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Quantum-optical theory of the few-femtosecond nonlinear optical response of Drude
metals with a nonparabolic conduction band
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We develop an energy-space density matrix framework to investigate the interaction of extremely short optical
pulses (ESPs) with transparent conducting oxides (TCOs). This approach captures not only electron populations,
material polarization, and the permittivity, but also the quantum coherences between states. Compared to tradi-
tional momentum-space models, the energy-space formulation offers substantial computational simplification
while retaining accuracy. Building on but going beyond the scope of Ref. [Un et al. (unpublished)], we focus
on dynamical features previously unexplored. Our formulation reveals clear signatures of quantum coherence
in the net absorption dynamics and highlights the emergence of strong excited-state absorption under intense
excitation. Furthermore, we investigate the influence of pump pulse intensity on the local field’s duration,
spectral broadening, and shift, and phase induced by carrier dynamics, highlighting the absorptive nature of the
nonlinear response. Our results provide a unified framework for understanding nonlinear light-matter interaction
in dispersive, low-density electron systems driven far from equilibrium by intense broadband excitation.
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I. INTRODUCTION

The study of the interaction of an extremely short pulse
with condensed matter is a topic of fundamental importance.
It is required for the study of effects such as attosecond pulse
and high-harmonics generation [1-3], ionization dynamics
[4], metallization of dielectrics [5—7], generation of ultrashort
currents [8], etc. While real-space techniques such as real-
time time-dependent density functional theory (TD-DFT) are
extremely successful in modeling these interactions down to
quantum and transport effects in nanometric systems [9,10],
they are highly specialized and require very heavy computa-
tional resources. As a result, only a limited number of experts
are capable of performing such numerical studies. This ap-
proach also has a limited capability to track the electron
distribution dynamics in energy and time. As a result, ef-
fects of high temperature, deviation from thermal equilibrium,
population inversion, and associated effects of excited state
absorption and stimulated emission are usually not studied
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with this approach; instead, population inversion is usually
treated with the much simpler incoherent rate equations.

An alternative approach relies on the Maxwell-Bloch (or
density-matrix, DM) formulation, which tracks the electron
state occupation dynamics in momentum space. Like TD-DFT,
these approaches require heavy computations when applied
to solid-state systems. Nevertheless, significant simplification
can be achieved by transforming this formulation from mo-
mentum to energy-space, i.e., by summing over the angular
degrees of freedom of the momentum. The resulting formula-
tion involves only a one-dimensional formulation compared to
the original three-dimensional momentum space formulation
without compromising accuracy.

Here, we use such an approach to study the interactions
of a single-cycle intense optical pulse with a transparent con-
ducting oxide (TCO), specifically, an indium-tin-oxide (ITO)
nanosphere, using the same material parameters as in our
previous works [11,12]. At infrared and telecom frequencies,
ITO is well described by a Drude model [13] due to its
electron density being significantly higher than that of in-
trinsic semiconductors; yet, since that density is substantially
lower than that of noble metals, ITO exhibits a character-
istic epsilon-near-zero (ENZ) response in the near-infrared

©2026 American Physical Society
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[14,15]. This material has attracted significant interest re-
cently due to its strong nonlinear optical response [14,16],
and claims for an instantaneous response [17,18]. Microscop-
ically, the large nonlinearity arises from the nonparabolic
conduction band [19] and from the strong field dependence of
the electron-electron and electron-phonon collision rates [20].
Our approach adapts ideas originally developed to deal with
CW to a few 10’s of femtosecond-long pulses interacting with
metals and TCOs [11,12,21-24], but extends them to account
not only for electron population and permittivity dynamics,
but also to coherences between the electron states (i.e., the
off-diagonal elements of the density matrix).

Initial results on this problem were published in [25],
which focused on the characterization of the strength of
the nonlinear response (in terms of the electron excitation
dynamics, material polarization, and permittivity). Instead,
here, we focus on the formulational aspects of the prob-
lem, as well as on additional aspects of the dynamics that
were not considered in [25]. Specifically, in Sec. II, we
provide a detailed derivation of the DM formulation that
underlies [25], including the transition dipole matrix ele-
ment calculation in momentum space, and its transformation
to the far more computationally economic energy-space.
Then, in Sec. III, we perform a thorough comparison of
the strengths of the various terms appearing in the DM
equations and analyze the dynamics of the coherence be-
tween the various electron states as well as the resulting
repeated frequency doubling dynamics. Then, we identify the
signature of the coherence in the (net) energy-integrated ab-
sorption dynamics and the emergence of significant excited
state absorption within its time-integrated energy spectra; the
latter is responsible for the superlinear nature of the absorp-
tion, hence, counteracting the effects of population inversion.
We also justify the neglect of spontaneous emission (see
Appendix).

Then, we characterize systematically the effects of the
pump pulse intensity on the local field duration, spectrum
(broadening and shift), and phase; we identify features that
point to the absorptive nature of the nonlinear response, and
can be measured in experiment. In Sec. IV, we conclude with
a short discussion on the ways to connect our approach to
similar studies of short-pulse interactions with dielectrics and
semiconductors.

II. FORMULATION

A. Derivation of a momentum-conserving
energy-space density matrix formulation

Consider a many-electron system interacting with an
electromagnetic field E(¢z) and a phonon bath. The total
Hamiltonian can be written as

?:[tol = 7:[&0 + ﬁph,o + ﬁphoton—e + /He—e + ﬁe—ph + ﬁe—imp'
ey
Here, 7:16,0 is the single-particle approximation for the
Hamiltonian of the electrons in the lattice periodic poten-
tial, Hppo is the unperturbed Hamiltonian of the phonon

subsystem, and Hphowone 1S the electric dipole interaction
Hamiltonian

;qpholon—e = _dAz -E(1), 2

where E(t) is the local electric field, determined self-
consistently from the density-matrix elements (see Sec. I1C).
Without loss of generality, the electric field is assumed to be
in the z direction. d, is the electric transition dipole operator
along the direction of the electric field. In that regard, we ne-
glect electron- and phonon-assisted absorption events as well
as interband transitions in favor of Landau-damping-based
absorption (see the discussion of Ref. [26] on the analysis
of Ref. [27]). Additionally, we neglect the contribution of
spontaneous emission (photoluminescence), see justification
in Appendix. He.. is the electron-electron interaction via the
Coulomb potential, ’}:le_ph is the electron-phonon interaction
via the deformation potential, and 7:[,e_imp is the electron-
impurity interaction.

The evolution of the total system is given by the von
Neumann equation

) I~
Prot = _E[Hlota Prot]s 3)

where oy is the density matrix of the total system. Since
we are mostly interested in the dynamics of the electron
subsystem, we follow the procedure shown in [28,29] to infer
the equations of motion of the electron subsystem (so-called
reduced equations of motion) from the equation of motion
of the total system (3). This gives us (see more details in
Refs. [30-32])

pt) = —%me, o1+ R(p)

=~ o+ Fonoonc 01+ RP). (&)
where p is the (reduced) density matrix of the electron subsys-
tem whose diagonal elements are equal to the population [i.e.,
Pkk ()= fk(t)] and Hy = He,O + HL,e—e + HL,e-ph + HL,e—imp
represents the effective Hamiltonian of the electron subsys-
tem, derived from the full many-body Hamiltonian (1); it
includes the real part of the self-energy resulting from e-e,
e-ph, and e-imp interactions [31,33], which constitute the
so-called Lamb-shift Hamiltonian [30,31] whose effect is to
renormalize the electron subsystem energy levels, resulting
in a modification of the band dispersion and the electron
density of states. R is the relaxation operator [34] originating
from the imaginary part of the self-energy [33], responsi-
ble for the relaxation dynamics resulting from the e-e and
e-imp interactions and for the dissipative dynamics resulting
from e-ph interactions. Under these conditions, Eq. (4) is
equivalent to

S = Rua(p(®)) + %E(r) ; [(d: wore — (d: e Pl
(sa)
e = Rae () — + (85— Ex e
~ LEO@R ) ~ ) + 1)
x> e — pre (@] fork # K,

Y
(5b)
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where wg = (& — & )/h with & and &g being the renor-
malized energy of individual electrons and (d; )k are the
matrix elements of the electric dipole transition operator along
the direction of the electric field.

We determine the momentum space dipole transition
matrix elements (d,)xx from the matrix elements of the
momentum operator (p. )k and (p* = (Pt + P§ + PP
using the relation

2ieh

dw = ——————
e = = (P

(P kK> (6)

where e is the electron charge. Equation (6) is derived from
the commutation relation between the position operator and
the operator p? (see [[35], Ch. 5]), while the matrix elements
of the momentum operator (py )k are determined by as-
suming an infinitely deep 1D potential well representing the
sample geometry, as in popular earlier works [36,37].

The simplest phenomenological form of the relaxation op-
erator R can be expressed as [38]

9 fk d f d fi
mair= () +(2), o ()., o
- ot e-e ot e -ph ot e -imp ‘
Ri (1) = — e (1) pae (1) for k #K'. (7b)

Here, the diagonal terms Rk are responsible for the relax-
ation of the conduction electrons; they are treated the same
way as in Refs. [11,12] using Fermi’s golden rule as employed
in Ref. [39], including also the temperature dependence of
the Thomas-Fermi momentum Eq. (15) of Ref. [11]." On the
other hand, ng (#) = (nk(t) + Nk (¢))/2 is the decoherence
rate between states |k) and |K’) for k # k' [28,29], and 1, =
8Rkk /6 fx is the functional derivative of Ry with respect to
fx. This phenomenological model corresponds to replacing
0; by 0; + nki (see the replacement in Eq. (5b)). Put simply,
Eq. (7) amounts to computing the relaxation of the diagonal
terms consistently, and using the relaxation time approxima-
tion (RTA) for the off-diagonal terms.

Unfortunately, as shown in Ref. [40], using Eq. (7b) in
the equations of motion Eq. (5) leads to a violation of the
charge density continuity equation, as well as to an incorrect
conductivity in the static limit [41,42]. These inconsistencies
can be resolved by constructing the relaxation operator so that
it satisfies Tr(&?@) = 0 (see details in Refs. [40,41]). Follow-
ing the procedure shown in Refs. [40,41], a relatively simple
relaxation operator preserving the continuity equation can be

!Note that the factor 4773 in that equation should be removed.

>Multiplying Eq. (4) by the dipole moment operator d = (—e)&,
taking the trace, and using the relation between the velocity
and position operator ¥ = (i/ W[H,, ], we obtained oP/or =J +
Tr(dR(p))/V, where P = (1/V)Tr(dp) is the polarization density
and J = (1/V)Tr((—e)Vp) is the (polarization) current density. For
the relaxation operator given by Eq. (7b), the term Tr(dR) is, in gen-
eral, nonzero. Consequently, the (polarization) current density is not
equal to the temporal derivative of the current density if Tr(dR) #0,
leading to a violation of the charge density continuity equation.

obtained by replacing Eq. (7b) with?
fork # K/,
®)

where Ay is a unitless phase factor such that Ay (d;)wx =
(d)w -

We further assume that the electric field E is weak enough
so that coherent optical nonlinearities are negligible. These
effects are generally weak, especially since they do not enjoy
the resonant enhancement experienced by the photon absorp-
tion events we do account for. Indeed, the efficiency in the
measurements reported in Ref. [43] for such effects was 107>
for the third harmonic generation, and 10~% and 10! for
the fifth and seventh harmonics, respectively. In Ref. [44],
harmonics were obtained only for TiN, and with intensities 10
times higher than employed here and ever for ITO. This allows
neglecting the last term in Eq. (5b) (see Ref. [45]), which thus
becomes

R (1) = —mae () (orae (1) — Mg o (1)),

) i
ok = Ry (p(1)) — ﬁ(gk — &) Px

- %E(t)(dz)kk/(fk([) — fw (). €))

We then substitute Eq. (7a) into Eq. (5a), and substitute Eq. (8)
into Eq. (9). This gives

) _ (0, (0h AN
ot B ( ot )e—e " ( ot )e—ph i ( ot )e—imp hE(t)

x Y d ko) — e prn®)], (10a)
-
. .
pl;)k S i (Prie — P Prcic) — = (Exc — Ex )i
t h
— ZEO@ i) = (o). (10b)

The polarization density along the direction of the electric
field can be obtained by taking the trace of the matrix multipli-
cation of the density matrix and the dipole transition matrix,
namely,

2
P(6) = & Y (oo (1), (11)

k.k’

The initial condition for the resulting system of equa-
tions includes diagonal terms at room temperature thermal
distribution for the electrons (and for phonons as well), and
vanishing off-diagonal terms.

B. From k to £ space formulation

We now would like to convert Eq. (10) and Eq. (11) to en-
ergy space; this has the advantage of significantly shortening
the run times and reducing memory consumption. To do that,

SFor the relaxation operator given by Eq. (8), Tr(afz) =
Zk,k’ dvx R = — Zk,k’ e [dwx o — dwe o] = 0.

“In general, (d,)xx and (d.)g differ by a phase factor. For our
choice of a 1D symmetric potential, we have (d,)xkx = (d;)xk'-
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we first replace ), in Eq. (10a) with®

14 377/ 14 2 / /
) /d k' = @y /n P(ENAE dQe .

with p.(€) = (k*/n?)(dk/dE) being the electron density
of states (eDOS) and V the particle volume. The energy-
momentum relation £(€) is taken from the Kane quasilinear
dispersion [46], accounting for conduction-band nonparabol-
icity in ITO [47,48],

hk(&) = /2m:E(1 + CE), (12)

where m} = 0.3964 m, is the electron effective mass at the
conduction-band minimum and C = 0.4191 eV~ is the first-
order nonparabolicity factor [49].

J

af(€, 1)
( ot

!/

d(dg '
(55p55)+

Y neg(degpse — dgg pere) + i(

Then, we integrate Eq. (10a) over the solid angle of k’
(normalized by 4) to get

’

If (€, 0 _/ko /()
ar ) 4m ot

and multiply Eq. (10b) by (d,)xx and integrate over the solid
angles of k and of kK’ (see details in Ref. [28]). The photon-e
interaction term, the off-diagonal density matrix equation of
motion Eq. (10b), and the polarization density Eq. (11), thus,
respectively, become

%
) = ——E(f)/,oe(g/)(dagpgs/ —dgepee)dE, (13)
photon-e 2h

)(ds/spsa) = —% ID((E), k(E), LIPEMIF(E, 1) = f(E, )], (14)

V ! !
P(t) = 7z / Pe(E)p(ENdergpeer + deg pere)dEAE, (15)

with degpee = ﬁ f dQxd Qi (d))wxpxk (€ # E') being the (angular average of the) dipole-matrix-element-weighted off-
diagonal elements. Here, in analogy to the momentum-space expression, nger = (ng + 1g/)/2 is the decoherence rate for £ #
&'. By Matthiessen’s rule [50], ne = ng ce + Mg c-ph + 1€ coimp> Where g ce, Ne eph and Ng c.imp represent the collision rates
associated with the e-e, e-ph, and e-imp interactions, respectively (’, see also details in Refs. [11,12]; they are obtained via
functional derivation of their corresponding interaction terms with respect to £(€) in energy space ). |D(k, k’, L)|? is the angular
average of the squared dipole matrix element |(d. )| (6), i.e.,

1
|D(k, k', L)|* = > /koko’|(dz)kk’|2

(4m)

2¢*(2mL)? { ((kL)* — (K'L)*)* — 16

~ kL)(KL)(K2 — K2)2LV

1 + |(kL)* — (K'L)?|

<4 + (kL) — (k/L)2|>
"\ Tar L —wry

/

— [((kL)* — (K'L)*)* + 1]In (

3Since the optical transition is spin-conserving, we do not need to
introduce a factor of 2 for the electron spin when summing over all
k states.

SNote that averaging over the solid angles of k and k' causes
dephasing, but is fundamentally different from stochastic averaging
that destroys quantum coherence. The angular integration merely
accounts for isotropic contributions in momentum space and does
not suppress phase coherence. Specifically, multiplying Eq. (10b) by
(d,)wx yields the equation of motion for (d;)wkpoxk', i-€., the (k, k")
component of the polarization density. Accordingly, integration over
the solid angles of k and k' evaluates the total contribution to
the polarization density from transitions between states with mo-
menta |zk| and |/K'|. Since the source term of the equation of
motion for (d,)ykpwe is proportional to E(t)|(d: e |*(fk — fir) =
E®)|(d e PLF(EK]) — F(E(K]))], which has a definite sign (in
phase), f d Qxd Q dyk prie produces a finite contribution to the po-
larization density.

1+ (kL — k'L)?

_é (1 212 k
) 7 [(KL) = (L) P |o—r

}, (16)

where k = |k| and k" = |K’| are the magnitudes of the electron
momentum, and L is the system size (such as particle size
or thin film thickness) in the direction of the electric field
E. D(k(E),k(E"), L) has units of [C m], and thus, can be
viewed as the (absolute value of the) dipole matrix element
in energy space. While the use of a one-dimensional infinitely
deep potential well to evaluate the dipole matrix elements is

(

"Here, the e-e interaction in Eq. (10a) includes only the nor-
mal processes when determining the electron distribution. Upon
angular averaging, the contribution from these normal scattering pro-
cesses vanishes because of overall momentum conservation. Instead,
Umklapp processes contribute to the relaxation of the polarization
(or equivalently, the induced current). For ITO, this ratio is presently
unknown; however, it is likely to be of order unity, O(1) [72].

8Note that the expression in [12], namely, Eq. (B6), had a small
typo; the expression in the rectangular brackets in the second line

2
should have read (1 + ‘;TTQ)Z —1.
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FIG. 1. (a) The square of the absolute value of (the angular
average of) the energy space transition dipole matrix elements
ID(k(E), k(E"), L)|* [*> m?] calculated using Eq. (16) for L = 4 nm.
(b) A cross-section of |D(k(E), k(E'), L)|*> (blue solid line, labeled
by the blue dashed line in (a)) and | p(k(E), k(E'), L)|? (orange solid
line) for & = &Ep.

a simplified model, it provides a reasonable approximation
for NPs larger than a few nanometers. Indeed, in such sys-
tems, the energy spacing between adjacent states is typically
< 0.02-0.05 eV, comparable with the level width (n) and
much smaller than the conduction bandwidth (=4 eV). This
ensures a large number of accessible energy levels, justifying
the approximation of discrete levels by a quasi-continuum and
rendering the dipole matrix elements effectively insensitive to
particle shape. Moreover, the angular averaging in Eq. (16)
further mitigates the limitations of this approximation and
captures the essential qualitative features of the matrix ele-
ments. Furthermore, the main effect of the exaggerated depth
of the potential well is to exclude photoionization processes
involving states above the vacuum level, which are, anyhow,
not the focus of this study. A more accurate calculation of the
transition dipole matrix elements can be performed using the
approach in Ref. [22].

Figure 1(a) plots the angular average of the squared dipole
matrix element [D(k(E), k(E'), L)|?, showing that it is domi-
nated by elements near the diagonal, manifesting momentum
conservation in the optical transition. Figure 1(b) plots the £
dependence of both |[D(k(E), k(E'), L)|? and its corresponding
momentum matrix element |p(k(E), k(E'), L)|> = [p*(€) —
PHENPIDK(E), k(E"), L)|?/(4e*1?) (see Eq. (6)) at &' = Er.
One observes a divergence in |[D(k(E), k(E'), L)|* at £ = &',
but this divergence is only logarithmic. When multiplied by
(f(&, 1) — f(&, 1)) in Eq. (14), the resulting product remains
well-behaved and does not introduce any singularity or insta-
bility in the dynamics of the off-diagonal terms. In contrast,
while |p(k(£), k(E"), L)|* is also strongly peaked near the
diagonal, it vanishes exactly at £ = £, consistent with the fact
that optical transitions between identical initial and final states
are forbidden.

Unlike most energy space formulations (e.g., including
our earlier work that includes an ad hoc normalization us-
ing Poynting’s theorem [12,23,51]), the current approach has
the advantage of incorporating both momentum and energy
conservation and allowing for obtaining the photon-e in-
teraction term and polarization density in a self-consistent
manner (see details in Ref. [28]). Moreover, in contrast to
the heavy momentum-space discrete formulation (see, e.g.,
Refs. [22,36]), the energy space formulation developed in this
work involves a significantly reduced computational effort.

(b) Photon Energy (eV)
0.6 0.8 1 1.2

4 ) 2.5 =

! s

2 2 «

. . +
W 1 o
-0 | 1.5 =
W | )
-2 X I~

-4 ! 0.5—

150 200 250 300
frequency (THz)

FIG. 2. (a) Schematics of the configuration considered here.
(b) The real (blue) and imaginary (red) part of the permittivity of
the ITO NP, and the absolute value of the prefactor of the linear
quasi-static solution for the local field inside a subwavelength ITO
sphere (green) at 7, = 300 K. The vertical dashed line represents the
central frequency (175 THz) used in the simulations.

Indeed, despite the large number of off-diagonal elements that
still need to be computed, it remains significantly smaller
than in the momentum space formulation.” Consequently,
our approach offers substantial computational savings over
momentum space calculations without loss of information.
This provides an advantage compared to TD-DFT (e.g.,
Refs. [9,52,53]), in addition to the treatment of nonzero
electron temperatures and the somewhat more systematic
treatment of various electron collision mechanisms (both ef-
fects, admittedly, of low importance in the current context).

C. Calculation of internal fields of a single small
nanosphere in the time domain

Now that we have obtained the dynamics of the DM
elements, to obtain the electron and electromagnetic field
dynamics, one generally requires a self-consistent numer-
ical iteration scheme involving the Boltzmann equation,
Maxwell’s equations, and Eq. (14). For simple geometries,
it is possible to circumvent the direct solution of Maxwell’s
equations by leveraging existing known solutions. As an il-
lustrative example, we consider a single small spherical NP
with a radius @ much smaller than the central wavelength
of the incident pulse A(, embedded in a homogeneous host

°In a direct momentum-space formulation with N grid points per
dimension, the electronic states are sampled on a three-dimensional
grid of size N}, and the evaluation of the electron—electron scattering
term scales as O(N,f), in addition to requiring numerical enforcement
of energy- and momentum-conservation constraints. By contrast,
after transforming to energy space with Ny grid points, the same
term scales as O(N2), with momentum conservation imposed an-
alytically. This reduction leads to orders-of-magnitude savings in
computational cost and memory.
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medium of permittivity &j, see Fig. 2(a). This enables em-
ploying the quasi-electrostatic approximation of Maxwell’s
equations [54], i.e., 0B/dt ~ 0. We decompose the total
polarization density into nondispersive and dispersive contri-
butions. The nondispersive part accounts for the response of
the bound electrons and is assumed, due to the interest in near
infrared frequencies, to remain unchanged under illumination;
it is characterized by a constant susceptibility €., — 1, where
&x 18 the permittivity at infinite frequency. The dispersive
contribution, denoted by Pyp, arises from the conduction
electrons and is obtained from Eq. (15). The advantage of
this configuration is that the local electric field Enp, (the

J

déd

& Pe(E)P(ENE = ENIDK(E), k(E), LIP(f(E, Ty) — f(E', Tp))

dispersive part of) the polarization density Pnp as well as the
electric displacement Dxp = (8900 Enp + Pnp) inside the NP
are uniform and that they relate to the incident electric field
via [54]

1 Prp(?)
Enp(?) = ——— [ 3¢, Ejpc (1) —
~p(?) o ‘|‘25h|: EnEinc(t) £

}, a7
where g is the vacuum permittivity. In the weak-field and
continuous-wave limit, the Fourier transform of Pyxp (Eq. (15))
recovers the Drude susceptibility multiplied by the Fourier-
transformed local electric field. The resulting permittivity can
be written as '° (see also details in Ref. [28])

7T = A 5
e(w, Tp) 800+280h

Here, f(&, Tp) is the electron distribution at 7y = 300 K. The
ITO permittivity [shown in Fig. 2(b)] incorporates the finite-
size effect through the energy-space dipole matrix element |D|
(Eq. (16)), leading to a larger imaginary part compared to the
bulk. Consistently, the Fourier transform of Eq. (17) repro-
duces the standard quasi-electrostatic solution for the internal
field of a small spherical NP [55], exhibiting a relatively broad
resonance centered at ~180 THz, see Fig. 2(b).

The electric field of the incident pulse is assumed to have
a Gaussian envelope, i.e., Ein(1) = 2Ege 2"20/%) cos(wyt),
where E, is the peak amplitude of the incident pulse. We
set the pulse duration to 7, =5 fs and choose a central fre-
quency wo/2m = 175 THz (equivalently ~0.723eV), close
to the resonance [see Fig. 2(b)], corresponding to an optical
cycle of approximately 6 femtoseconds. The incident pulse
is assumed to be polarized in the z direction without loss of
generality. However, for simplicity, from now on, we suppress
the vectorial nature of the electric fields.

18
w? — (£ — &N/ = 2insew (18

(

toward the tail of the pulse (¢ 2 15 fs), after the peak of the
optical excitation [see inset of Fig. 3(d)]. In Ref. [25], we
focused on the analysis of the overall dynamics and the two
main competing contributions to this dominant photon-e term,
namely, absorption and stimulated emission. Here, instead,
we focus on aspects not discussed in Ref. [25]; specifically,
after justifying the neglect of the contribution of spontaneous
emission to photon-e interactions (see Appendix), we here
dwell on the microscopic details of the (stimulated) photon-e
interactions, namely, their energy and time dependence. This
will include the relation of this term to the coherence dynam-
ics and the origins of the super-linear scaling of the photon-e
term with the illumination intensity.

III. RESULTS

A. Term comparison

We first plot in Figs. 3(a)-3(c) the photon-e, e-e, and
e-ph terms of Eq. (7a) for Ey = 0.6 V/nm. One can see that,
due to the dominance of near-diagonal terms in the dipole
transition elements (see Fig. 1), the photon-e term exhibits dis-
tinct thermal-like features [23,36] in the vicinity of the Fermi
energy [see Figs. 3(a)-3(c)]. Additionally, the effect of elec-
tron collisions with other electrons is an order of magnitude
weaker, and the effect of electron collisions with phonons is a
further order of magnitude smaller. Figure 3(d) further shows
that throughout most of the pulse duration, the photon—e term
overwhelmingly dominates over both scattering processes.
Consequently, the ultrafast (few-femtosecond) evolution of
the electron distribution is primarily driven by the photon-
electron interaction. The e—e term becomes appreciable only

In Eq. (2), the local electric field is assumed in z direction. In
this regard, Eq. (18) represents the zz-component of the permittivity
tensor.

M@ =381 004 () 100
T 04 20 %200 ,T 0 Tvﬂv .
& 0-3 (b) - -o2aps| & 002 /\ I\-103
§_0.4 x'ZUi"xZUO § 0 N /\\/A 10 20 30
& Oé (c) t=246| = VUV }?_f}?ton'e
30N <200 20.02 e-ph
-0.4
0 1 2 3 -10 0 10 20 30
E/Erp t (fs)
04 5
Lo 0.8
1.5 (e)l [ iﬁ/ ®
1 1 1 c?)
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N 04 -0.8
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FIG. 3. [(a)—(c)] The photon-e (blue), e-e (orange), and e-ph
(green) terms for £y = 0.6 V/nm atr = —3.2 fs, —0.5 fs, and 2.2 fs.
(d) The time-dependence of photon-e (blue), e-e (orange), and e-ph
(green) terms at £ = & + hwy/2. The insets show the zoom-in for
t > 10 fs. (e) The color map of the photon-e term [Eq. (13)]. The
black dashed lines label the time sections of (a)-(c). The blue and
orange dashed lines label the energy sections shown in (f). (f) The
electron distribution dynamics at £ = & + hw,/8 (blue and orange).
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FIG. 4. (a)-(c) The Fourier transform of the photon-e term for £y = 0.6, 1.2, and 2.4 V/nm.

Thus, specifically, Figs. 3(e) and 3(f) reveal time-
oscillations at frequency ~2wy (i.e., with a period of ~3 fs)
in this term. These arise from the product between the +awy
components of the real electric field and the DM off-diagonal
elements, which themselves oscillate at +w, as driven by
the field [see Eqgs. (13) and (14)]. This ~2w, oscillation
in the photon-e term, in turn, induces similar oscillations
in the distribution. Simultaneously, cross-terms between the
+w components of E(f) and the Fw components of the
DM off-diagonal elements generate a zero-frequency com-
ponent in the photon-e term, resulting in a nonvanishing,
time-averaged change in the distribution. As the field inten-
sity increases, the electron distribution oscillation stimulates
higher-order oscillations in the off-diagonal density matrix at
~ & 3wy, ~ £ Swy, etc., via Eq. (10b). This cascade gives
rise to additional photon-e and distribution oscillations at
4wy, 6wy, and beyond, see Fig. 4. These high-frequency
oscillations are typically neglected in the rotating wave ap-
proximation; however, in the current context, they signify
the crucial role played by the off-diagonal elements of the
density matrix in the time evolution. Notably, the off-diagonal
elements are mostly dominated by those near the diagonal,
with magnitudes comparable to the diagonal elements. More
specifically, only off-diagonal elements near the Fermi energy
are nonzero at the leading edge of the pulse, while elements
further below the Fermi energy become pronounced towards
the trailing edge of the pulse, see Fig. 5.

Next, we integrate the photon-e term [Eq. (13)] over
energy, resulting in the instantaneous net absorption (den-
sity) rate of photon energy by the electron subsystem,

3
(a) t=-251s (b) t=25fs I
. 2
: 4 |
i . %
|
: 4 .1
0 1 2 30 1 2 3

FIG. 5. The imaginary part of the density matrix for Ey =
1.2 V/nm at (a) t = —2.5 and (b) 2.5 fs, respectively.

defined as

Emax af
Pphoton-e(t) = f dgpc)(g)g(_> . (19)
0 d photon-e

Figure 6(a) reveals time-oscillations of Pypoton-e at approxi-
mately twice the driving frequency (~2wy/(2m) ~ 3 fs), as
seen in Figs. 3(d) and 3(e). It can be shown that the expression
(19) agrees with the power density of the field doing work on
electrons, expressed as Enp(t) - 0Pnp(¢)/0t. This agreement
confirms that energy conservation is intrinsically satisfied in
our model, without requiring any transient adjustment of the
normalization as employed in some previous studies [12,21].
Furthermore, this agreement shows that the expression is of a
general validity, i.e., both for the linear and nonlinear regimes,
and motivated extending it to classical thermal modeling of
Enp(t) - 0Pyp(t)/0t in Ref. [25]. In that respect, this quantity
corresponds to the “fast nonlinearity” discussed in Ref. [56],
which represents “acquired” (but not truly absorbed) energy.

Notably, although Pphoton-c (f) becomes repeatedly negative,
its average is positive, so the cumulative energy transferred to
the electron subsystem as manifested via the time integral

U) :/

exhibits a net increase over time, see Fig. 6(b). Interestingly,
the behavior of this time integral U/ (¢) resembles the permit-
tivity dynamics (see Ref. [[25], Figs. 4(a) and 4(b)]); this
further emphasizes the absorptive nature of the nonlinearity
of ITO. Future work would be aimed at establishing a formal
link between these quantities. More generally, this quantity

Pphoton—e (t/ )dt/ (20)

=]
S
—~
o
Nl

e
[}

(=]

S
(3]

-3 ro—1
I)photmlAe (eV nm fﬁ )

—
)

0 10 20
t (fs)

t (fs)

FIG. 6. Temporal evolution of (a) the net energy (density) ab-
sorption rate Pypoion-c (19), and (b) the cumulative absorbed energy
density U (20), for a peak field strength of Ey = 1.2 V/nm.
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1.2 V/nm (dashed lines).

J

corresponds to the “slow nonlinearity” discussed in Ref. [56],
which is seen here to be decorated by oscillations originating
from the “fast nonlinearity.”

As a final comment associated with the absorption, we
note that our calculations imply that a few eV are absorbed
per nm>. Thus, for the 4 nm sphere studied here and for an
electron density of 1 nm~2, the sphere has 33 electrons. Thus
each of them absorbs 0.03 to 0.15 eV; this prediction is not
sensitive to the illuminating pulse duration. This result is not
to be confused with the approximation in Ref. [57] of 1-4 eV
acquired per electron via the “fast nonlinearity” occurring
during the illumination stage.

B. Excited state absorption

To gain deeper insight into the scaling of (stimulated)
absorption with incident power, and specifically, its super-
linear scaling with |Ey|?> observed in Fig. 4(e) of Ref. [25],
we decompose the photon-e interaction term (13) for a spe-
cific energy state £ into four distinct contributions: exciting
electrons from lower-energy states via absorption [denoted as
“absorption (in)”’]; exciting electrons to higher-energy states
via absorption [denoted as ‘“absorption (out)”’]; de-exciting
electrons from higher-energy states via emission [denoted as
“emission (in)”]; de-exciting electrons to lower-energy states
via emission [denoted as “emission (out)”’], see Fig. 7(a). This
decomposition can be performed by rewriting the source term
in Eq. (14) according to

FED - fE . D=FE D= fE,1))OE =&+ fE DA~ fE,1)OE - &)
+ (A= fENE HOE —E)+ (1= fENFE HOE =), 2n

where © is the Heaviside step function. If we then multiply each of these four terms by the electron energy and the eDOS, and
then integrate them over time [rather than on electron energy as in Eq. (19)], the resulting quantities represent the individual
contributions of each process to the total energy change of the electron system, i.e.,

l'n-V o Emax

wiong =~ [ [ B )€ — €00 €00 T e — Tee o ud 't 22)

em (out) Sh —o0 JO em (out)

abs (in) abs (in)

em (in) em (in)

[
so that particular, the energy-resolved contribution uyps in)(€) peaks
c near & + fiwy. As the illumination level increases, the peak
Uas oy = / Uabs (oun (E)dE, (23) slightly decreases, while the contrlt?utlons at .hlghe.r energies
em (out) 0 em (out) (€ Z EF + hwy) become more prominent, again indicating the
abs (in) abs (in) onset of excited state absorption processes, see Figs. 7(b) and
em (in) em (in)

i.e., the sum of all four contributions, abs in, Uabs,out> Hem,in, aNd
Uem out> integrated over & recovers the total energy transferred
via the photon—e interaction, i.e., Eq. (20). Figures 7(b)—
7(e) show the contributions from absorption (in and out) and
emission (in and out) for Ey = 0.6 V/nm and 1.2 V/nm.
At the lower illumination level (Ey = 0.6 V/nm), absorp-
tion is dominated by excitation from below the Fermi level
to higher-energy states. As the field strength increases, this
contribution weakens, and excitations from already excited
electrons (£ > &) to even higher levels become more sig-
nificant. The corresponding absorption (in) process exhibits
behavior similar to that of the absorption (out) counterparts. In

7(c). This behavior indicates that the superlinear scaling of
(stimulated) absorption with incident power originates from
a nonsimultaneous two-photon absorption process, analogous
to excited-state absorption in atomic systems. It reflects the
increasing availability of high-energy absorption channels at
elevated field strengths and contrasts sharply with the satura-
tion behavior typical of two-level systems, where absorption
eventually becomes sublinear due to ground-state depletion.
In contrast, the emission (out) [and (in)] contributions,
when normalized by |Ey|?, increase with incident power,
but their energy dependence remains largely unchanged, see
Figs. 7(d) and 7(e). This is consistent with the observed |Eq|*
scaling of emission shown in Fig. 4(e) of Ref. [25]. Notably,
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FIG. 8. (a) Local electric field for Ey = 0.6 V/nm (blue),
1.2 V/nm (orange), and 2.4 V/nm (red) vs the corresponding incident
fields (grey). (b) The corresponding spectra (i.e., the Fourier trans-
form, denoted by F.T.) for the local and incident electric field in (a).
(c) The peak frequency (blue dots) and spectral width (orange dots)
of the local electric fields as a function of the incident field strength.

such behavior can only be captured by explicitly tracking the
time-dependent population dynamics and cannot be repro-
duced by phenomenological models.

C. Local field

Finally, we focus on the temporal variation of the local
electric field [Eq. (17)], see Fig. 8(a). Due to the resonance,
the local field exhibits a longer temporal duration compared
to the incident field. This extension gradually diminishes with
increasing incident intensity, and is accompanied by spectral
broadening [self-phase modulation, Fig. 8(b)] and a redshift
[Fig. 8(c)]. Such behavior is consistent with the expected in-
crease in the real part of the ITO permittivity under high-field
excitation (see, e.g., Refs. [12,16,58,59]).

In Fig. 9, we show the corresponding phase difference
between these quantities (the local field Exp and the incident
field Ej,.) obtained using the Hilbert transform [60]. At the
central frequency, where e;ro &~ —1.6 4+ 1.4i [see Fig. 2(b)],
the quasi-static linear response of a deeply subwavelength
sphere predicts a phase shift of arg(3e;,/(erro(w) + 2¢;)) =
—0.4m, as marked by the dashed vertical line shown in
Fig. 9(a). However, the actual phase shifts extracted from

Fig. 8(a), vary between ~ — 0.27 and —0.47, as shown in
Fig. 9(b). This discrepancy stems from the broadband nature
of the incident 5 fs pulse. To illustrate this, Fig. 9(c) plots the
phase difference between Exp and Ej, in the linear regime for
growing pulse durations. This shows that the time dependence
of the phase difference becomes weaker and gradually con-
verges toward the expected quasistatic value as the pulse du-
ration increases. This confirms that the observed discrepancy
is indeed a consequence of the pulse’s large spectral width.

In order to eliminate the geometric effect in the quasistatic
solution on the phase of the local field and isolate the effect
of the nonlinearity, we also compare (the phase of) Exp with a
reference linear field. The latter is the time-dependent local
field at the weak E limit.'! Figures 10(a) and 10(b) show
that for the phase difference on the leading edge of the pulse
(t < 0) aligns well with the linear case for all field strengths,
while increasing deviations emerge on the trailing edge as the
field intensity grows. This trend indicates that the nonlinearity
is predominantly absorptive. Importantly, this is different from
what was observed for the Kerr (i.e., an instantaneous, non-
absorptive cubic) nonlinearity of SiO, for which the phases
of the corresponding fields differ only around the peak in-
tensity, see [61]. A corresponding measurement (or TD-DFT
calculation) can determine whether the nonlinearity of TCOs
is indeed absorptive, as modelled here, or whether it involves
virtual transitions, hence, a Kerr nonlinearity, as claimed in
Ref. [62]. It may also reveal the role of multi-photon absorp-
tion, as seen in Refs. [61,63].

Finally, we also plot the phase difference between Exp and
Pnp. One can see that in general, these quantities are out of
phase, see Fig. 10(c). This is a signature of the negativity of
the real part of the ITO permittivity.

IV. OUTLOOK

In this work, starting from the density-matrix equa-
tions formulated in momentum space, we develop an energy-

Tt can be obtained either by performing a time-domain
simulation with a sufficiently small value of E;, or equiva-
lently through a Fourier transform method: LET.[(3¢;,/(e1r0(®@) +
2e;)ET.[Ejnc](w)](t), where E.T. and I.LET. denote the Fourier and
inverse Fourier transforms, respectively.

(a) o1 )

100 200 300 -5
frequency (THz)

t (fs)

FIG. 9. (a) The phase of the prefactor of the linear quasi-static solution for the local field inside a subwavelength dielectric sphere; the
vertical dashed line represents the central frequency (175 THz) used in the simulations. (b) The phase difference between the local field Exp(?)
(17) and the incident field for the three cases shown in Fig. 8. (c) The phase difference between the local and incident fields under weak
illumination (i.e., in the linear regime) for three pulse durations: 5 fs (solid), 20 fs (dashed), and 80 fs (dash-dotted).
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space density-matrix framework for conduction electrons
driven by intense single-cycle optical pulses. Applying this
approach to an ITO nanosphere, we show that the nonlinear
response extends well beyond simple population redistribu-
tion: coherences between conduction-band states give rise
to pronounced oscillatory dynamics and repeated frequency-
doubling features in the polarization. We further identify clear
signatures of coherence in the absorption and permittivity dy-
namics. We also reveal the emergence of strong excited-state
absorption, which is responsible for the superlinear scaling of
the absorbed energy; this behavior is the opposite of the sub-
linear behavior typically associated with ground-state deple-
tion in two-level systems, and it mediates the sublinear growth
of the net absorption. Finally, we systematically characterize
the impact of pulse intensity on the temporal duration, spectral
broadening, and shift, and phase of the local field, thereby
establishing the predominantly absorptive nature of the non-
linear response induced by single-cycle excitation in TCOs.

This work paves the way to more comprehensive studies of
the nonlinear optical response for different particle sizes and
shapes (as, e.g., in Ref. [47]), different material parameters
or TCOs (effective mass, nonparabolicity, electron density,
etc.) different geometries (primarily, of layers, which is the
geometry of choice in most experiments to date), for different
pump wavelengths (e.g., for a 800 nm, as in [18]), probe
wavelength and their duration and chirp. It would also be
a basis for comparison with different more computationally
accessible approaches (e.g., the hydrodynamic approach, see
Ref. [64]), thus, enabling further studies of complex spatio-
temporal dynamics of single cycle pulses in TCOs and the
interplay of coherent wave mixing with permittivity changes
studied therein.

Our work should be a cornerstone for the interpretation
of existing and future experimental results on TCOs, in par-
ticular, in the determination of the rise time [17,65,66] and
explanation of the relaxation dynamics [18], and for the
comparison to similar studies in dielectrics and semiconduc-
tors [61]. Specifically, to connect to the literature on the
interaction of single cycle pulses with atoms, molecules and
semiconductors, one should add to our formulation also inter-
band transitions, i.e., one would need to extend the photon-e
formulation to include both direct and indirect transitions
from a (new) block of the density matrix representing the
valence band states to the (existing) block representing the
conduction band states. Such a formulation would provide a

generalization of the formulation of Rossi and Kuhn [67],
which would then treat the coherence between all states, and
a generalization of the Maxwell-Bloch discrete state formu-
lation (e.g., Refs. [45,68,69]) to a continuum of states. It
would allow the identification of the relative magnitude of the
competing intraband and interband single and multiple photon
coherent and incoherent nonlinearities.
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APPENDIX: SPONTANEOUS EMISSION

In this section, we justify the neglect of spontaneous emis-
sion. To do that, we include spontaneous emission (aka PL) in
our electron distribution calculations by adopting Egs. (S3)
and (S4) of Ref. [70] for a single pair of initial and final
electron energies, namely,

nzVﬁp
12h28h80
X (1= fENFEDpprot((Ei — Ef)/ ),

where Viyp is the NP volume (i.e., ~L3 for the current case)
and pphot(w) is the photonic density of states. This expression
gives the rate of photons emitted per unit electron energy &;
and per unit electron energy &, [71] (hence, in units of sec ~!
Joule ~2) from an initial state & to the final state &

The population at a specific energy state is affected by
two types of processes. First, transitions between all initial
states &; to a fixed lower energy final state &;; then, there are
transitions from a fixed initial state to all lower final energy
states, similar to the red arrows in Fig. 7(a). Subtracting these
two types and integrating them appropriately, gives the change
rate of population change at energy state £ due to spontaneous

ID(Ei, Er, L) (Ei — E1)pe(Er)pe(E)

(A)
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emission events from all energy states £’

(8f(5,t)> <
ot photon-e,se

B 12ﬁ28h80 0

- /; dE'\DE', E,L)PE = E)pE N1 = fENFE, )ppmal (€ — 5)/71)}.

Note that unlike the calculations of Ref. [70] where the inte-
gration was performed over all states separated by a specific
emission photon energy (in order to determine the emission
spectra), here, we integrate over all emission photon energies.

15
/ dE'ND(E, E', LIFE = ENpENL = F(E . )F(E, 1)ppnat((E = EN/T)

(A2)

(

Figure 11 shows that the spontaneous emission is smaller
than the stimulated emission and absorption by ~10° (see also
Fig. 3 in Ref. [25]), thus providing justification for neglecting
the spontaneous emission effects in this study.

[1] L. Li, P. Lan, X. Zhu, and P. Lu, High harmonic generation
in solids: particle and wave perspectives, Rep. Prog. Phys. 86,
116401 (2023).

[2] D. Golde, T. Meier, and S. W. Koch, High harmonics generated
in semiconductor nanostructures by the coupled dynamics of
optical inter- and intraband excitations, Phys. Rev. B 77, 075330
(2008).

[3] G. Vampa, C. R. McDonald, G. Orlando, D. D. Klug, P. B.
Corkum, and T. Brabec, Theoretical analysis of high-harmonic
generation in solids, Phys. Rev. Lett. 113, 073901 (2014).

[4] D. Shafir, H. Soifer, B. Bruner, M. Dagan, Y. Mairesse, S.
Patchkovskii, M. Ivanov, O. Smirnova, and N. Dudovich, Re-
solving the time when an electron exits a tunnelling barrier,
Nature (London) 485, 343 (2012).

[5] A. Schiffrin, T. Paasch-Colberg, N. Karpowicz, V. Apalkov, D.
Gerster, S. Miihlbrandt, M. Korbman, J. Reichert, M. Schultze,
S. Holzner, J. V. Barth, R. Kienberger, R. Ernstorfer, V. S.
Yakovlev, M. I. Stockman, and F. Krausz, Optical-field-induced
current in dielectrics, Nature (London) 493, 70 (2013).

[6] M. Schultze, E. M. Bothschafter, A. Sommer, S. Holzner,
W. Schweinberger, M. Fiess, M. Hofstetter, R. Kienberger,
V. Apalkov, V. S. Yakovlev, M. 1. Stockman, and F. Krausz,
Controlling dielectrics with the electric field of light, Nature
(London) 493, 75 (2013).

[7] J. Khurgin, Optically induced currents in dielectrics and semi-
conductors as a nonlinear optical effect, J. Opt. Soc. Am. B 33,
C1 (2016).

[8] M. Ossiander, K. Golyari, K. Scharl, L. Lehnert, F. Siegrist,

J. P. Biirger, D. Zimin, J. A. Gessner, M. Weidman, I. Floss,

V. Smejkal, S. Donsa, C. Lemell, F. Libisch, N. Karpowicz,

J. Burgdorfer, F. Krausz, and M. Schultze, The speed limit of

optoelectronics, Nat. Commun. 13, 1620 (2022).

D. Marinica, A. Kazansky, P. Nordlander, J. Aizpurua, and A.

Borisov, Quantum plasmonics: Nonlinear effects in the field

enhancement of a plasmonic nanoparticle dimer, Nano Lett. 12,

1333 (2012).

[10] Y. Zhang, Q.-S. Meng, L. Zhang, Y. Luo, Y.-J. Yu, B. Yang, Y.
Zhang, R. Esteban, J. Aizpurua, Y. Luo, J.-L. Yang, Z.-C. Dong,
and J. G. Hou, Sub-nanometre control of the coherent inter-
action between a single molecule and a plasmonic nanocavity,
Nat. Commun. 8, 15225 (2017).

[11] S. Sarkar, I. W. Un, and Y. Sivan, The electronic and ther-
mal response of low electron density drude materials to
ultrafast optical illumination, Phys. Rev. Appl. 19, 014005
(2023).

[12] I. W. Un, S. Sarkar, and Y. Sivan, An electronic-based model of
the optical nonlinearity of low electron density Drude materials,
Phys. Rev. Appl. 19, 044043 (2023).

[13] G. V. Naik, J. Kim, and A. Boltasseva, Oxides and nitrides as
alternative plasmonic materials in the optical range, Opt. Mater.
Express 1, 1090 (2011).

[14] M. Z. Alam, 1. D. Leon, and R. W. Boyd, Large optical non-
linearity of indium tin oxide in its epsilon-near-zero region,
Science 352, 795 (2016).

[9

—

165411-11


https://doi.org/10.1088/1361-6633/acf144
https://doi.org/10.1103/PhysRevB.77.075330
https://doi.org/10.1103/PhysRevLett.113.073901
https://doi.org/10.1038/nature11025
https://doi.org/10.1038/nature11567
https://doi.org/10.1038/nature11720
https://doi.org/10.1364/JOSAB.33.0000C1
https://doi.org/10.1038/s41467-022-29252-1
https://doi.org/10.1021/nl300269c
https://doi.org/10.1038/ncomms15225
https://doi.org/10.1103/PhysRevApplied.19.014005
https://doi.org/10.1103/PhysRevApplied.19.044043
https://doi.org/10.1364/OME.1.001090
https://doi.org/10.1126/science.aae0330

UN, SARKAR, AND SIVAN

PHYSICAL REVIEW B 113, 165411 (2026)

[15] N. Kinsey and J. Khurgin, Nonlinear epsilon-near-zero materi-
als explained: Opinion, Opt. Mater. Express 9, 2793 (2019).

[16] N. Kinsey, C. DeVault, A. Boltasseva, and V. M. Shalaev,
Near-zero-index materials for photonics, Nat. Rev. Mater. 4,
742 (2019).

[17] R. Tirole, S. Vezzoli, E. Galiffi, I. Robertson, D. Maurice, B.
Tilmann, S. A. Maier, J. B. Pendry, and R. Sapienza, Double-
slit time diffraction at optical frequencies, Nat. Phys. 19, 999
(2023).

[18] E. Lustig, O. Segal, S. Saha, E. Bordo, S. N. Chowdhury, A. F.
Y. Sharabi, A. Boltasseva, O. Cohen, V. M. Shalaev, and M.
Segev, Time-refraction optics with single cycle modulation,
Nanophotonics 12, 2221 (2023).

[19] R. Secondo, J. Khurgin, and N. Kinsey, Absorptive loss and
band non-parabolicity as a physical origin of large nonlinearity
in epsilon-near-zero materials, Opt. Mater. Express 10, 1545
(2020).

[20] I. W. Un, N. Harcavi, and Y. Sivan, Optical nonlinearity of
transparent conducting oxides - more metallic than realized,
ACS Photonics 12, 1718 (2025).

[21] N. Del Fatti, C. Voisin, M. Achermann, S. Tzortzakis, D.
Christofilos, and F. Vallée, Nonequilibrium electron dynamics
in noble metals, Phys. Rev. B 61, 16956 (2000).

[22] J. R. M. Saavedra, A. Asenjo-Garcia, and F. Javier Garcia
de Abajo, Hot-electron dynamics and thermalization in small
metallic nanoparticles, ACS Photonics 3, 1637 (2016).

[23] Y. Dubi and Y. Sivan, “Hot” electrons in metallic nanostruc-
tures - non-thermal carriers or heating? Light: Sci. Appl. 8, 89
(2019).

[24] S. Sarkar, I. W. Un, Y. Sivan, and Y. Dubi, Theory of non-
equilibrium “hot” carriers in direct band-gap semiconductors
under continuous illumination, New J. Phys. 24, 053008 (2022).

[25] 1. W. Un, S. Sarkar, and Y. Sivan, Origin, strength, and speed of
the nonlinear optical response of transparent conducting oxides
to single-cycle optical pulses (unpublished).

[26] J. Khurgin, Hot carriers generated by plasmons: Where are
they are generated and where do they go from there? Faraday
Discuss. 214, 35 (2019).

[27] A. M. Brown, R. Sundararaman, P. Narang, W. A. Goddard,
and H. A. Atwater, Nonradiative plasmon decay and hot carrier
dynamics: Effects of phonons, surfaces, and geometry, ACS
Nano 10, 957 (2016).

[28] S. Sarkar, I. W. Un, and Y. Sivan, Comparative study of models
of optically-induced electron non-equilibrium in drude metals
(unpublished).

[29] C. M. Bustamante, T. N. Todorov, C. G. Sanchez, A. Horsfield,
and D. A. Scherlis, A simple approximation to the electron—
phonon interaction in population dynamics, J. Chem. Phys. 153,
234108 (2020).

[30] D. Manzano, A short introduction to the Lindblad master equa-
tion, AIP Adv. 10, 025106 (2020).

[31] H.-P. Breuer and F. Petruccione, Quantum master equations, in
The Theory of Open Quantum Systems (Oxford University Press,
Oxford, 2004), Chap. 3.

[32] A. Rivas and S. Huelga, Open Quantum Systems: An Introduc-
tion, SpringerBriefs in Physics (Springer, Berlin, Heidelberg,
2011).

[33] P. Coleman, Introduction to Many Body Physics (Cambridge
University Press, Cambridge, 2015).

[34] K. Blum, Density Matrix
3rd ed., Springer series on atomic, optical, and plasma
physics (Springer, Berlin, 2012).

[35] H. Haug and S. W. Koch, Quantum Theory of the Optical
and Electronic Properties of Semiconductors, 5th ed. (World
Scientific, Singapore, 2009).

[36] L. V. Besteiro, X.-T. Kong, Z. Wang, G. Hartland, and A. O.
Govorov, Understanding hot-electron generation and plasmon
relaxation in metal nanocrystals: Quantum and classical mech-
anisms, ACS Photonics 4, 2759 (2017).

[37] J. B. Khurgin and U. Levy, Generating hot carriers in plasmonic
nanoparticles: When quantization does matter? ACS Photonics
7, 547 (2020).

[38] V. Fain, B. Fain, and 1. Khanin, Quantum Electronics: Basic
Theory, International Series in National Philosophy (Pergamon
Press, Cambridge, Mass. (Massachusetts), 1969).

[39] D. W. Snoke, Solid State Physics: Essential Concepts, 2nd ed.
(Pearson/Addison-Wesley, Boston, MA, 2020).

[40] M. Erukhimova, Y. Wang, M. Tokman, and A. Belyanin, Relax-
ation operator for quasiparticles in a solid, Phys. Rev. B 102,
235103 (2020).

[41] M. Tokman and M. Erukhimova, Corrections to the phe-
nomenological relaxation models for open quantum systems, J.
Lumin. 137, 148 (2013).

[42] N. D. Mermin, Lindhard dielectric function in the relaxation-
time approximation, Phys. Rev. B 1, 2362 (1970).

[43] Y. Yang, J. Lu, A. Manjavacas, T. S. Luk, H. Liu, K. Kelley,
J.-P. Maria, E. L. Runnerstrom, M. B. Sinclair, S. Ghimire, and
I. Brener, High-harmonic generation from an epsilon-near-zero
material, Nat. Phys. 15, 1022 (2019).

[44] A. Korobenko, S. Saha, A. T. K. Godfrey, M. Gertsvolf, A. Y.
Naumov, D. M. Villeneuve, A. Boltasseva, V. M. Shalaev, and
P. B. Corkum, High-harmonic generation in metallic titanium
nitride, Nat. Commun. 12, 4981 (2021).

[45] R. W. Boyd, Nonlinear Optics, 2nd ed. (Academic Press,
San Diego, 2003).

[46] E. O. Kane, Band structure of indium antimonide, J. Phys.
Chem. Solids 1, 249 (1957).

[47] P. Guo, R. D. Schaller, J. B. Ketterson, and R. P. H. Chang,
Ultrafast switching of tunable infrared plasmons in indium
tin oxide nanorod arrays with large absolute amplitude, Nat.
Photonics 10, 267 (2016).

[48] T. Pisarkiewicz and A. Kolodziej, Nonparabolicity of the con-
duction band structure in degenerate tin dioxide, Physica Status
Solidi (b) 158, K5 (1990).

[49] X. Liu, J. Park, J.-H. Kang, H. Yuan, Y. Cui, H. Y. Hwang,
and M. L. Brongersma, Quantification and impact of non-
parabolicity of the conduction band of indium tin oxide
on its plasmonic properties, Appl. Phys. Lett. 105, 181117
(2014).

[50] N. W. Ashcroft and N. D. Mermin, Solid State Physics
(Hartcourt College, Fort Worth, 1976).

[51] M. Kornbluth, A. Nitzan, and T. Seidman, Light-induced elec-
tronic non-equilibrium in plasmonic particles, J. Chem. Phys.
138, 174707 (2013).

[52] C. J. Herring and M. M. Montemore, Recent advances in real-
time time-dependent density functional theory simulations of
plasmonic nanostructures and plasmonic photocatalysis, ACS
Nanosci. Au 3, 269 (2023).

Theory and Applications;

165411-12


https://doi.org/10.1364/OME.9.002793
https://doi.org/10.1038/s41578-019-0133-0
https://doi.org/10.1038/s41567-023-01993-w
https://doi.org/10.1515/nanoph-2023-0126
https://doi.org/10.1364/OME.394111
https://doi.org/10.1021/acsphotonics.5c00384
https://doi.org/10.1103/PhysRevB.61.16956
https://doi.org/10.1021/acsphotonics.6b00217
https://doi.org/10.1038/s41377-019-0199-x
https://doi.org/10.1088/1367-2630/ac6688
https://doi.org/10.1039/C8FD00200B
https://doi.org/10.1021/acsnano.5b06199
https://doi.org/10.1063/5.0031766
https://doi.org/10.1063/1.5115323
https://doi.org/10.1021/acsphotonics.7b00751
https://doi.org/10.1021/acsphotonics.9b01774
https://doi.org/10.1103/PhysRevB.102.235103
https://doi.org/10.1016/j.jlumin.2012.12.035
https://doi.org/10.1103/PhysRevB.1.2362
https://doi.org/10.1038/s41567-019-0584-7
https://doi.org/10.1038/s41467-021-25224-z
https://doi.org/10.1016/0022-3697(57)90013-6
https://doi.org/10.1038/nphoton.2016.14
https://doi.org/10.1002/pssb.2221580141
https://doi.org/10.1063/1.4900936
https://doi.org/10.1063/1.4802000
https://doi.org/10.1021/acsnanoscienceau.2c00061

QUANTUM-OPTICAL THEORY OF THE ...

PHYSICAL REVIEW B 113, 165411 (2026)

[53] T. Takeuchi, M. Noda, and K. Yabana, Operation of quantum
plasmonic metasurfaces using electron transport through sub-
nanometer gaps, ACS Photonics 6, 2517 (2019).

[54] J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley &
Sons, New York, NY, 1998).

[55] C. F. Bohren and D. R. Huffman, Absorption and Scattering of
Light by Small Particles (Wiley & Sons, New York, 1983).

[56] J. B. Khurgin, M. Clerici, and N. Kinsey, Fast and slow nonlin-
earities in epsilon-near-zero materials, Laser Photon. Rev. 15,
2000291 (2021).

[57] J. B. Khurgin and N. Kinsey, “Nonperturbative nonlinearities”:
Perhaps less than meets the eye, ACS Photonics 11, 2874
(2024).

[58] Y. Zhou, M. Z. Alam, M. Karimi, J. Upham, O. Reshef, C. Liu,
A. E. Willner, and R. W. Boyd, Broadband frequency translation
through time refraction in an epsilon-near-zero material, Nat.
Commun. 11, 2180 (2020).

[59] K. Pang, M. Z. Alam, Y. Zhou, C. Liu, O. Reshef, K. Manukyan,
M. Voegtle, A. Pennathur, C. Tseng, X. Su, H. Song, Z. Zhao,
R. Zhang, H. Song, N. Hu, A. Almaiman, J. M. Dawlaty, R. W.
Boyd, M. Tur, and A. E. Willner, Adiabatic frequency conver-
sion using a time-varying epsilon-near-zero metasurface, Nano
Lett. 21, 5907 (2021).

[60] R. Bracewell, The Fourier Transform and its Applications,
3rd ed. (McGraw-Hill Science/Engineering/Math, New York,
2000), Chap. 13.

[61] A. Sommer, E. M. Bothschafter, S. A. Sato, C. Jakubeit,
T. Latka, O. Razskazovskaya, H. Fattahi, M. Jobst, W.
Schweinberger, V. Shirvanyan, V. S. Yakovlev, R. Kienberger,
K. Yabana, N. Karpowicz, M. Schultze, and F. Krausz, Attosec-
ond nonlinear polarization and light-matter energy transfer in
solids, Nature (London) 534, 86 (2016).

[62] E. Narimanov, Ultrafast optical modulation by virtual interband
transitions, ACS Photonics 12, 402 (2025).

[63] A. Yamada and K. Yabana, Interaction of intense ultrashort
laser pulses with solid targets: A systematic analysis using first-
principles calculations, Phys. Rev. B 109, 245130 (2024).

[64] M. Scalora, M. A. Vincenti, D. de Ceglia, N. Akozbek, M.
Ferrera, C. Rizza, A. Alu, N. Litchinitser, C. Cojocaru, and J.
Trull, Extreme electrodynamics in time-varying media, Phys.
Rev. A 112, 013502 (2025).

[65] M. Z. Alam, S. A. Schulz, J. Upham, I. D. Leon, and R. W.
Boyd, Large optical nonlinearity of nanoantennas coupled to an
epsilon-near-zero material, Nat. Photonics 12, 79 (2018).

[66] R. Tirole, E. Galiffi, J. Dranczewski, T. Attavar, B. Tilmann,
Y.-T. Wang, P. A. Huidobro, A. Al4, J. B. Pendry, S. A. Maier,
S. Vezzoli, and R. Sapienza, Saturable time-varying mirror
based on an epsilon-near-zero material, Phys. Rev. Appl. 18,
054067 (2022).

[67] F. Rossi and T. Kuhn, Theory of ultrafast phenomena in pho-
toexcited semiconductors, Rev. Mod. Phys. 74, 895 (2002).

[68] O. Hess and E. Gehring, Photonics of Quantum-Dot Nanoma-
terials and Devices, Theory and Modelling (Imperial College
Press, London, 2012).

[69] R. Buschlinger, M. Lorke, and U. Peschel, Light-matter in-
teraction and lasing in semiconductor nanowires: A combined
finite-difference time-domain and semiconductor bloch equa-
tion approach, Phys. Rev. B 91, 045203 (2015).

[70] Y. Sivan and Y. Dubi, Theory of “hot” photoluminescence from
Drude metals, ACS Nano 15, 8724 (2021).

[71] H. B. Bebb and E. W. Williams, Chapter 4 Photoluminescence
I: Theory (Elsevier, New York and London, 1972), pp. 181-320.

[72] M. Kaveh and N. Wiser, Electron-electron scattering in con-
ducting materials, Adv. Phys. 33, 257 (1984).

165411-13


https://doi.org/10.1021/acsphotonics.9b00889
https://doi.org/10.1002/lpor.202000291
https://doi.org/10.1021/acsphotonics.4c00645
https://doi.org/10.1038/s41467-020-15682-2
https://doi.org/10.1021/acs.nanolett.1c00550
https://doi.org/10.1038/nature17650
https://doi.org/10.1021/acsphotonics.4c01792
https://doi.org/10.1103/PhysRevB.109.245130
https://doi.org/10.1103/5cjl-ltvg
https://doi.org/10.1038/s41566-017-0089-9
https://doi.org/10.1103/PhysRevApplied.18.054067
https://doi.org/10.1103/RevModPhys.74.895
https://doi.org/10.1103/PhysRevB.91.045203
https://doi.org/10.1021/acsnano.1c00835
https://doi.org/10.1080/00018738400101671

