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We establish a mapping between one-dimensional run-and-tumble particle dynamics in the presence of
thermal noise, and overdamped Brownian motion in a spatially inhomogeneous temperature field. The
approach is formulated as an inverse-Clausius thermodynamic framework, where the effective temperature
is inferred from the steady-state density. Within this mapping, the local entropy flux and entropy production
rate can be extracted directly from steady-state observables, without requiring explicit knowledge of the full
position-velocity distribution. The framework introduces a closure that, to leading order, relates entropy
flow to spatial variations of effective temperature, yielding a picture of entropy transfer from hotter to
colder regions. We apply the approach to two-state and multistate run-and-tumble models in harmonic and
nonlinear potentials. For harmonic confinement, the closure is exact in the two-state case and very accurate
in multistate models. For nonlinear potentials that are locally confining (positive curvature at the origin),
comparable accuracy is observed. In contrast, potentials with vanishing or negative curvature require
higher-order corrections and reveal a correspondence between the spatial structure of the entropy
production rate and that of the confining potential.
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Run-and-tumble dynamics is a widely used model for
self-propelled particles. It was originally introduced to
describe bacterial motion such as E. coli [1], and later
adopted in statistical physics as a framework for studying
active matter [2–7]. Its appeal lies in its simplicity, ability to
represent key nonequilibrium features, and analytical
tractability. A one-dimensional run-and-tumble particle
(RTP) model describes a particle evolving in a force field
FðxÞ ¼ −∂U=∂x while carrying an “active” velocity v that
is randomized at tumbling events. Denoting by Pðx; v; tÞ
the joint probability density, and by PðvÞ the symmetric
distribution function from which v is assigned at a tumble,
the dynamics is governed by the Fokker-Planck equation,

∂Pðx; v; tÞ
∂t

¼ −
∂

∂x

�
ðμFðxÞ þ vÞPðx; v; tÞ −D

∂Pðx; v; tÞ
∂x

�

− r½Pðx; v; tÞ − Pðx; tÞPðvÞ�; ð1Þ

where Pðx; tÞ ¼ R∞
−∞ Pðx; v; tÞdv is the position marginal

distribution. Here, μ is the mobility, and D ¼ μkBT is the
diffusion coefficient. The first term on the right-hand side
of Eq. (1) can be written as −∂xJðx; v; tÞ, where

Jðx; v; tÞ ¼ ðμFðxÞ þ vÞPðx; v; tÞ −D
∂Pðx; v; tÞ

∂x
ð2Þ

is the partial flux for particles with velocity v at position x.
The second term describes tumbling events at rate r. The
standard two-state RTP (s-RTP) is aMarkov process inwhich
the velocity switches between �v0, with exponentially

distributed run times. In this case we use r=2 as the switching
rate, since a tumble flips the velocity rather than redraws it.
Introducing p�ðx; tÞ≡ Pðx; v ¼ �v0; tÞ, we write
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ð3Þ

In the absence of thermal noise (D ¼ 0), analytical
steady-state solutions exist for arbitrary confining forces
FðxÞ, yielding a density PðxÞ ¼ pþðxÞ þ p−ðxÞ with
compact support determined by jμFðxÞj ≤ v0 [8]. For
D ≠ 0, analytical solutions for the steady-state distribution
are limited to specific cases, such as harmonic [9] or
piecewise-linear [10] traps. Importantly, even weak thermal
noise (D ≪ Dac ¼ v20=r, where Dac is the nonthermal
s-RTP diffusion coefficient) qualitatively changes the
steady state by rendering the dynamics ergodic over the
full one-dimensional space. This sensitivity to thermal
noise motivates the alternative description developed
below, which extracts local thermodynamic information
directly from steady-state observables without requiring
explicit solutions of Eq. (3).
Effective-temperature ideasprovide auseful framework in

this context, bridging statistical-mechanical modeling of
active systems and thermodynamic perspectives [11,12].
Related approaches include phase equilibrium descriptions
of scalar active matter in the context of motility-induced
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phase separation [13,14], fluctuation-dissipation-based
effective temperatures in active and driven systems
[15,16], and generalized thermodynamic frameworks restor-
ing Clausius- and Carnot-type bounds in systems violating
the Einstein relation [17]. Of particular relevance here are
mappings of active dynamics onto auxiliary descriptions
with spatially varying temperature profiles [18,19].
Entropy production is a key measure of irreversibility in

nonequilibrium systems. A local description is given by the
entropy flux density ϕðxÞ and the entropy production rate
density πðxÞ, corresponding to entropy dissipation to the
environment and local generation in the system, respec-
tively. In steady state, the entropy of the system does not
change, so that the total entropy production rate Ṡ equals
the total entropy dissipation to the environment:
Ṡ ¼ R

πðxÞdx ¼ R
ϕðxÞdx. Their difference defines the

net entropy production rate density,

σðxÞ≡ πðxÞ − ϕðxÞ ¼ −
djsðxÞ
dx

; ð4Þ

where the first equality is a definition and the second
expresses a local continuity equation for entropy, in which
production and dissipation are balanced by spatial transport
via the entropy current jsðxÞ. Its spatial integral vanishes in
steady state, as a consequence of the global entropy balance
and its form as a total derivative, with no entropy flux at
infinity, so that jsðxÞ → 0 as x → �∞.
Acentralgoalof thiswork is toextract localnonequilibrium

thermodynamics from steady-state observables accessible
in simulations. Langevin dynamics yield the position
steady-state distribution, PðxÞ ¼ R

∞
−∞ Pðx; vÞdv, and the

(normalized) active-flux density ΔðxÞ, defined by v0ΔðxÞ ¼R∞
−∞ vPðx; vÞdv, where v20 ≡

R∞
−∞ v2Pð0; vÞdv is the local

second moment of v. Note that v0 can be obtained directly
fromsimulationdata by averagingv2 over trajectory segments
around x ¼ 0without reconstructingPð0; vÞ. In the two-state
s-RTP, where v ¼ �v0, ΔðxÞ ¼ pþðxÞ − p−ðxÞ. The fields
PðxÞ and ΔðxÞ already suffice (see below) to determine the
entropy flux ϕðxÞ, i.e., the local rate at which entropy is
transferred to the thermal bath (see derivation in, e.g., [20]),

TϕðxÞ ¼ 1

μ

Z
∞

−∞
vJðx; vÞdv; ð5Þ

where Jðx; vÞ is defined in Eq. (2). In contrast, the entropy
production rate densityπðxÞ cannot, in general, bedetermined
from this reduced information alone, as its evaluation requires
the full joint distribution Pðx; vÞ,

πðxÞ ¼ kB

Z
dv

�
J2ðx; vÞ
DPðx; vÞ

þ r½Pðx; vÞ − PðxÞPðvÞ� ln
�

Pðx; vÞ
PðxÞPðvÞ

��
: ð6Þ

In this Letter, we introduce an inverse-Clausius mapping
between RTP dynamics, and overdamped Brownian motion

in an inhomogeneous temperature field TðxÞ, directly
inferred from the steady-state density PðxÞ. The mapping
provides a coarse-grained thermodynamic description that
eliminates the need to reconstruct the full joint distribution
Pðx; vÞ, whose numerical evaluation is costly and error-
prone due to high-dimensional sampling and to the
numerical differentiation required for computing the cur-
rents Jðx; vÞ. Within this framework, πðxÞ is approximated
in terms of the reduced observables PðxÞ and ΔðxÞ. Since
the coarse-grained description does not use the full ðx; vÞ
statistics, this representation is only approximate. The
mapping naturally introduces the temperature deviation
field θðxÞ ¼ TðxÞ − hTi, which distinguishes regions that
are effectively hotter or colder than average, and allows the
net entropy production density σðxÞ ¼ πðxÞ − ϕðxÞ to be
expressed in terms of θðxÞ and PðxÞ. We demonstrate that,
to leading order, the net entropy production density σðxÞ is
accurately captured by a local linear relation of the form
σðxÞ ≈ cPðxÞθðxÞ, which provides a robust and quantita-
tively reliable description across a broad range of cases.
We consider an even velocity-resetting distribution PðvÞ

and a symmetric potential UðxÞ, so that the force FðxÞ ¼
−∂xUðxÞ is odd. Multiplying Eq. (1) by v and integrating
over v yields

−
d
dx

½μFðxÞv0ΔðxÞ þ hv2ðxÞiPðxÞ�

þDv0
d2ΔðxÞ
dx2

− rv0ΔðxÞ ¼ 0; ð7Þ

where hv2ðxÞi ¼ ½R∞
−∞ v2Pðx; vÞdv�=PðxÞ is the local

mean-squared active velocity [in the s-RTP model,
hv2ðxÞi ¼ v20]. Integrating Eq. (7) with respect to x, and
using the boundary condition that PðxÞ and ΔðxÞ vanish as
x → �∞, yields

μFðxÞv0ΔðxÞ þ hv2ðxÞiPðxÞ −Dv0
dΔðxÞ
dx

¼ −rv0IΔðxÞ;
ð8Þ

where IΔðxÞ ¼
R
x
−∞ ΔðyÞdy is the primitive function of

ΔðxÞ. We now substitute Eq. (2) for Jðx; vÞ in Eq. (5) for
the local entropy flux ϕðxÞ, and perform the v integration.
This gives

ϕðxÞ ¼ 1

μT

�
μFðxÞv0ΔðxÞ þ hv2ðxÞiPðxÞ −Dv0

dΔðxÞ
dx

�
;

ð9Þ

which, by using Eq. (8), simplifies to

ϕðxÞ ¼ −
rv0
μT

IΔðxÞ: ð10Þ
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Equation (10) thus provides a simple route for computing
ϕðxÞ fromΔðxÞ via its primitive IΔðxÞ, obtained by a single
numerical integration (e.g., the trapezoidal rule).
This brings us to the evaluation of πðxÞ within the

inverse-Clausius framework, which maps the RTP
steady state onto overdamped Brownian motion in a
position-dependent temperature field TðxÞ. Within this
description, the probability current takes the form JðxÞ ¼
μ½FðxÞPðxÞ − ∂xðkBTðxÞPðxÞÞ� [21,22]. In steady state,
JðxÞ ¼ 0, reflecting a balance between the deterministic
force and the gradient of the effective pressure
kBTðxÞPðxÞ. This pressure-gradient term replaces the
active and diffusive contributions to the RTP current,
v0ΔðxÞ − μkBT∂xPðxÞ, so that, upon identifying the two
alternative forms of the current, one obtains
v0ΔðxÞ − μkBT∂xPðxÞ ¼ −μ∂x½kBTðxÞPðxÞ�. Integrating
this relation yields v0IΔðxÞ ¼ μkBPðxÞ½T − TðxÞ�, where
IΔðxÞ ¼

R
x
−∞ ΔðyÞdy. Using Eq. (10), this gives

ϕðxÞ ¼ rkB
T

PðxÞ½TðxÞ − T�: ð11Þ

Equation (11) admits a direct interpretation as an entropy
flux from the system to the bath, ϕðxÞ ¼ Q̇outðxÞ=T, with
Q̇outðxÞ ¼ rkBPðxÞ½TðxÞ − T�. This implies that tumbling
events, occurring at rate r and distributed in space accord-
ing to PðxÞ, are associated with a local heat release
Qout ¼ kB½TðxÞ − T�. In this sense, the construction is
inverse-Clausius, with the effective temperature TðxÞ
inferred from the entropy flux ϕðxÞ rather than the other
way around.
Within this thermodynamic framework, we seek a

relation between the entropy production rate πðxÞ and
the effective temperature field TðxÞ, in analogy with the
expression obtained for the entropy flux ϕðxÞ [Eq. (11)].
Instead of attempting to express πðxÞ directly, we consider
the net entropy production σðxÞ ¼ πðxÞ − ϕðxÞ. In steady
state,

R
σðxÞdx ¼ 0 [Eq. (4)], so σðxÞ is a zero-mean field.

Motivated by the thermodynamic role of TðxÞ, we define
the temperature deviation field θðxÞ ¼ TðxÞ − hTi, with h·i
denoting averaging with respect to PðxÞ. Rather than
viewing σðxÞ as an arbitrary function of x, we regard it
as a function of the thermodynamic field θðxÞ, and assume
the form PðxÞf½θðxÞ�, where f is sufficiently smooth and
can therefore be expanded in powers of θðxÞ. To enforce the
zero-mean condition at each order, we introduce the mean-
subtracted powers unðxÞ≡ θnðxÞ − hθni, which differ from
θnðxÞ only by a constant shift. Thus,

σðxÞ ¼ PðxÞ
X∞
n¼1

cnunðxÞ: ð12Þ

Retaining only this leading order term, u1ðxÞ ¼ θðxÞ,
yields the inverse-Clausius closure

σðxÞ ¼ cθðxÞPðxÞ: ð13Þ

The constant c < 0 is fixed by matching the two sides at
x ¼ 0 (see below). The thermodynamic interpretation is
that σðxÞ is governed by temperature variations: the mean
temperature separates hot and cold regions, and entropy
transport reflects heat flowing from the former to the latter.
To complete the inverse-Clausius mapping, the constant

c is determined by matching Eq. (13) at a single point. We
choose the symmetry point x ¼ 0, where evaluating πð0Þ
gives σð0Þ ¼ πð0Þ − ϕð0Þ, and thus c ¼ σð0Þ=½Pð0Þθð0Þ�.
While this choice is natural, in practice the value of c that
best describes the data may differ slightly, depending on the
region of interest. Since the mapping is formulated in terms
of the reduced fields PðxÞ and ΔðxÞ, we express this
evaluation in terms of them. In the two-state model, these
fields fully determine the local state via p� ¼ ðP� ΔÞ=2,
so that πðxÞ can be written entirely in terms of P and Δ. In
general multistate models this reduction is no longer exact,
but we nevertheless proceed by expressing all quantities in
terms of these fields alone.
To evaluate πð0Þ, we consider first the currents contri-

bution in Eq. (6). In the two-state model, where
p� ¼ ðP� ΔÞ=2, the partial currents are given by

J�ðxÞ ¼ ðμFðxÞ � v0Þp�ðxÞ −D0∂xp�ðxÞ; ð14Þ

which yields JþðxÞ − J−ðxÞ ¼ v0PðxÞ þ μFðxÞΔðxÞ−
D0∂xΔðxÞ. At steady state, JþðxÞ ¼ −J−ðxÞ ¼ ½v0PðxÞþ
μFðxÞΔðxÞ −D0∂xΔðxÞ�=2. At x ¼ 0, symmetry implies
that Fð0Þ ¼ Δð0Þ ¼ 0, so that Jþð0Þ ¼ ½v0Pð0Þ−
D0Δ0ð0Þ�=2, and the currents contribution then reads

πcurrð0Þ ¼
½v0Pð0Þ −D0Δ0ð0Þ�2

D0Pð0Þ
: ð15Þ

In the two-state model, πð0Þ ¼ πcurrð0Þ. In multistate
models, however, this equality no longer holds.
Nevertheless, πcurrð0Þ, evaluated using the same expression
in terms of P and Δ, is used as an approximation to the
currents contribution.
We next consider the Kullback–Leibler (KL), second term

in Eq. (6), associated with velocity reshuffling. This term is
zeroatx ¼ 0 in the two-statemodel,butisgenerallynonzeroin
multistate cases. Its evaluation requires the velocity distribu-
tionPð0; vÞ,whichbysymmetry satisfiesPð0;vÞ¼Pð0;−vÞ.
Within the reduced description, we base this estimate on the
local second velocity moment v20, which provides the natural
measure of the strength of active force. Accordingly, we
determine Pð0; vÞ by minimizing the relative entropyR
dvPð0; vÞ ln½Pð0; vÞ=PðvÞ� with respect to the reference

velocity distribution PðvÞ, under the constraints of normali-
zation and symmetry in v. This yields the Gaussian form
Pð0; vÞ=½Pð0ÞPðvÞ� ¼ e−λv

2

=
R
dv0Pðv0Þe−λv02 , where λ is a

Lagrangemultiplier fixednumericallyby the imposedvalueof
v20. In a four-state model, symmetry and normalization
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fix Pð0; vÞ uniquely via v20, so that the maximum-entropy
construction coincides with the exact velocity distribution at
x ¼ 0, and the resultingKL term is exact. Ingeneralmultistate
models, this identification is not exact.
As a first example, we consider the s-RTP model in a

harmonic potential UðxÞ ¼ x2=2 with D ¼ 1, and μ ¼ 1.
Figure 1(a) shows simulation results for two parameter sets:
(i) v0 ¼ 1, r ¼ 1, and (ii) v0 ¼ 2.5, r ¼ 1=3, chosen to
yield qualitatively different steady-state densities PðxÞ.
Case (i) is unimodal and close to equilibrium, whereas

case (ii) is activity-dominated and bimodal. The active flux
density ΔðxÞ has a similar structure in both cases, being
negative for x < 0, positive for x > 0, and vanishing at
large jxj. Figure 1(b) shows the corresponding temperature
deviation field θðxÞ, which exhibits pronounced spatial
variations in the strongly active case (ii) (main panel), but
remains small and nearly flat in case (i) (inset), consistent
with the near-equilibrium form of PðxÞ. Figure 1(c) shows
the net entropy production density σðxÞ ¼ πðxÞ − ϕðxÞ,
which in both cases is negative near the center, becomes
positive at intermediate distances, and vanishes at large jxj,
consistent with entropy flowing outward from a hotter
central region. Symbols denote the exact (direct) evalu-
ation, while solid lines show the inverse-Clausius closure,
which is in perfect agreement with the direct results in
both cases.
As a second example, we consider the s-RTP model in a

nonlinear confining potential UðxÞ ¼ coshðxÞ, using the
same two parameter sets as in Fig. 1. Figure 2 shows the net
entropy production density σðxÞ for both cases, comparing
the exact (symbols) with the inverse-Clausius closure
(curves). In both cases, the agreement between the two
is excellent across the entire domain. This demonstrates
that the closure is not limited to harmonic confinement, but
remains quantitatively accurate also for nonlinear poten-
tials, supporting its robustness over a broad range of
conditions.
As a third example, we consider the s-RTP model in a

quartic confining potential, UðxÞ ¼ x4=4, with v0 ¼ 1 and
r ¼ 1. Figure 3(a) shows the net entropy production density
σðxÞ (circles), together with the inverse-Clausius prediction
(black solid curve). In contrast to the previous cases, the
linear form with c fixed from the matching at x ¼ 0 no
longer provides a good approximation. This deviation may
be related to the spatial structure of σðxÞ near the origin,
which is noticeably flatter in the quartic potential and
appears to follow a similar shape to UðxÞ in this region. In
contrast, the temperature deviation field θðxÞ (shown in the
inset) retains a nearly quadratic profile. As a result, the
relation σðxÞ ∝ PðxÞθðxÞ fails to capture the central
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FIG. 1. (a) Steady-state density PðxÞ (solid curves) and
normalized active flux density ΔðxÞ (dashed curves) for the
s-RTP model in a harmonic potential. Black curves correspond to
case (i), v0 ¼ 1, r ¼ 1, and red curves to case (ii), v0 ¼ 2.5,
r ¼ 1=3. (b) Temperature field θðxÞ obtained via the inverse-
Clausius construction. Main panel, case (ii); inset, case (i). (c) Net
entropy production density σðxÞ for both cases. Symbols, exact
results; solid curves, inverse-Clausius closure.
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for the potential UðxÞ ¼ coshðxÞ.
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behavior. This mismatch is resolved by including the next-
order term, u2ðxÞ ¼ θ2ðxÞ − hθ2i. A fit including this term
yields very good agreement with the exact σðxÞ over the
entire domain (red dashed curve).
Panel (b) shows results forUðxÞ ¼ x4 − 2x2. In this case,

σðxÞ takes a markedly different form in the central region,
developing a clear local maximum at x ¼ 0. Interestingly,
its shape again follows that of the potential, now reflecting
the double-well structure, with a central maximum replac-
ing the minimum observed in the previous cases. This
suggests a broader trend in which the form of σðxÞ in the
central region appears to mirror key features of the
confining potential. The curve shows a fit including terms
up to u4ðxÞ, which yields very good agreement with the
exact results (circles), while lower-order truncations fail to
reproduce the observed shape.
Finally, we consider a multistate RTP in the harmonic

potential UðxÞ ¼ x2=2 with rate r ¼ 2=3, where at each
tumbling event the velocity is redrawn from vi ∈ f�1;
�2;�3g with equal probability. Figure 4(a) shows the
corresponding state-resolved stationary densities, which are

clearly distinct. Their sum yields the total density PðxÞ and
the associated active-flux density ΔðxÞ shown in the inset.
In this model, the effective speed entering the inverse-
Clausius construction is determined from the local second
velocity moment, giving v0 ≃ 1.87 for the present data.
Figure 4(b) compares the net entropy production density
σðxÞ obtained from the inverse-Clausius construction
[curve, with the corresponding temperature deviation field
θðxÞ shown in the inset] with the direct evaluation (sym-
bols). To fix the closure constant c in this multistate case,
we follow the procedure described above to estimate πð0Þ,
using an approximate evaluation of the currents contribu-
tion [expressed in terms of PðxÞ and ΔðxÞ] and the KL
term. The agreement between the two is very good at the
level of spatial structure, with small residual differences
that are most pronounced near the origin. These reflect two
distinct sources of error: the first arises from the approx-
imations used in the origin estimate that fixes c, while the
second originates from numerical differentiation in the
direct evaluation of πðxÞ. Accordingly, the “exact” results
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FIG. 3. Net entropy production density σðxÞ for
(a) UðxÞ ¼ x4=4, (b) UðxÞ ¼ x4=4 − x2. In both cases, r ¼ 1
and v0 ¼ 1. Symbols denote the exact results. In panel (a), the
black curve shows the leading-order inverse-Clausius closure
[Eq. (13)], while the red dashed curve is a fit including terms up
to u2ðxÞ. In panel (b), the red dashed curve is a fit including terms
up to u4ðxÞ. The insets depict the corresponding temperature
fields θðxÞ.
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PðxÞ ¼ P

i PiðxÞ and the corresponding active-flux densityΔðxÞ,
with v0 ≃ 1.87. (b) Net entropy production σðxÞ with symbols
denoting the direct evaluation and the curve the inverse-Clausius
closure. The inset shows the corresponding temperature
field θðxÞ.
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are themselves subject to numerical error that accumulates
as the number of velocity states increases.
To conclude, in this Letter we established an inverse-

Clausius mapping between one-dimensional RTP dynamics
and overdamped Brownian motion in a spatially inhomo-
geneous temperature field. The mapping combines an exact
steady-state entropy flux ϕðxÞ, constructed from the polari-
zation ΔðxÞ, with a temperature field inferred from the
steady-state density PðxÞ. This provides a thermodynamic
description based solely on steady-state observables, with-
out requiring explicit knowledge of the full position-
velocity distribution Pðx; vÞ. Within this framework, the
net entropy production σðxÞ ¼ πðxÞ − ϕðxÞ is related to the
temperature fluctuation field θðxÞ, leading to the linear
closure σðxÞ ¼ cPðxÞθðxÞ. This formulation provides a
physical picture in which entropy production is governed
by an emergent temperature landscape, with entropy trans-
ported from locally hotter to colder regions. The closure is
practically exact for the two-state model under harmonic
confinement and for nonlinear potentials with positive
curvature at the origin. In multistate models, it remains
accurate, with only small deviations. In contrast, potentials
with vanishing or negative curvature at the origin require
systematic extensions through higher-order terms. In these
cases, the spatial structure of σðxÞ in the central region
tracks the underlying potential, transitioning from a single-
well to a double-well form. These results indicate that the
inverse-Clausius framework captures key features of
entropy production, while highlighting the role of the
confining potential in shaping its spatial organization.

Acknowledgments—The author gratefully acknowledges
the anonymous referees for their constructive comments,
which substantially improved the presentation of this work
and helped shape its final form. This work was supported
by the Israel Science Foundation (ISF), Grant No. 1258/22.

Data availability—There are no publicly available
research data or software supporting this manuscript.
Requests for further information or data should be sent
to the authors.

[1] H. C. Berg and D. A. Brown, Chemotaxis in escherichia coli
analysed by three-dimensional tracking, Nature (London)
239, 500 (1972).

[2] J. Tailleur and M. E. Cates, Statistical mechanics of inter-
acting run-and-tumble bacteria, Phys. Rev. Lett. 100,
218103 (2008).

[3] M. Khatami, K. Wolff, O. Pohl, M. R. Ejtehadi, and H.
Stark, Active Brownian particles and run-and-tumble par-
ticles separate inside a maze, Sci. Rep. 6, 37670 (2016).

[4] C. Sándor, A. Libál, C. Reichhardt, and C. J. Olson
Reichhardt, Collective transport for active matter run-and-
tumble disk systems on a traveling-wave substrate, Phys.
Rev. E 95, 012607 (2017).

[5] C. M. B. Gutiérrez, C. Vanhille-Campos, F. Alarcón, I.
Pagonabarraga, R. Brito, and C. Valeriani, Collective
motion of run-and-tumble repulsive and attractive particles
in one-dimensional systems, Soft Matter 17, 10479
(2021).

[6] C. Kurzthaler, Y. Zhao, N. Zhou, J. Schwarz-Linek, C.
Devailly, J. Arlt, J.-D. Huang, Wilson C. K. Poon, T.
Franosch, J. Tailleur, and V. A. Martinez, Characterization
and control of the run-and-tumble dynamics of escherichia
coli, Phys. Rev. Lett. 132, 038302 (2024).

[7] C. Roberts and Z. Zhen, Run-and-tumble motion in a linear
ratchet potential: Analytic solution, power extraction, and
first-passage properties, Phys. Rev. E 108, 014139
(2023).

[8] A. Dhar, A. Kundu, S. N. Majumdar, S. Sabhapandit, and G.
Schehr, Run-and-tumble particle in one-dimensional con-
fining potentials: Steady-state, relaxation, and first-passage
properties, Phys. Rev. E 99, 032132 (2019).

[9] D. Frydel, Positing the problem of stationary distributions of
active particles as third-order differential equation, Phys.
Rev. E 106, 024121 (2022).

[10] R. K. Singh and O. Farago, Steady state and relaxation
dynamics of run-and-tumble particles in contact with a heat
bath, Phys. Rev. E 111, 064131 (2025).

[11] M. J. Bowick, N. Fakhri, M. C. Marchetti, and S.
Ramaswamy, Symmetry, thermodynamics, and topology
in active matter, Phys. Rev. X 12, 010501 (2022).

[12] L. Hecht, L. Caprini, H. Löwen, and B. Liebchen, How to
define temperature in active systems?, J. Chem. Phys. 161,
224904 (2024).

[13] A. P. Solon, J. Stenhammar, M. E. Cates, Y. Kafri, and J.
Tailleur, Generalized thermodynamics of motility-induced
phase separation: Phase equilibria, Laplace pressure, and
change of ensembles, New J. Phys. 20, 075001 (2018).

[14] C. Maggi, M. Paoluzzi, A. Crisanti, E. Zaccarelli, and N.
Gnan, Universality class of the motility-induced critical
point in large scale off-lattice simulations of active particles,
Soft Matter 17, 3807 (2021).

[15] D. Loi, S. Mossa, and L. F. Cugliandolo, Effective temper-
ature of active matter, Phys. Rev. E 77, 051111 (2008).

[16] L. F. Cugliandolo, The effective temperature, J. Phys. A 44,
483001 (2011).

[17] B. Sorkin, H. Diamant, G. Ariel, and T. Markovich, Second
law of thermodynamics without Einstein relation, Phys.
Rev. Lett. 133, 267101 (2024).

[18] S. Mandal, B. Liebchen, and H. Löwen, Motility-induced
temperature difference in coexisting phases, Phys. Rev. Lett.
123, 228001 (2019).

[19] J. Horowitz and T. Gingrich, Thermodynamic uncertainty
relations constrain non-equilibrium fluctuations, Nat. Phys.
16, 1 (2019).

[20] M. Paoluzzi, A. Puglisi, and L. Angelani, Entropy produc-
tion of run-and-tumble particles, Entropy 26, 443 (2024).

[21] N. Van Kampen, Diffusion in inhomogeneous media, J.
Phys. Chem. Solids 49, 673 (1988).

[22] O. Farago, Different measures for characterizing the motion
of molecules along a temperature gradient, Phys. Rev. E 99,
062108 (2019).

PHYSICAL REVIEW LETTERS 137, 037103 (2026)

037103-6

https://doi.org/10.1038/239500a0
https://doi.org/10.1038/239500a0
https://doi.org/10.1103/PhysRevLett.100.218103
https://doi.org/10.1103/PhysRevLett.100.218103
https://doi.org/10.1038/srep37670
https://doi.org/10.1103/PhysRevE.95.012607
https://doi.org/10.1103/PhysRevE.95.012607
https://doi.org/10.1039/D1SM01006A
https://doi.org/10.1039/D1SM01006A
https://doi.org/10.1103/PhysRevLett.132.038302
https://doi.org/10.1103/PhysRevE.108.014139
https://doi.org/10.1103/PhysRevE.108.014139
https://doi.org/10.1103/PhysRevE.99.032132
https://doi.org/10.1103/PhysRevE.106.024121
https://doi.org/10.1103/PhysRevE.106.024121
https://doi.org/10.1103/c51r-fmgw
https://doi.org/10.1103/PhysRevX.12.010501
https://doi.org/10.1063/5.0234370
https://doi.org/10.1063/5.0234370
https://doi.org/10.1088/1367-2630/aaccdd
https://doi.org/10.1039/D0SM02162H
https://doi.org/10.1103/PhysRevE.77.051111
https://doi.org/10.1088/1751-8113/44/48/483001
https://doi.org/10.1088/1751-8113/44/48/483001
https://doi.org/10.1103/PhysRevLett.133.267101
https://doi.org/10.1103/PhysRevLett.133.267101
https://doi.org/10.1103/PhysRevLett.123.228001
https://doi.org/10.1103/PhysRevLett.123.228001
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.3390/e26060443
https://doi.org/10.1016/0022-3697(88)90199-0
https://doi.org/10.1016/0022-3697(88)90199-0
https://doi.org/10.1103/PhysRevE.99.062108
https://doi.org/10.1103/PhysRevE.99.062108

	Inverse Clausius Thermodynamics in Run-and-Tumble Dynamics
	Acknowledgments
	Data availability
	References


