM should be used.

The qualitative match of our results to experimental results
of nonlinear scattering of CW light from the small nanospheres
[19] supports their interpretation as a thermal nonlinear effect.
However, many effects, some of which do not play an
important role in the ultrafast case, may have a non-negligible
contribution in the CW case and, hence, may affect the
quantitative match the between numerical and experimental
results; these include specifically, stress or strain within a solid
host and/or acoustic oscillations in a liquid (see, e.g., Ref. [60])
or purely electronic effects such as partial population inversion
due to interband transitions [13] and associated free-carrier
generation, multiphoton absorption, etc. We are not aware
of any previous systematic comparative study of the various
contributions to the CW nonlinearity in the single-particle case
[61]. The suggestions detailed below can provide a first step
towards such a goal.

The most direct way to do that would be to measure the
temperature in the near-field. Although such measurements
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are quite challenging, there is growing interest in developing
such techniques [62–67]. These can validate the calculations
above even without nanometric resolution.

A simpler alternative would be to measure the far-field
scattering of the electromagnetic waves for hosts with different
levels of thermal conductivities. This property is unique to
the thermal response and, hence, will give direct evidence
regarding the role of the thermal effect. An attempt to do
that was made in Ref. [68]. However, like most previous
studies, Ref. [68] involved a suspension of particles rather
than a single particle. It also compared composites with
different densities (details not provided), which may involve
different effective response due to the long-range nature of
the thermal interactions between adjacent nanospheres. Worse
than that, this study ignored various additional relevant factors
like the size of the particles that affects the leading order
approximation �TI (6). It also ignored the Kapitza resistance
and its temperature and size dependence.

These inconsistencies can explain the large discrepancies in
Ref. [68] between the simplistic theoretical prediction (based
solely on the value of the thermal conductivity) and the
experimental observations. A more accurate match requires
accounting for all the additional parameters and for potential
absorption in the host. Obviously, if the signal is collected
from more than a single particle, then one has to compare the
measurement to a full effective medium theory for a composite
with a strong nonlocal nonlinearity. Such a theory does not cur-
rently exist to the best of our knowledge. Once all these issues
are accounted for, it would be possible to ascribe any remaining
differences with nonlinear effects that do not involve heating.

The results shown above were for nanospheres of a total
size of 20 nm. For smaller nanospheres, the results scale with
intensity [as per Eq. (6)], with the additional possibility of
increased absorption due to quantum size effects. On the oppo-
site limit, for larger particles, one may have to account for the
growing nonuniformity of the field and temperature. Following
the linear calculation in Ref. [22], we believe that all the claims
above would apply also to such larger spheres, as well as to
particles of other shapes, with only quantitative differences.

Our results were also limited to a modest temperature rise
of ≈300 K. Beyond that range, the thermoderivatives are not
necessarily constant, giving rise to further deviation from the
perturbative description. In addition, other effects (which we
believe are weaker at moderately high incident intensities)
may become important for higher temperatures or intensities,
e.g., multiphoton absorption, and nonthermal effects. In the
presence of the latter, one may not be able to use the high-
temperature ellipsometry results of Refs. [24,26,27,50] which

are strictly relevant only for metals at thermal equilibrium, i.e.,
metals whose electrons obey the Fermi-Dirac distribution. In
the context of pulsed illumination, these effects are frequently
linked to saturable absorption (= partial population inversion)
due to interband transitions, see Ref. [13] and later studies,
e.g., Refs [16–18]. Indeed, such effects may explain the small
increase of scattering observed in some of these studies.
However, to the best of our knowledge, no conclusive proof
regarding the origin of the increased scattering was ever
given, nor any quantitative prediction. For CW, a much more
significant increase of scattering was observed in Refs. [8–11];
however, similarly, its origin is still not understood. The current
study shows that the likelihood of this scattering increase to
be related with changes of the host are low, but it does not rule
them out completely. Clearly, at even higher temperatures,
the metal would undergo sintering and eventually melting,
and the host may undergo a phase transition or get damaged;
in these cases, additional thermodynamic considerations may
apply (see, e.g., Refs. [33–35,69,70]).

Beyond the context of the thermo-optical nonlinearity,
the approach described in this article can be employed to
improve the modeling of particle size reduction [33,34],
bubble formation [35,69,70], photothermal imaging [71,72],
and photoacoustic imaging [60,73,74].

As a final statement, this study provides an important
step towards the characterization of the effective response
of arrays of particles, which can be regarded as thermo-
optical metamaterials—artificial materials that change their
electromagnetic properties under laser illumination due to
temperature rise. These would have to be studied under
proper effective medium theory and beyond the perturbative
description, accounting not only for the electromagnetic
interactions between the nanoparticles but also for the thermal
interactions between them. The latter is expected to have a
far longer length scale. This fact, together with the use of an
absorptive nonlinearity, may allow us to surpass the limitations
detailed in Ref. [4] for highly nonlinear metamaterials.
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