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דוגמא 2.2.9
מסה. חסר מוט של לאורכו חיכוך ללא להחליק חופשי מסה בעל חלקיק

של ,R המרחק ,θ̇ = ω המוט של הזוויתית המהירות נתונה ההתחלתי במצב
את לחשב דרוש .v0 למוט, המסה בין היחסית והמהירות הסיבוב, מציר החלקיק
של הערכים ואת החלקיק יגיע אליו המוט של הסיבוב מציר המינימלי המרחק

זה. במצב r̈, θ̈ , ṙ, θ̇
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=
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CR j k iCD C C= − + =0 08 0 06. . ,m rad/sωω ω
C

v v R

i j k

j k

D C C CD

C

C C

= + ×

= × − +

= − −

ωω

ω

ω ω

( . . )

. . .

0 08 0 06

0 06 0 08

DBD
BDB

R i j k i j kBD x y z= + − = + +0 2 0 6 0 3. . . m , ωω ω ω ω

v v R

v

i j k
D B BD

B x y z

= + ×

= +

−

ωω

.

. . .

ω ω ω

0 2 0 6 0 3

D
D

v v R

j k j

i j k
D B BD

C C x y z

− = ×

− − + =

−

ωω ,

, . .

. . .

0 06 0 08 6

0 2 0 6 0 3

ω ω ω ω ω

0

6 0 06

0 08

0 3 0 6

0 3 0 2

0 6 0 2

−

−

=

=

=

− −

+

−

.

. .

. .

. .

. .

ω

ω

ω ω

ω ω

ω ω
C

C

y z

x z

x y

D

© Reuven Segev, 2002

ωωωω



Cω

CωD
v v RD B BD− = ×ωωv vD B−BDR

( )v v RD B BD− ⋅ = 0

( . ) . ( . )( . )6 0 06 0 6 0 3 0 08 0− + − − =ω ωC C

CωDv
ωωωω

ωC D= = − −300 18 24rad/s ,    m/sv j k

ωωωω
ωωωω

ω ω

ω ω
z x

y x

= − −

= +

1 5 60

3 120

.

.

ωωωω
AB

ABAB
BDBωωωω
k

uωωωω
N

ωω⋅ =N 0

N
u

kBD

u k R

N k u k k R

= ×

= × = × ×
BD

BD

,

. ( )

© Reuven Segev, 2002



D

A

 B
 

ωωωω

N

k

u

BDR

N i j= − −0 2 0 6. .

− − =0 2 0 6 0. .ω ωx y

ωωωω

ωω = − + −36 12 6i j k rad/s

UU t U t U tX Y Z( ) , ( ) , ( )

U I J K( ) ( ) ( ) ( ) ( ) ( ) ( )t U t t U t t U t tX Y Z= + +

© Reuven Segev, 2002



x

y

z

U(t)
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ω̇ωωωωωωωωω
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˙̇ cos sin ( cot ) ( cos sin )

( cot ) ( cos sin )

( cot ) [( cot ) ( cos sin )]

r I K J I K

I I K

I I I K

= − − + − × + +

+ − × − − +

+ − × − × +

e e n l l

n d d

n n l l

2 2 4 2 2

2 2 2 2

2 2 2 2

2 2α α π α α α

π α α α

π α π α α α

.˙ ̇ r = −(e cos2α+ 8π 2n2l cos2α)I− 8πnd cos2αJ + [4π 2n2l cotα− e sin 2α]K

a
v d

ln = =
2 2

ρ αsin

˙̇
sin

(sin cos )
cot

R I K I KXYZ

d

l

d

l

d

l
= − = −

2 2 2

α
α α

α

l

 α

A

C

DK

I l

 α

an =
d2

l sinα
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=

− −

+

−

. ˙

. . ˙

. ˙ . ˙

. ˙ . ˙

. ˙ . ˙

ω

ω

ω ω

ω ω

ω ω
C

C

y z

x z

x y

ω̇ωCD

˙ ( ) ( ) ˙ωω ωω ωω ωω ωω ωωC CD C C CD B BD BD× + × × − − × × = ×R R a R R
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[ ˙ ( ) ( )]ωω ωω ωω ωω ωωC CD C C CD B BD BD× + × × − − × × ⋅ =R R a R R 0

BDR

0 180 0 2 8069 0 06 0 6 5832 0 08 0 3= + − + − − −( )( . ) ( . ˙ )( . ) ( . ˙ )( . )ω ωC C

˙ , /ωC = 552 250 rad s2

Da

a j kD = − −25935 49580 m/s2

180

25066

50012

0 3 0 6

0 3 0 2

0 6 0 2

−

−

=

=

=

− −

+

−.

. ˙ . ˙

. ˙ . ˙

. ˙ . ˙

ω ω

ω ω

ω ω

y z

x z

x y

ωω ωω⋅ = ⋅ × × =N k k R( ( ))BD 0

ω̇ω

˙ ( ( )) ( ( ˙ ))ωω ωω⋅ × × + ⋅ × × =k k R k k RBD BD 0

kN

Ṙ RBD BD= ×ωω

0 0 2 0 6

36 12 6 36 12 6 0 2 0 6 0 3

= + + ⋅ − + +

+ − + − ⋅ × × − + − × + −

( ˙ ˙ ˙ ) ( . . )

( ) { [ (( ) ( . . . ))]}

.

ω ω ωx y zi j k i j

i j k k k i j k i j k
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˙ , ˙ , ˙

. ˙

ω ω ωx y z= − = = −

= − + −

74946 25222 12911

74946 25222 12911

 rad/s  rad/s  rad/s

 rad/s

2 2 2

2ωω i j k

l

X X ' Y Y '

Z Z'

α

b

x

y

z

OA

P φ
 C

 ωωωω0

0ωωωω
bCCAlα

CAP
d0v0a

φ 
φ̇˙̇φP
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X Y Z, ,
a vXYZ XYZ,A

ZCAX

R I J

v I J

a I J

= +

= +

= +

d d

v v

a a
XYZ

XYZ

cos sin

cos sin

. cos sin

φ φ

φ φ

φ φ
0 0

0 0

′ ′ ′X Y Z, ,X Y Z, ,

˙ ˙ ˙

, ˙̇ ˙̇ ˙̇ ˙ ˙ ( )

r r R R

r r R R R R

= + + ×

= + + × + × + × ×

A XYZ

A XYZ XYZ

ωω

ωω ωω ωω ωω2

˙ , ˙̇r 0 r 0A A= =
˙ , ˙̇R v R aXYZ XYZ XYZ XYZ= =ωω = φ̇K

X Y Z, ,′ ′ ′X Y Z, ,˙ ˙̇ωω = φK  
′ ′ ′X Y Z, ,a v′ ′ ′ ′ ′ ′X Y Z X Y Z,

ωωωωRωω ωω× × = −( )R Rω 2

v I J K I J

I J

a I J K I J

K I

′ ′ ′

′ ′ ′

= + + × +

= − + +

= + + × + +

+ × +

X Y Z

X Y Z

v v d d

v d v d

a a d d

v v

0 0

0 0

0 0

0 02

cos sin ˙ ( cos sin )

( cos ˙ sin ) ( sin ˙ cos )

cos sin ˙̇ ( cos sin )

˙ ( cos sin

φ φ φ φ φ

φ φ φ φ φ φ

φ φ φ φ φ

φ φ φφ φ φ φ

φ φ φ φ φ φ φ

φ φ φ φ φ φ φ

J I J

I

J

) ˙ (cos sin )]

. ( cos ˙ sin ˙ cos ˙̇ sin )

( sin ˙ cos ˙ sin ˙̇ cos )

− +

= − − − +

+ + − +

2

0 0
2

0 0
2

2

2

d

a v d d

a v d d

′ ′ ′X Y Z, ,
ωω0 0= ω kx, y, z

zxC
ṘXYZ

˙̇RXYZa v′ ′ ′ ′ ′ ′X Y Z X Y Z,
ṙA

˙̇rAA
′ ′ ′X Y Z, ,

A0ωωωω
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= ×
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RR I JAP d d= +cos sinφ φ

˙

. ˙̇ ( ) ( )

r R v R

r R a v R

= × + + ×

= × × + + × + × ×
′ ′ ′

′ ′ ′ ′ ′ ′

ωω ωω

ωω ωω ωω ωω ωω
0 0

0 0 0 0 02
OA X Y Z AP

OA X Y Z X Y Z AP

a v′ ′ ′ ′ ′ ′X Y Z X Y Z,
X, Y, Z

ωω0 0 0= − +ω α ω αcos sinI K
R I KOA b b l= + +sin ( cos )α α

x, y, z

˙ ( cos ˙ sin sin sin )

, ( cos sin ˙ cos sin cos ) cos sin

r I

J K

= − − +

+ + + + − −

v d d

b l v d d d

0 0

0 0 0 0 0

φ φ φ ω α φ

ω ω α φ φ φ ω α φ ω α φ

˙̇ ( sin sin cos cos ˙ sin ˙ cos ˙̇ sin

sin sin ˙ sin cos sin cos )

( sin ˙ cos ˙ sin ˙̇ cos

r

I

= − + + − − −

− − + +

+ + − +

+

ω α ω α α φ φ φ φ φ φ φ

ω α φ ω φ α φ ω α φ

φ φ φ φ φ φ φ

ω

0
2

0
2

0 0
2

0 0 0 0
2 2

0 0
2

0

2

2 2

2

2

b l a v d d

v d d

a v d d

v 00 0 0
2

0
2

0
2 2

0 0 0

0
2

2

2 2

sin cos ˙ sin sin sin )

( cos cos cos sin ˙ cos cos

. sin cos cos )

α φ ω φ α φ ω φ

ω α ω α ω α φ ω φ α φ

ω α α φ

− −

+ − − − −

+

d d

b l v d

d

J

K
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u v w u w v u v w× × = ⋅ − ⋅( ) ( ) ( )

v w

i j k

i j k× = = − + − + −v v v

w w w

v w v w v w v w v w v wx y z

x y z

y z z y z x x z x y y x( ) ( ) ( )

u v w

i j k

i

j

× × =

− − −

= − − + +

+ − − + +

+ −

( )

( )

( )

(

u u u

v w v w v w v w v w v w

u v w u v w u v w u v w

u v w u v w u v w u v w

u v w

x y z

y z z y z x x z x y y x

y x y y y x z z x z x z

z y z z z y x x y x y x

x z x uu v w u v w u v wx x z z y z z z y− + )k

( ) ( ) ( ) ( )

( ) ( )

, ( ) (

u w v u v w i i

j j

k

⋅ − ⋅ = + + − + +

+ + + − + +

+ + + −

u w u w u w v u v u v u v w

u w u w u w v u v u v u v w

u w u w u w v u

x x y y z z x x x y y z z x

x x y y z z y x x y y z z y

x x y y z z z xx x y y z z zv u v u v w+ + ) k
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x
y

z

′X

′Y

′Z

X

Y

Z

 R

x y z, ,
′ ′ ′X Y Z, ,ωω1

X Y Z, ,
ωω21′ ′ ′X Y Z, ,
ωω2x y z, ,

x y z, ,

ωω2

R
X Y Z, ,′ ′ ′X Y Z, ,ωω21

X Y Z, ,

Ṙ R′ ′ ′ = ×X Y Z ωω21

Rx y z, ,
ωω1R

˙ ˙

,

. ˙ ( )

R R R

R R

R R

= + ×

= × + ×

= + ×

′ ′ ′X Y Z ωω

ωω ωω

ωω ωω

1

21 1

1 21

x y z, ,ωω2
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Ṙ R= ×ωω2

( )ωω ωω ωω1 21 2+ × = ×R R

Rωω ωω ωω2 1 21= +
R( )ωω ωω ωω1 21 2+ − × =R 0R

ωω ωω ωω1 21 2+ −
ωω ωω ωω1 21 2+ − = 0

ωω ωω ωω2 1 21= +

ω̇ω2

ω̇ω21ω̇ω1

R

˙̇R
ω̇ω2

˙̇R ′ ′ ′X Y Z
˙̇R

˙̇ ( ) ˙ ˙̇ ˙

. ( ) ˙

R R R R R

R R
′ ′ ′ = × × + × + + ×

= × × + ×
X Y Z XYZ XYZωω ωω ωω ωω

ωω ωω ωω
21 21 21 21

21 21 21

2

˙̇ ( ) ˙ ˙̇ ˙

. ( ) ˙ ( ) ˙ ( )

R R R R R

R R R R R

= × × + × + + ×

= × × + × + × × + × + × ×
′ ′ ′ ′ ′ ′ωω ωω ωω ωω

ωω ωω ωω ωω ωω ωω ωω ωω
1 1 1 1

1 1 1 21 21 21 1 21

2

2
X Y Z X Y Z

ωω ωω ωω2 1 21= +ω̇ω2

˙̇ ( ) ˙ ˙̇ ˙

( ) [( ) ] ˙

. ( ) ( ) ( ) ( ) ˙

R R R R R

R R

R R R R R

= × × + × + + ×

= + × + × + ×

= × × + × × + × × + × × + ×

ωω ωω ωω ωω

ωω ωω ωω ωω ωω

ωω ωω ωω ωω ωω ωω ωω ωω ωω

2 2 2 2

1 21 1 21 2

1 1 21 1 1 21 21 21 2

2XYZ XYZ

© Reuven Segev, 2002



ωω ωω ωω ωω ωω ωω ωω ωω ωω

ωω ωω ωω ωω ωω ωω ωω ωω
1 1 21 1 1 21 21 21 2

1 1 1 21 21 21 1 212

× × + × × + × × + × × + × =

= × × + × + × × + × + × ×

( ) ( ) ( ) ( ) ˙

, ( ) ˙ ( ) ˙ ( )

R R R R R

R R R R R

˙ ˙ ˙ ( ) ( )ωω ωω ωω ωω ωω ωω ωω2 1 21 1 21 21 1× = × + × + × × − × ×R R R R R

u v w u w v u v w× × = ⋅ − ⋅( ) ( ) ( )

ωω ωω ωω ωω ωω ωω ωω ωω ωω ωω ωω ωω

ωω ωω ωω ωω

ωω ωω

ωω ωω

1 21 21 1 1 21 1 21 21 1 21 1

1 21 21 1

21 1

1 21

× × − × × = ⋅ − ⋅ − ⋅ − ⋅

= ⋅ − ⋅

= × ×

= × ×

( ) ( ) ( ) ( ) [( ) ( ) ]

( ) ( )

( )

. ( )

R R R R R R

R R

R

R

˙ ˙ ˙ ( )

. ˙ [ ˙ ˙ ( )]

ωω ωω ωω ωω ωω

ωω ωω ωω ωω ωω
2 1 21 1 21

2 1 21 1 21

× = × + × + × ×

× = + + × ×

R R R R

R R

R

˙ ˙ ˙ ( )ωω ωω ωω ωω ωω2 1 21 1 21= + + ×

ω̇ω21ωω21′ ′ ′X Y Z, ,
ωω21

ω̇ω21 ′ ′ ′X Y Z

′ ′ ′X Y Z, ,x y z, ,

˙ ˙ωω ωω ωω ωω21 21 1 21xyz X Y Z= + ×′ ′ ′

ω̇ω21xyzωω21x y z, ,
ω̇ω21 ′ ′ ′X Y Z

˙ ˙ωω ωω ωω ωω21 21 1 21xyz = + ×
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ω̇ω2

ωω ωω ωω2 1 21= +
˙̇R

ωω ωω ωω ωω1 1 3 3, ˙ , , ˙

ωω21

v̂ωω32

ûω̇ω21ω̇ω32

 

ωωωω

N

û

 ̂v

ωω ωω ωω ωω3 1 21 32= + +

ωω ωω21 21 32 32= =ω ωˆ , ˆv u

ωω ωω

ωω ωω
3 1 21 32

3 1 21 32

= + +

− = +

ω ω

ω ω

ˆ ˆ ,

. ˆ ˆ

v u

v u

v̂ûN
v̂ûN
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( ) ˆ , ( ) ˆ , ( )ωω ωω ωω ωω ωω ωω3 1 21 3 1 32 3 1 0− ⋅ = − ⋅ = − ⋅ =v u Nω ω

ωω ωω3 1⋅ = ⋅N N

1ωωωωNk
ωω3 0⋅ =N

˙ ˙ ˙ , ˙ ˙ ˙ωω ωω ωω ωω ωω ωω ωω ωω ωω ωω2 1 21 1 21 3 2 32 2 32= + + × = + + ×

ω̇ω2ωω ωω ωω2 1 21= +ω̇ω3

˙ ˙ ˙ ˙ ( )ωω ωω ωω ωω ωω ωω ωω ωω ωω3 1 21 1 21 32 1 21 32= + + × + + + ×

ω̇ω32ω̇ω21
˙ ˙ ˆ , ˙ ˙ ˆωω ωω21 21 32 32= =ω ωv u

˙ ˙ ( ) ˙ ˆ ˙ ˆωω ωω ωω ωω ωω ωω ωω3 1 1 21 1 21 32 21 32− − × − + × = +ω ωv u

v̂û

˙ [ ˙ ˙ ( ) ] ˆ

. ˙ [ ˙ ˙ ( ) ] ˆ

ω

ω
21 3 1 1 21 1 21 32

32 3 1 1 21 1 21 32

= − − × − + × ⋅

= − − × − + × ⋅

ωω ωω ωω ωω ωω ωω ωω

ωω ωω ωω ωω ωω ωω ωω

v

u
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Σ i im( )∫ ( )m dm

r
r

c

m
dm

m
=
∫

m c
˙̇r F= ΣΣ

FΣΣΣΣ

H r v= ×∫ dm
m

H r v r vc
m m

dm dm= ′ × ′ = ′ ×∫ ∫

H H r v= + ×c c cm 

ΣΣM H= ˙

ΣΣM Hc c= ˙

T dm
m

= ⋅∫1
2 v v

T dmc
m

= ′ ⋅ ′∫1
2 v v
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T T mvc c= + 1
2

2

W T T12 2 1= −

12W

H r v= ×∫ dm
m

′rr'vv

A
R = r

v R R= = ×˙ ωω

H R R= × ×∫ ( )ωω dm
m

 

 dm

A

 dm

 rc
c.m.

O

 R = r

R = ′r

A 

x y

z

X

YZ

x

y

z

X

Y
Z
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R r= ′′ = = ×v R R˙ ωω

H r v R Rc
m m

dm dm= ′ × ′ = × ×∫ ∫ ( )ωω

c

H R R= × ×∫ ( )ωω dm
m

Rr
R

R R R R R R× × = ⋅ − ⋅( ) ( ) ( )ωω ωω ωω

R R I I

J J

K K

× × = + + − + + +

+ + + − + + +

+ + + − + +

=

+

+

+ −

( ) ( ) ( )

( ) ( )

( ) ( )

.

[

[

[

( )

ωω X Y Z X Y Z X

X Y Z X Y Z Y

X Y Z X Y Z Z

Y Z XY

X X Y Z

Y X Y Z

Z X Y Z

X

2 2 2

2 2 2

2 2 2

2 2

ω ω ω ω

ω ω ω ω

ω ω ω ω

ω ωω ω

ω ω ω

ω ω ω

Y Z

X Y Z

X Y Z

XZ

YX X Z YZ

ZX ZY X Y

−

− + + −

− − + +

+

+

]

( ) ]

( ) ]

2 2

2 2

I

J

K

ωωωω

H R R

I

J

K

= × ×

= + − − +

+ − + + − +

+ − − + +

∫
∫ ∫ ∫

∫ ∫ ∫
∫ ∫ ∫

( )

( )

( )

. ( )

[ ]
[ ]
[ ]

ωω dm

Y Z dm XYdm XZdm

XY X Z dm YZdm

ZXdm ZYdm X Y dm

m

m
X

m
Y

m
Z

m
X

m
Y

m
Z

m
X

m
Y

m
Z

2 2

2 2

2 2

ω ω ω

ω ω ω

ω ω ω
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H Y Z dm XYdm XZdm

H XYdm X Z dm YZdm

H ZXdm ZYdm X Y dm

X
m

X
m

Y
m

Z

Y
m

X
m

Y
m

Z

Z
m

X
m

Y
m

Z

= + − −

= − + + −

= − − + +

∫ ∫ ∫
∫ ∫ ∫
∫ ∫ ∫

( )

( )

. ( )

2 2

2 2
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ω ω ω

ω ω ω

ω ω ω

  

H

H

H

X

Y

Z

XX XY XZ

YX YY YZ

ZX ZY ZZ

X

Y

Z

















=

































I I I

I I I

I I I

ω

ω

ω
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( )
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I =

















=

+ − −
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− − + +























∫ ∫ ∫
∫ ∫ ∫
∫ ∫ ∫

I I I

I I I

I I I

XX XY XZ

YX YY YZ

ZX ZY ZZ

m m m

m m m

m m m

Y Z dm XYdm XZdm
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2 2

2 2
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H

H

H

X XX X XY Y XZ Z

Y YX X YY Y YZ Z

Z ZX X ZY Y ZZ Z

= + +

= + +

= + +

I I I

I I I

I I I

ω ω ω

ω ω ω

ω ω ω,

  { } [ ]{ ]H = I ω

I]I[

  H = I( )ωω

H
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  H = I( )ωω

  I I I I I IYX XY ZX XZ YZ ZY= = =, ,
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z 

zωzH

zzI

X

Y

Z

X, Y
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= ⋅

= ⋅

= ⋅

= ⋅
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© Reuven Segev, 2002

n



ωωωω
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n

  H = I1ωωωω
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=

=

=
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=

=

=
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=
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( )
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2 2
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a

c

b
X

Y

Z

  

IXX = 1
12 m (a2 + c2 )

IYY = 1
12 m ( b2 + c2 )

X

Y

Z

R

  I XX = I YY = IZZ = 2
5 mR 2

X

Y

Z

R

 l

  

IXX = 1
2 mR 2

IYY = 1
4 mR2 + 1

12 ml 2

I XX = 3
10 mR 2

IYY = 3
20 mR 2 + 3

5 mh 2

X

Y

Z

h
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b c
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
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






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
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
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
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

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

I ω

ω ω
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0
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Z10 rad/s14 kg

0
.2

 0.1

 0.
1

 0.1

0.2

0.2X Y

Z

 ωωωω = 10K

  

I I

I I

I I

I I

I I

I I

XX X X c c

YY Y Y c c

ZZ Z Z c c

XY X Y c c

XZ X Z c c

YZ Y Z c c

c c

c c

c c

c c

c c

c c

m Y Z

m X Z

m X Y

mX Y

mX Z

mY Z

= + +

= + +

= + +

= −

= −

= −

( )

( )

( )

.

2 2

2 2

2 2

V = − =0 2 0 1 0 0073 3. . . m3

ρ = =
14

0 007
2000

.
kg/m3

m1
32000 0 2 16= =( )( . ) kg

 = 2 kg2m
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c c c c c c
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6
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I
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

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
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H

H

H
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Z

=





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
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
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
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
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
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
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

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
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  I I IXX XY XZ, ,X, Y, Z 

X

Y

Z

ω 0

 aY

X
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R
¢X

 ¢Y

¢Y

¢X

 a
A B

A

B

′ ′ ′X Y Z, ,

  I I I′ ′ ′ ′ ′ ′= = =X X Y Y Z ZmR mR1
2

2 1
4

2,

I0ω = ωωωω

ωω = ′ − ′ω α ω α0 0cos sinI J

′ ′I J,′ ′ ′X Y Z, ,

H

H

H

mR

mR
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X

Y

Z

′

′

′








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

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
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


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
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
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



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
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
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
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
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0

0
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0

1
2

1
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I

I

I
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YX

ZX

= ⋅

= ⋅

= ⋅

I I

J I

K I

I

I

I

( )

( )

( )

′ ′ ′X Y Z, ,

I I J J I J K K= ′ − ′ = ′ + ′ = ′cos sin , sin cos ,α α α α

  

{( )}

cos

sin

cos
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, ( ) ( cos sin )

I

I

I

I I J

=
















−
















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












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1
2

2

1
4

2

1
4

2

1
2

2

1
4

2

2 1
2

1
4
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0 0 0 0
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mR
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α

α

α

α

α α

    

I

I

I
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YX
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mR mR

mR mR
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= ⋅ = ′ − ′ ⋅ ′ − ′ = +

= ⋅ = ′ + ′ ⋅ ′ − ′ =

= ⋅ = ′ ⋅

I I I J I J

J I I J I J

K I K

I

I

I

( ) (cos sin ) ( cos sin ) ( cos sin )

( ) (sin cos ) ( cos sin ) sin cos
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α α α α α α

α α α α α α

2 1
2

1
4

2 1
2

2 1
4

2

2 1
2

1
4

1
4

2

22 1
2

1
4 0( cos sin )α α′ − ′ =I J
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T dm
m

= ⋅∫1
2 v v

v R R= = ×˙ ωωR

T dm
m

= × ⋅ ×∫1
2 ( ) ( )ωω ωωR R

T mv Tc c= +1
2

2

T dmc
m

= ′ ⋅ ′∫1
2 v v

′v
′ = = ×v R R˙ ωω

T dmc
m

= × ⋅ ×∫1
2 ( ) ( )ωω ωωR R

1
2 ( ) ( )ωω ωω× ⋅ ×∫ R R dm

m

w, v, u

u v w⋅ ×( )
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u v w i j k

i j k

⋅ × = + + ⋅

=

( ) ( )

.

u u u v v v

w w w

u u u

v v v

w w w

x y z x y z

x y z

x y z

x y z

x y z

u u u

v v v

w w w

w w w

u u u

v v v

v v v

w w w

u u u

x y z

x y z

x y z

x y z

x y z

x y z

x y z

x y z

x y z

= =

u v w w u v v w u⋅ × = ⋅ × = ⋅ ×( ) ( ) ( )

u v w v w u⋅ × = ⋅ ×( ) ( )

1
2 ( ) ( )ωω ωω× ⋅ ×∫ R R dm

m

uωω ×RvωωωωwR

( ) ( ) [ ( )]

, [ ( )]

ωω ωω ωω ωω

ωω ωω

× ⋅ × = ⋅ × ×

= ⋅ × ×

∫ ∫

∫

R R R R

R R

dm dm

dm

m m

m

  
( ) ( ) ( )ωω ωω ωω ωω ωω× ⋅ × = ⋅ = ⋅∫ R R Hdm

m

I

  T = ⋅ = ⋅1
2

1
2ωω ωω ωωH I( )

  T mv mvc c c c= + ⋅ = + ⋅1
2

2 1
2

1
2

2 1
2ωω ωω ωωH I ( )
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α

β

X
Y

Z
z

h
m c. m

90˚
mhα

3
4 hz h1

3
4= sinα

z h2
3
4= − −sin( )β α

U U mgz mgz mgh1 2 1 2
3
4− = − = + −[sin sin( )]α β α
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β

α

X

Z
z

c.m

β
 ωωωω

X, Y, Z
ωωωω

ωω = −ω α ω αcos sinI K

  

[ ]I = +

+

















3
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2

3
20

2 3
5
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3
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2 3
5
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
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


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



3
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2 2

2 3
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2 3
5

2 3
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5
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α

α

α
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tan

tan
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sin

H
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mh

= = +( )
+( )















 −












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
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α
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0
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sin tan

H
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










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

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2 3
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T mh mh= ⋅ = − ⋅ − +( )[ ]1
2

1
2

3
10

2 2 2 3
20

2 3
5ωω H I K I K( cos sin ) cos tan sin tanω α ω α ω α α ω α α

T mh= +( )3
40

2 2 2 26ω α αsin tan

T U U= −1 2

ω
α β α

α α
=

+ −[ ]
+









10

62 2

1
2g

h

sin sin( )

sin ( tan )

Ṙ R= ×ωωR I= h

˙ sin sin( )

sin ( tan )
sinR J= −

+ −[ ]
+









10

62 2

1
2g

h
h

α β α

α α
α
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ΣΣ ΣΣF r M H= =m c
˙̇ , ˙

ΣΣM Hc c= ˙

ΣΣ ΣΣF 0 M 0= =,

  H = I(ωω)

I

  
˙ ˙ ) ˙ )H = +I( I(ωω ωω

ξ, η, ζ
˙ ˙U U U= + ×ξηζ ΩΩξ, η, ζ

x, y, zH

X, Y, Z

ξ, η, ζ
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 θ

ξ

η

ζ

 φ̇

ξ, η, ζ
ΩΩΩΩ

ξ, η, ζ
X, Y, ZΩΩΩΩ

ωωωω

˙ ˙H H H= + ×ξηζ ΩΩ

  H = I(ωω)
ξ, η, ζ

  

˙ ˙ ) ˙ )

˙ )

Hξηζ ξηζ ξηζ

ξηζ

= +

=

I ( I(

I(

ωω ωω

ωω

I

  
˙ ˙ ˙ ) )H H H= + × = + ×ξηζ ξηζΩΩ ωω ΩΩ ωωI( I(
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ξ, η, ζωωωωω̇ωXYZ

˙ ˙ωω ωωXYZ =

  
˙ ˙ ) ˙ ) )H H= + × = + ×I( I( I(ωω ωω ωω ωω ωω
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


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

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



I

I

I
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Z
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
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
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
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
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
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
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ω

ω

ω

ω

ω
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I

I

I

I
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˙

˙

˙
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ω

ω

ω

=

















I
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YY Y
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ωω × = = − + − + −H

I J K
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XX X YY Y ZZ Z

ZZ YY Y Z XX ZZ X Z YY XX X Y

I I I

I I I I I I( ) ( ) ( )

  
˙ [ ˙ ( ) ] [ ˙ ( ) ] [ ˙ ( ) ]H I J K= + − + + − + + −I I I I I I I I IXX X ZZ YY Y Z YY Y XX ZZ X Z ZZ Z YY XX X Yω ω ω ω ω ω ω ω ω

Ḣ
ΣΣ ΣΣ ΣΣM H M H M HX X Y Y Z Z= = =˙ , ˙ , ˙

  

ΣΣ

ΣΣ

ΣΣ

M

M

M

X XX X ZZ YY Y Z

Y YY Y XX ZZ X Z

Z ZZ Z YY XX X Y

= + −

= + −

= + −

I I I

I I I

I I I
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, ˙ ( )

ω ω ω

ω ω ω

ω ω ω

Theoria motus corporum solidorum seu regidorum
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ΣΣ ==M Ḣ
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l
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ΣΣ ==M ḢΣΣF r= m c
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
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I ωω ωω ωω

ω θ ω θ ω θ

ω θ θ

0 0
1
3

2
0

1
3

2
0
2

ml

ml

Z−mg
l

2
sinθ

Z

− = −mg
l

ml
2

1
3

2
0
2sin sin cosθ ω θ θ

ω
θ0

2 3

2
=

g

l cos

© Reuven Segev, 2002



ω1

ω̇1Ac
ω2ω̇2

A

A

AA
A

A

X

Y

Z

ω1

ω 2

A

c

R

 mg

© Reuven Segev, 2002



ωω ωω1 1 1 1= =ω ωJ J, ˙ ˙

ωω ωω2 2 2 2= =ω ωI I, ˙ ˙

ωω ωω ωω

ωω ωω ωω ωω ωω

= + = +

= + + × = + −
1 2 2 1

1 2 1 2 2 1 1 2

ω ω

ω ω ω ω

I J

I J K. ˙ ˙ ˙ ˙ ˙

  

[ ]Ic

mR

mR

mR

=

















1
2

2

1
4

2

1
4

2

0 0

0 0

0 0

X c Y Zc c c= = =, 0A

  

[ ]I = +

+

















1
2

2

1
4

2 2

1
4

2 2

0 0

0 0

0 0

mR

mR mc

mR mc

R I= c
ωω1 1= ω J

˙ ˙ωω1 1= ω Jωωωω

˙̇ ˙ ( ) ˙r R R I Kc c c= × + × × = − −ωω ωω ωω1 1 1 1
2

1ω ω

© Reuven Segev, 2002



  

ΣΣ

ΣΣ

ΣΣ

M H mR

M H mR mc

M H mR

X X XX X ZZ YY Y Z

Y Y YY Y XX ZZ X Z

Z Z ZZ Z YY XX X Y

= = + − =

= = + − = +( )
= = + − = −

˙ ˙ ( ) ˙

˙ ˙ ( ) ˙

. ˙ ˙ ( )

I I I

I I I

I I I

ω ω ω ω

ω ω ω ω

ω ω ω ω ω

1
2

2
2

1
4

2 2
1

1
2

2
1 2

X

X

Y

Z c

 mg

AX

AY

AZ

MY

MZMX

ΣΣ ΣΣ ΣΣ

ΣΣ ΣΣ ΣΣ

F A F A mg F A

M M M M M M mgc
X X Y Y Z Z

X X Y Y Z Z

= = − =

= = = −

, ,

. , ,

ΣΣF r= m c
˙̇ΣΣM H= ˙

A m c A mg A m c

M mR M mR mc M mgc mR

X Y Z

X Y Z

= − − = = −

= = +( ) − = −

ω ω

ω ω ω ω

1
2

1

1
2

2
2

1
4

2 2
1

1
2

2
1 2

0, , ˙

. ˙ , ˙ ,

gc R= 1
2

2
1 2ω ω

ZMZ

XMX

© Reuven Segev, 2002

A



ABB
l

  
˙ ( ˙ ) ( )H H= + × = ×I Iωω ωω ωω ωω

′ ′ ′X Y Z, ,

ωω = ′ − ′ω α ω α0 0cos sinI J

H I J= ′ − ′mR2
0

1
2

1
4ω α α( cos sin )

X

Y

Z

 ω 0

 αY

X

 α

R
′X

 ′Y

 ′Y

′X

 α
A B

A

B

ΣΣ ==M K1
4

2
0
2mR ω α αsin cos ′

A A B A B

A
l

B
l

B
l

A
l

mR

X Y Y Z Z

Z Z Y Y

= + = + =

− = − =

0 0 0

2 2
0

2 2
1
4

2
0
2

, ,

. , sin cosω α α

© Reuven Segev, 2002



X

Y

 α

 ′Y

′X

 α

AX

AY

AZ

BY

 BZ

 Z = ′Z

 

l

2

 

l

2

A A B

B A
l

mR

X Z Z

Y Y

= = =

= − =

0 0

1

4
2

0
2

,

. sin cosω α α

Y0ω

1

4
2

0
2

l
mR ω α αsin cos

A B

© Reuven Segev, 2002



 X, Y, ZXYI

0ωX

  

H

H

H

X

Y

Z

XX XY XZ

YX YY YZ

ZX ZY ZZ

XX

YX

ZX

















=

































=

















I I I

I I I

I I I

I

I

I

ω ω

ω

ω

0 0

0

0

0

0

    

ΣΣ == ωω ωω ωω ωωM H H

I J K
˙ ( ˙ ) ( )= + × = × =I I ω

ω ω ω
0

0 0 0

0 0

I I IXX YX ZX

  ΣΣ ==M J K− +I IZX YXω ω0
2

0
2

  I IZX YX,

θ
ψ̇

φ̇
φ̇ψ̇θl

ξ, η, ζ
ψ̇ζ
ηζX, Y, Z

ξ, η, ζ

1ωωωωξ, η, ζ

1ωωωω

ωω ηη ζζ1 = = − +˙ ˙ sin ˆ ˙ cos ˆψ ψ θ ψ θk

21ωωωωξ, η, ζ

ωω ζζ21 = ˙ˆφ

© Reuven Segev, 2002



 θ

 φ̇

ψ̇
ζ Z

 

c.m.

l

ξ

η

X

Y

mg

z

yx

ξ, η, ζ

1ωωωω
Y, Z η, ζ

ωω ωω ωω ηη ζζ= + = − + +1 21
˙ sin ˆ ( ˙ ˙ cos )ˆψ θ φ ψ θ

X, Y, Zξ, η, ζ
ξ, η, ζ

ξ, η, ζ

  I I I I Iζζ ξξ ηη= = =0 1,

© Reuven Segev, 2002



    

[ ]I =

















I

I

I

1

1

0

0 0

0 0

0 0

  

H{ } =

















−

+

















= −

+

















I

I

I

I

I

1

1

0

1

0

0 0

0 0

0 0

0 0

˙ sin
˙ ˙ cos

˙ sin

( ˙ ˙ cos )

ψ θ

φ ψ θ

ψ θ

φ ψ θ

ξ, η, ζ

  
˙ ˙ ˙ ) )H H H= + × = + ×ξηζ ξηζΩΩ ωω ΩΩ ωωI( I(

ω̇ωξηζ = 0
ΩΩΩΩ1ωωωω

  

˙

ˆ ˆ ˆ

˙ sin ˙ cos

˙ sin ( ˙ ˙ cos )

H H= × = −

− +

ωω

ξξ ηη ζζ

1

1 0

0

0

ψ θ ψ θ

ψ θ φ ψ θI I

  
˙ ˙ sin [( ) ˙ cos ˙]ˆH = − −ψ θ ψ θ φI I I1 0 0 ξξ

ΣΣ ξξM = −mglsin ˆθ

  

− = − −

=
−

−

mgl

mgl

sin ˙ sin [( ) ˙ cos ˙] ,

. cos
˙ ˙

˙ ( )

θ ψ θ ψ θ φ

θ
φψ
ψ

I I I

I
I I

1 0 0

0
2

1 0

© Reuven Segev, 2002



φ̇
X′Z

′XX
ψ

ψ
X

Y

Z′X

′Y

 ′Z

ψ

φ̇

′′X

′′Y

 ′′Z

z

0ωλ
′Z  ′X

′Zψ

X, Y, Z
Z′Z

′ ′ ′X Y Z, ,

© Reuven Segev, 2002



ψ

ψ
X

Y

Z′X

′Y

′Z

λ

φ̇

 ω 0

λ

 z

 z

X, Y, Zωω32 = φ̇I
′′ ′′ ′′X Y Z, ,ωω21 = ψ̇K

′′Z′ZZ
ωω1 0= ω k

X, Y, Z

1ωωωω′′ ′′ ′′X Y Z, ,

k I K

I I J

= ′ + ′

′ = −

cos sin ,

, cos sin

λ λ

ψ ψ

© Reuven Segev, 2002



k I J K

I J K

= − +

= − +

cos cos cos sin sin

. (cos cos cos sin sin )

λ ψ λ ψ λ

ω λ ψ λ ψ λωω1 0

2ωωωω′′ ′′ ′′X Y Z, ,ωωωω

ωω ωω ωω

ωω ωω ωω ωω ωω
2 1 21

2 1 21 1 21

= +

= + + ×, ˙ ˙ ˙

ωω ωω ωω

ωω ωω ωω ωω ωω

= +

= + + ×
2 32

2 32 2 32. ˙ ˙ ˙

ωω ωω ωω ωω

ωω

= + + = − + + +

= + − + +

1 21 32 0

0 0 0

ω λ ψ λ ψ λ ψ φ

φ ω λ ψ ω λ ψ ψ ω λ

(cos cos cos sin sin ) ˙ ˙ ,

. ( ˙ cos cos ) cos sin ( ˙ sin )

I J K K I

I J K

˙ ˙ ˙ ˙ ( )

, ˙ ( ) ,

ωω ωω ωω ωω ωω ωω ωω ωω ωω

ωω ωω ωω ωω ωω ωω

= + + × + + + ×

= + + × + + + ×
1 21 1 21 32 1 21 32

21 1 21 32 21 320 0

˙ ˙̇ cos cos cos sin sin
˙ ˙

˙ ˙ωω = + − + ×ψ ω λ ψ ω λ ψ ω λ

φ ψ

ψ φK

I J K

K I0 0 0

0

ω̇ω32 = 0ω̇ω1 = 0

˙ ˙ cos sin ( ˙ sin ˙ cos cos ˙ ˙) ( ˙̇ ˙ cos sin )ωω = − + − + + +ψω λ ψ ω φ λ ω ψ λ ψ ψφ ψ ω φ λ ψ0 0 0 0I J K

Z
X

Y

Z

© Reuven Segev, 2002

  ΣΣMZ ZZ Z YY XX X Y= = + −0 I I I˙ ( )ω ω ω



  I I IZZ YY XXmR mR= = =1
4

2 1
2

2,

0 2 0 0
2 2= + +˙̇ ˙ cos sin cos cos sinψ ω φ λ ψ ω λ ψ ψ

ψ
˙̇ ˙ cos sin cos cos sinψ ω φ λ ψ ω λ ψ ψ= − −2 0 0

2 2

ψ
ψψ˙̇ψ

ψψ

ψ 

˙̇ ˙ cosψ ω φ λψ+ =2 00

ψc2
02= ω φ λ˙ cos

˙̇ψ ψ+ =c2 0

c 

© Reuven Segev, 2002



© Reuven Segev, 2002



© Reuven Segev, 2002



a u b× =

© Reuven Segev, 2002



© Reuven Segev, 2002



  
  
  
  

  
  
  
  
  
  

  
  
  
  
  
  
  

  
  
  
  
  
  

  
  
  
  
  
  

  
  
  
  
  
  
  

  
  

    2-1-2139: קוד מחלקה
 213163:קוד מחיר




