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ABSTRACT: We provide a complete quantitative theory for
light emission from Drude metals under continuous wave
illumination, based on our recently derived steady-state
nonequilibrium electron distribution. We show that the
electronic contribution to the emission exhibits a dependence
on the emission frequency which is very similar to the energy
dependence of the nonequilibrium distribution, and character-
ize different scenarios determining the measurable emission
line shape. This enables the identification of experimentally
relevant situations, where the emission lineshapes deviate
significantly from predictions based on the standard theory (namely, on the photonic density of states), and enables the
differentiation between cases where the emission scales with the metal object surface or with its volume. We also provide an
analytic description (which is absent from the literature) of the (polynomial) dependence of the metal emission on the electric
field, its dependence on the pump laser frequency, and its nontrivial exponential dependence on the electron temperature,
both for the Stokes and anti-Stokes regimes. Our results imply that the emission does not originate from either Fermion
statistics (due to e−e interactions), and even though one could have expected the emission to follow boson statistics due to
involvement of photons (as in Planck’s Black Body emission), it turns out that it deviates from that form as well. Finally, we
resolve the arguments associated with the effects of electron and lattice temperatures on the emission, and which of them can
be extracted from the anti-Stokes emission.
KEYWORDS: “Hot” photoluminescence, plasmonics, non-thermal electrons

INTRODUCTION

The observation of emission of light from illuminated metal
surfaces is over half a century old.1 In order to distinguish it
from blackbody (BB) emission (also termed as photo-
luminescence, PL), this effect was coined as “hot” PL2

(meaning that it is due to nonthermal (aka “hot”) electron
distribution3) as secondary light emission or as inelastic light
scattering.4,5 The emission process attracts an ongoing heated
debate associated with its exact theoretical nature,2,4,6−9

partially because of the desire to explain the origin of the
spectral background in surface enhanced Raman scattering
(SERS); see discussion in ref 5.
While the quantum yield of “hot” PL from metal surfaces is

very small (∼10−10),1 subsequent studies showed that it can be
significantly increased by roughening the surface10 or by
considering metallic nanoparticles (NPs).11−13 This discovery
impelled metal NP “hot” PL into applications in bioimaging as
fluorescent markers,14−16 in optical recording,17 as means of
monitoring chemical reactions,18,19 for spectroscopic mode
mapping,20 and for thermometry.21−24

Parallel experimental studies were aimed at explaining
various fundamental aspects of the problem, including the

characterization of the emission from NPs of different
shapes,25−30 and the dependence of the Stokes emission
(SE) and anti-Stokes emission (aSE) on parameters such as
the laser (pump) frequency ωL,

4,5,29,31,32 temperature, and
electric field.33 Other studies focused on the distinction
between the effects of one16,21,29,33−35 and two14,36−39 photon
absorption on the emission. A feature which has attracted a lot
of attention has been the spectral shift between scattering and
luminescence spectra (see, e.g., refs 10, 16, 27, 34−36, and
40−43)
While most work identified interband transitions as the

source of luminescence,1,4,10,16,27,30,42,44 fewer works studied
the contribution of intraband transitions to the “hot”
PL,5,21,28,29,33−35 which might be weaker for short pump
wavelengths but dominant for longer ones. Similarly, most
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work was performed on gold nanoparticles (NPs), and only a
few studies were dedicated to Ag NPs. In particular, some
earlier work reported “hot” PL originating from interband
transitions in silver films and colloids,4,10,13,31,32,36 but one-
photon “hot” PL of silver nanoparticles which originates from
intraband transitions was reported only in much fewer
studies.29,33,45

Most importantly, in contrast to the large body of
experimental work on plasmonic “hot” PL, there are
surprisingly few comprehensive theoretical studies (see, e.g.,
refs 4, 10, 44, and 46) so that our understanding of the
underlying physics of the problem is limited. For example, the
popular theory of ref 10 took into account the photonic aspect
of the problem, namely, the enhancement of the absorption
and emission (much like in the context of Purcell and Raman
enhancement of molecules adjacent to metal nanoparticles47)
due to volume and surface plasmon resonances; these aspects
relate to the modification of the local density of photon states
(LDOPS) due to structuring of the metal. The electronic part
of the problem was treated in ref 10 partially, specifically
employing an educated yet crude guess regarding the
quantitative properties of the nonequilibrium electron
distribution due to interband transitions. In other works, the
electron system was assumed to follow a Fermi−Dirac
distribution at a zero temperature48,49 while in other studies,4

this was done implicitly, by not accounting for the complete
population in the first place. In other studies, thermal
distributions at room temperature were adopted (e.g., as in
refs 44 and 46)
In essentially all the other approaches, the electronic aspects

of the problem were not accounted for at all. As a result,
existing theoretical work provides only a partial, non-
quantitative treatment of the practical aspects of “hot” PL.
Specifically, essential features such as the dependence of the
electron distribution on the laser frequency ωL or the existence
of anti-Stokes emission are not captured by these theories, and
deviations of the emission line shape from the predictions of
the standard Purcell theory could not be explained. Another
confusion was related to the potential roles of the electron and
phonon temperatures.43,50,51

One of the main reasons for the limitations mentioned
above is that since “hot” PL is a property of the illuminated
electronic system away from equilibrium, a full theoretical
description requires knowledge of the electron nonequilibrium
distribution. However, until recently, there was no reliable
quantitative model for the steady-state electron nonequilibrium
distribution in an illuminated metal that accounts for thermal
and nonthermal effects on the same footing (i.e., a model that
computes the electron nonequilibrium while allowing the
electron and phonon temperatures to rise above the ambient
temperature).
In refs 3 and 52, we employed a semiquantum Boltzmann

model coupled with macroscopic equations for the total energy
in the system (i.e., including, photons, electrons, phonons and
the environment) to close this gap in theory and computed the
electron nonequilibrium in a Drude metal under CW
illumination in a quantitatively correct manner. The theory
accounted for the four dominant effects: photon absorption by
electrons, electron collisions with other electrons, electron
collisions with phonons, and heat transfer to the environment.
This theory already provided valuable insights, in particular,
showing that in many (even if not all53−55) highly cited

experiments, plasmon-assisted photocatalysis is nothing but a
thermal effect;52,56−59 see discussion in refs 60,60,61

Here, encouraged by the claims in refs 21,22, 29, 33, and 62
that the origin of the luminescence is mere radiative
recombination of an excited electron and hole (both in the
conduction band), we use the obtained nonequilibrium
population to evaluate the “hot” PL from a metal and provide
a complete (i.e., photonic and electronic) quantitative theory of
this phenomenon. Since the correct nonequilibrium distribu-
tion is currently known only for Drude metals,3,52 we focus on
the emission due to intraband transitions only. This approach
is good for Ag illuminated by wavelengths no shorter than
about 400 nm for Au illuminated at wavelengths no shorter
than about 800 nm etc. However, as claimed theoretically63,64

and observed experimentally,33 interband transitions are not
expected to modify the “hot” PL in a significant manner.
We show how the emission varies with laser and emission

frequencies, as well as with the laser intensity. We confirm
some of the assumptions underlying the “hot” PL analyses
made in ref 5 and 23 but also make these more exact and
complete (with respect to the photonic aspect of the theory).
Beyond these fundamental aspects of the problem, our results
provide the underlying theory for the metal PL-based
thermometry techniques that emerged recently21−24 and
constitute a first step toward a more complete theory
applicable also for interband emissions and transient
PL.24,33,36,62,65

RESULTS AND DISCUSSION
General Theory. We start with an extension of the Fermi

golden rule for spontaneous emission (see Supporting
Information (SI) Section S1) for a system with a continuum
of electron states. It shows that the total rate of emitted
photons per unit frequency is given by

r
V

r d( , ) ( , ) ( , ) ( , )em NP
phot J

2

0

2∫ω
πω

ρ ω μ ω ρ ωΓ ⃗ =
ϵ

⃗ | ⃗ + ℏ | + ℏ
(1)

Here, r ⃗ and ω are the emitter position and frequency, ϵ0 is the
vacuum permittivity, is the (final) electron energy,

( , )f iμ ω| ⃗ = = + ℏ | is the transition dipole moment
between electronic states with an initial energy i and final
energy f , ρphot(r,⃗ω) is the local density of photonic states
(LDOPS) within a particle whose volume is VNP, and ρJ is the
population-weighted joint density of pair states (JDOPS),
given by

f T f T( , ) ( ; ) ( ) (1 ( ; ) ( )J f i i e e i f e e fρ ρ ρ= [ ][ − ] (2)

where f is the steady-state nonequilibrium electron distribution
function (i.e., under CW illumination), Te is the steady-state
electron temperature, and ρe is the electron density of states.

Nonequilibrium Electron Distribution. Equation 1
shows that a quantitative evaluation of the emission requires
knowledge of the (nonequilibrium) electron distribution. As
mentioned above, to date, all previous theoretical calculations
of the “hot” PL (to the best of our knowledge) relied on
thermal distributions (e.g., refs 44 and 46) or in a few
exceptions (e.g., ref 10) relied on an educated guess of the
deviation from thermal distribution due to interband
transitions; this approach is not suitable for Drude metals
and does not account for the aSE correctly.
The semiquantum formulation we use to determine f ( )

was described in great detail in refs 3 and 52. It is described
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briefly in the SI Section S2 for completeness. Here, we only
recall how the nonthermal electron distribution (the solution
of the Boltzmann equation (S11)) looks like, and describe
several additional aspects of the solution which were not
described before, but shall be important for the purpose of
understanding the emission properties. Specifically, our
examples hereafter consider a metal under CW illumination
with a laser frequency ℏωL = 2.25 eV and with a local field of |
ÊL|

2=5 × 1010 V2/m2. This value can be connected to the value
of the incident intensity by specifying the geometry and
material parameters; ignoring any near-field modification of the
incident field, this value corresponds roughly to an incident
intensity of ∼25 kW/cm2 (as, e.g., in ref 23). All other
parameters are the same as used in refs 3 and 52.
In refs 3 and 52, it was shown that the nonequilibrium

distribution near the Fermi energy obeys (to an excellent
approximation) Fermi−Dirac statistics, namely, it is charac-
terized by the proper steady-state electron temperature Te

(which is higher (even if slightly) than the ambient
temperature and determined by global energy conservation
in the system). The main limitation of this solution is that near

the Fermi energy the distribution is not exactly f T( , )T
e (see

discussion in ref 3). However, for the purpose of the emission
calculations, this small deviation is completely negligible.
Further away from the Fermi energy, the nonequilibrium is

characterized by (relatively flat) ℏωL-wide shoulders, which
represent the high energy nonthermal electrons (the so-called
“hot” electrons, or “hot” carriers). Those were frequently
incorrectly associated with faster chemical reactions (see
discussion in refs 53, 56−58, 61, and 66 ; however, they are
responsible for photodetection54,67−70 (and as shown below,
also for the SE). Importantly, as the energy dependence of
these nonthermal electrons does not resemble Fermi−Dirac
statistics at all, there is no theoretical justification to attribute a
temperature to them.
Since e−ph interactions affect the electron distribution near

the Fermi energy but are negligible further away from the
Fermi energy, the probability of occupation in the “hot
electrons shoulder” can be simply determined by balancing the
e−e collision term and the photon absorption term.52 This
yields a simple approximation for the full nonequilibrium
distribution

f T E f T f f

f T E f T

f T E f T

( , ; ) ( , ) ,

( , ; ) ( , ),

( , ; ) ( , ),

e L
T

e e
NT

h
NT

e
NT

e L E
T

L e

h
NT

e L E
T

L e

2

2

2

δ ω

δ ω

| ̂ | ≅ + Δ + Δ

Δ | ̂ | = − ℏ

Δ | ̂ | = − + ℏ
(3)

where δE is a measure of the population inversion or the
strength of the nonequilibrium. It is given by

E
E

E
R

R
n

,
1

,

4 ( )
3

,

E
L

sat
sat

e e

m L

e

F

L

2
2

0

δ
τ

ω
ω

≡
̂

| | ≡

≡
ϵ ϵ″

ℏ ℏ

−

(4)

where τe−e is the e−e collision rate (appearing in the theory as
part of the relaxation time approximation3), and R is a constant
that depends on the imaginary part of the metal permittivity at
the laser frequency ϵm″, Fermi energy F , and electron density
ne but not on Te. Note that the corresponding expression in ref
52 had a small error; this is now pointed out in a correction,
linked to that paper. Esat (4) is analogous to similar quantities
appearing in the theory of atomic/molecular systems, e.g., in
the context of lasing, but its value is significantly higher due to
the rapid thermalization in metals; in ref 52, we showed that it
roughly corresponds to 1011 W/cm2.
The good agreement of the approximation (3) with the

numerical solution of the Boltzmann equation (S11) can be
seen in Figure 1a. The same calculations allow us to determine
that the width of thermal regime is given by kBTelog1 − δE)/δE.
This prediction improves upon the crude estimate in ref 71
and would be instrumental in aSE-based thermometry.
Figure 1a further shows that the distribution described

above is “shifted and copied” to even higher electron energies,
at a lowered occupation level. Specifically, beyond F Lω+ ℏ ,
the electron distribution decreases exponentially again such
that the distribution is parallel to the thermal population but
much higher. The distribution then settles to an additional
(relatively flat) shoulder; a similar structure was observed for
pulsed illumination72 but was not reported before for CW
illumination. This, in fact, makes perfect sense because the
distribution at 2F L F Lω ω+ ℏ < < + ℏ is generated via
a (most likely, second) photon absorption by electrons in the
regime F F Lω< < + ℏ . Considering again the competi-
tion between photon absorption and e−e collisions, the

Figure 1. (Color online) (a) A typical nonequilibrium electron distribution f ( ) (3). Here, |ÊL|2=5 × 1010[V2/m2], ℏωL = 2.25 eV, and ϵAg =
−8.5 + 1.8i. The theoretical prediction for the “hot” electron distribution (3) (red dashed line) is in excellent agreement with the full
numerical result (red solid line). The thermal distribution at the steady-state electron temperature is shown by the dashed black line. (b)
The electronic contribution to the emission (6) (blue solid line) compared to the distribution f (3) (dashed red line).
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e l e c t r o n o c c u p a t i o n i n t h e r e g i m e
2F L F Lω ω+ ℏ < < + ℏ is simply a factor δE smaller

than the corresponding occupation in the regime
F F Lω< < + ℏ . Note that the second “hot” electron

shoulder is not captured by the approximation (3). This can be
straight-forwardly corrected (using additional higher-order
terms) but is negligible for the purpose of emission
calculations.
At this stage, it is important to note that the thermal part of

the distribution ( f ( )T ) is much larger than the nonthermal

part ( f ( )E
T

Lδ ω± ∓ ℏ ) for energies close to the Fermi
energy. However, it is much smaller than the nonthermal part
within the “hot” carrier shoulder and beyond. This will be
shown below to have important implications for the emission
rate dependence on the incoming intensity.
Electronic Contribution to Emission. We now substitute

the nonequilibrium distribution (3) in eq 1 to compute the
“hot” PL. In order to obtain a simplified and physically
insightful result, we evaluate the magnitude of the transition
dipole moment and of the electron DOS at F= . This
approximation is expected to hold for Drude metals which are
characterized by a smooth parabolic energy band. In this case,
the emission integral simplifies to

r r I T( , ) ( , , ) ( ) ( , )em
F e F e e

2ω γ ω ρ ωΓ ⃗ = ⃗ (5)

where

I T f T f T d( , ) ( , ) (1 ( , )e e e e∫ω ω= + ℏ [ − ]
(6)

represents the electronic part of the emission formula and

r
V

r( , , ) ( , ) ( , )NP
phot

2

0

2γ ω
πω

μ ω ρ ω⃗ =
ϵ

| ⃗ + ℏ | ⃗
(7)

represents the emission rate of a single excited electron. The
results presented below would change only marginally if the
assumptions on the electron energy independence of the
LDOPS and dipole moment are relaxed. This might be
necessary, e.g., for few nm particles, which exhibit a nontrivial
discrete energy spectrum; however, since the emission from
such particles is weak (see e.g., refs 25 and 26 as well as below),
this case is of lesser importance. As shall be shown, these
simplifying assumptions enable simple and physically trans-
parent analytic expressions for the emission rate to be attained.
For simplicity, and as frequently done in experimental

studies,23,33 we first analyze the results without the LDOPS, i.e.,
we consider only Ie (6). In Figure 1b, we plot Ie(ω) (6) and
compare it to the distribution f ( ), revealing striking
similarity. In particular, the regime of the emission curve
below the laser frequency ωL (aka the SE regime) is nearly flat,
in similarity to the nonthermal electron shoulder. As shown in
SI Section S3, this weak sensitivity to ω is related to the fact
that the SE originates from the nonthermal part of the electron
distribution which is nearly -independent.
In contrast, the low frequency part of the aSE (i.e., just above

the laser frequency ωL) originates from the second thermal
regime beyond F Lω+ ℏ (see SI Section S3). Thus, if at all, it
represents the electron temperature rather than the somewhat
self-contradictory concept of nonthermal electron temperature
(see ref 43). Similarly, the aSE should not be associated with
the phonon temperature (see ref 50) even though it is nearly
identical to the electron temperature.3 As a result, the spectral

dependence of the aSE in this specific segment resembles that
of the BB emission, but it is far more intense; indeed, for
temperatures not much higher than room temperature, the BB
emission peaks in the mid infrared and has negligible intensity
for visible frequencies; hence, it is not shown in Figure 1.
Moreover, in contrast to the BB emission, this “thermal”
segment of the emission curve extends only as much as the
thermal regime of f.
Like the distribution, the low frequency part of the aSE is

also terminated by a flat “shoulder”, the relative height of
which is similar to that of the “hot” electron shoulder in f, i.e., it
is ∼δE times lower than the SE. As in the SE regime, this
shoulder originates from the nonthermal electron part of the
distribution (3), so that any attempt to extract a temperature
from this spectral segment of the emission50 is bound to yield
an unjustified, unrealistically high value.

Full Emission Spectra. The full emission spectra (the
most accessible experimental observable) can be obtained by
summing over the LDOPS for all emitter positions and
multiplying it by Ie(ω) (6). This relies on the uniformity of the
temperature inside metal nanoparticles.73,74 Thus, a theoretical
prediction of the total emission from a given nanostructure
requires the calculation of the LDOPS and the Green’s tensor
associated with it. This calculation is tedious unless it is done
with an efficient modal method.75−77 As such a task is beyond
the scope of the current work, we provide here only a
qualitative discussion, focusing on the interplay between the
laser frequency and the localized plasmon resonance (LPR)
frequency; the latter is represented, following ref 78, by a
somewhat-skewed Lorentzian, centered at ωLPR.
Figure 2a shows that the LDOPS determines the spectra

only if ωLPR < ωL (as, e.g., in ref 23, where the laser wavelength

was 532 nm and the (dipolar) LPR wavelength was ∼632 nm),
i.e., if the LPR frequency is in the SE regime; in this case, the
electronic contribution only skews the spectrum slightly: it
quenches the blue side and enhances the red side, but the
overall overlap between the emission spectra and LDOPS is
quite obvious. In this case, the emission from these modes
would be proportional to the nanoparticle volume, as found
experimentally in refs 25 and 26. However, when ωLPR > ωL
(LPR in the aSE region; a scenario which is more likely for
higher-order modes), Figure 2b shows that the electronic
contribution Ie(ω) dominates the emission spectrum. In this
case, since the slope of Ie resembles the (electron) temperature,
a sensitivity of the emission to that temperature is expected.
Notably, however, this response could be probed only in the
near-field because the higher-order modes associated with it

Figure 2. (Color online) Normalized emission spectra for (1) ℏωL
= 2.25 eV and (a) ωLPR = 0.75ωL and (b) ωLPR = 1.15ωL. The
corresponding LDOPS are shown by dashed lines and Ie(ω) (6) is
shown by a dashed black line.
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are nonradiative and bound to the metal surface. As a result,
the overall emission from these modes would be proportional
to the surface area of the nanoparticle. All the above
information sheds light on previous reports of the size and
shape scaling of the emission.
Further Analysis. The dependence of the emission on the

electron temperature Te, the local electric field, and the laser
frequency can be understood better via an approximate
analytic solution of eq 5, obtained using the approximation
(3). In the analysis below, we use for simplicity τe−e = Const
(hence, δE = Const). It is given by

T r T

A T B T

( ; , ) ( , , ) ( ) ( ; )

( ; , ) ( ; , )

em
L e F e F BB e

L e E L e E

2

2

ω ω γ ω ρ ω

ω ω δ ω ω δ

Γ = ⃗ [⟨ ⟩

+ + ]
(8)

where

T
e

A T
e

B T A T
e

A T A T

( ; )
1

,

( ; , )
2 ( )

1
,

( ; , ) 2 ( ; , )
( 2 )

1

2 ( ; , )
1
2

( ; 2 , ),

BB e k T

L e
L

k T

L e L e
L

k T

L e L e

/

( )/

( 2 )/

e

L e

L e

B

B

B

ω ω

ω ω
ω ω

ω ω ω ω
ω ω

ω ω ω ω

⟨ ⟩ ≈ ℏ
−

≅
ℏ −

−

≅ − +
ℏ −

−

= − +

ω

ω ω

ω ω

ℏ

ℏ −

ℏ −

(9)

are parameters with units of energy and magnitude comparable
to ℏωL. Here, we assumed that the temperature is much
smaller than the width of the conduction band and that the
laser and emission frequencies are within the optical range; the
latter occurs when the temperatures are not much higher than
room temperature: a condition which holds for practically all
relevant scenarios, so that the approximation (8) is
indistinguishable from the exact calculation.

BB⟨ ⟩33 is the average energy of each electromagnetic mode
with frequency ω.79 Its product with γ represents the BB (i.e.,
(“standard”) thermal) radiation which has been extensively
studied in recent years in the context of LDOPS engineer-
ing.80−84 However, under the conditions specified above, in
particular, for temperatures close to room temperature, this
emission occurs mostly in the mid-IR, such that its
contribution at optical frequencies is negligible compared
with the next terms.

The next terms represent the “hot” PL due to one and two
photon absorption, respectively. As expected (and shown
explicitly in SI Section S3), they describe the deviation from
the thermal emission (BB) and detailed balance considerations
due to the nonthermal part of the electron distribution. Several
conclusions can be drawn from their analytic form.
First, like BB⟨ ⟩, the parameters A and B depend on ω and

on Te; their dependence on ωL involves just a shift. Thus, A
and B primarily contain information about the Fermion
statistics, i.e., their value is generic to all (Drude) metals. In
that sense, the different emission characteristics of different
materials, different structures, or different illumination
conditions is incorporated only via δE and the LDOPS.
Second, the emission rate (8) does not follow exactly the

Planck law (which reflects the boson statistics obeyed by the
photons and detailed balance considerations) but rather a
more complicated behavior which consists of several Planck-
like terms. As previously assumed in the context of aSE-based
thermometry,21−23 the second (A) term in eq 8 includes a
Planck-like term (at a shifted frequency), but the full
expression includes also a (previously absent) factor ω − ωL
in the numerator as well as two additional terms of higher-
order in the electric field.
In order to elucidate this dependence, and the relative

importance of the various terms in eq 8, we plot AδE vs BδE
2 in

Figure 3a. One can see that for the SE, BδE
2 is negligible with

respect to AδE whereas for the aSE, BδE
2 becomes dominant

above some threshold frequency, relatively far from ωL, such
that it might be hard to access experimentally. This happens
because of the above-mentioned dominance of Δfe,hNT (the
deviation from equilibrium) over the thermal distribution f T

away from the Fermi energy; see eq 3 and the discussion that
follows it. The crossover frequency decreases for increasing
illumination intensity.
Third, the overall dependence of the emission spectrum on

the electron temperature is weak for the SE (at least in the
absence of the thermo-optic nonlinearity that affects the level
of the local electric field85−87) but is important for the aSE tail
of A.
Lastly, in analogy to the emission from molecules near

plasmonic nanostructures,88,89 the emission rate scales as the
product of the square of the local field with the LDOPS, i.e.,
ρphot(ω)|ÊL|

2. This dependence is common to all emission
processes7,8 and in particular to Raman scattering which was
shown to be qualitatively similar to “hot” PL, even though
quantitatively different.47 For sufficiently high illumination
intensities, an additional term, proportional to |ÊL|

4, arises as

Figure 3. (Color online) (a) A comparison of A(ω)δE (blue line) and B(ω)δE
2 (red line) for δE = 10−6 (dashed) and δE = 10−5 (solid). A

dominates except at the high frequency tail of the aSE. (b) Emission rate as a function of deviation from equilibrium δE for ωL − 0.4 eV
(black), ωL + 0.05 eV (blue), ωL + 0.2 eV (red), ωL + 0.4 eV (magenta). The dashed lines are guides to the eye, demonstrating the change of
slope of the emission curve for high illumination intensities.
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well, again, in similarity to Raman emission from molecules.90

In that context, it is important to clarify a potential confusion
(see, e.g., ref 35): neglecting the difference between the
absorbed and emitted frequencies91 and assuming the LDOPS
scales as|ÊL/E0|

2 allow showing that the Raman emission scales
as the fourth power (i.e., to have a quartic scaling) with the
electric field enhancement (i.e., with the local field normalized
by the incident field) but to scale as the second power
(quadratically) with the field itself; in contrast, the (additional)
quartic dependence in the current context is genuinely with the
field itself. This dependence necessarily originates from 2
photon absorption (regardless of the illumination intensity).
As such, it is negligible for SE but non-negligible for the aSE.
To see this more clearly, in Figure 3b, we plot the emission
rate (1) as a function of the nonequilibrium strength parameter
δE for several emission frequencies. One can see that the SE
scales as |ÊL|

2, whereas the aSE scales as |ÊL|
4 (at least beyond

some threshold nonequilibrium level). This analysis improves
upon the power law scaling assumed in ref 43 which may have
captured the transition region between the quadratic and
quartic behaviors. Further nonlinearity may be observed for
higher intensities, where the field-dependence of the temper-
ature becomes of importance33,85−87 as that already observed
in graphene.92 This regime and its relevance for the extraction
of the electron temperature from the aSE21−24 will be explored
in the future.

CONCLUSIONS
Our results resolve a series of open questions associated with
the nature of light emission from metals. First, they explain the
similarity of the “hot” PL to BB emission (“thermal” PL) but
also the numerous difference between them, namely, the
limited extent of the spectral regime which resembles the BB
emission and the much higher intensity of the “hot” PL. They
also show that the emission does not follow Fermi−Dirac
statistics; as it turns out, it also deviates from the Bose−
Einstein (Planck) statistics and detailed balance considerations
(which determine the purely thermal blackbody emission).
This resolves the disagreements about the “emission statistics”
which arose in the context of thermometry techniques that
were proposed recently.21−23

These techniques are related to a second open question,
namely, the relation of the emission to the electron and
phonon temperatures in the illuminated metal. For example, it
was not clear whether the temperature extracted from the aSE
in refs 21−24, 42, and 93 relates to the electron or phonon
temperatures, or sometimes even to the self-contradictory
concept of “non-thermal electron temperature”.43,50 Our
results show that the emission is primarily related to the
electron temperature, yet its extraction may be more involved
than that assumed so far (see also discussion in SI Section S3),
especially in the presence of interband transitions.
In that context, the even higher frequency (flatter) part of

the emission curve (similar to the one in Figure 1b) was
sometimes associated with the phonon temperature or with a
“hot” electron temperature. However, as it is difficult to
retrieve from a single NP an aSE signal more than 2 orders of
magnitude above the noise level (e.g., refs 5, 23, and 24), one
may conclude that even when the signal was collected from a
relatively large illuminated structure, the “shoulders” observed
in Figure 2a of refs 50 and 51 may be experimental noise
(rather than the signature of nonthermal electrons, in line with
the speculation in ref 51); further support to this conclusion

may originate from the fact that the width of the thermal
regime found in refs 23, 24, and 50 was much narrower
compared with that of our prediction. Alternatively, the
“shoulder” may have originated from interband transitions
(which are not accounted for in our theory3) or another yet
unidentified mechanism. Until this issue is clarified, the various
temperatures extracted in those studies should be taken with a
grain of salt.
In combination with a detailed knowledge of the spatial

average of the LDOPS, the theory presented in this manuscript
would enable a comparison to experimental data of “hot” PL
from Ag NPs (e.g., ref 29) and thus, to the better
understanding of the emission line shape. Note that in order
to provide a quantitative prediction of the emission from
metals, one needs also to know the transition matrix element
and its energy dependence; those can be calculated from
electron wave function calculations as, e.g., in refs 63, 64, and
94 or from more advanced DFT calculations (e.g., refs 95 and
96).
While our theory is so far limited to intraband transitions in

Drude metals, there are various theoretical63,64 and exper-
imental33 indications that imply that they are relevant also in
the presence of some interband transitions. This can be verified
upon extension of the underlying electronic theory3 to include
also interband transitions in which case the theory of the
current paper would be extended also to “hot” PL from other
metals (Au, TiN, Cu, ...) and to emission at higher frequencies
from Ag. In these cases, two photon absorption may be playing
a more significant role, as it may enable otherwise inaccessible
transitions such that it would be necessary to disentangle it
from the two photon absorption signature emerging from the
aSE (see Figure 3b). Such a disentanglement would be
necessary also when our approach would be applied to
transient PL (following an intense short pulse)33,62,65 and for
high temperature PL. Thus, we conclude that the current study
should be regarded only as the first act of a much deeper
investigation into a much debated fundamental problem in
solid-state and optical physics.

METHODS
The spontaneous emission rate is calculated within the Fermi Golden
Rule approximation ref 79 given by

R r f r i f f( , )
2

( , ) ( ) 1 ( ) ( )em i

f
i f f i

, 2∑ω π ω δ ω⃗ =
ℏ

|⟨ | ⃗ | ⟩| [ − ] − + ℏ

(10)

where ⟨f | is the final quantum state of the whole system (not to be
confused with f, the (nonequilibrium) electron distribution function);
it includes both the final electronic state as well as the emitted photon
state (i.e., its frequency ω and modal indices n, l, m; notation
associated with other properties, such as polarization, wavevector, is
suppressed); in addition, E r( , )μ ω≡ ̂· ⃗ ̂ ⃗ is the electric dipole
operator, with E r( , )ω⃗ ̂ ⃗ being the emitted (only!) electric field and

q f i( , )i f eμ μ μ̂ ∼ ⃗ ∼ ⟨ | |̂ ⟩ the transition dipole moment operator.
After some manipulation (see SI Section S1), this leads directly to eq
1.

In order to evaluate the nonequilibrium distributions, we solve the
Boltzmann equation,
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where f is the electron distribution function at an energy , electron
temperature Te, and phonon temperature Tph, representing the
population probability of electrons in a system characterized by a
continuum of states within the conduction band. The equation is then
solved analytically following the procedure outlined in ref 52, as
detailed in SI Section S2.
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