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Steady state and relaxation dynamics of run-and-tumble particles in contact with a heat bath
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We study the relaxation dynamics of a run and tumble particle (RTP) in a one-dimensional piecewise linear
potential U (x) = b|x|, from delta-function initial conditions at x = 0 to steady state. In addition to experiencing
active telegraphic noise, the particle is in contact with a heat bath at temperature 7 that applies white thermal
noise. We find that the position distribution of the RTP is described by a sum of two distributions (“modes”),
each of which of the form P(x,t — oo) ~ e %M (i =1, 2) at steady state. The two modes are dynamically
coupled: At very short times (t — 0), each mode stores half of the probability, and exhibits thermal diffusive
spreading with a Gaussian profile. With progressing time and evolution toward steady state, the partition of
probability between the modes becomes increasingly uneven, and, depending on the model parameters, the
mode with the smaller value of A; may carry an overwhelming majority of the probability. Moreover, we identify
that the characteristic relaxation time of each mode is 7; = (A*T)~!, which implies that the minority mode also
relaxes much faster than the dominant one. A more detailed analysis reveals that t; is characteristic of the mode
relaxation only close to the origin at the core of the distribution, while farther away it increases linearly with |x|
as if a relaxation front is propagating at constant speed v/ = 2,/7 /7; in the system. The rate of nonequilibrium
entropy production can be related to the two-mode splitting of the probability distribution and be expressed in

terms of their correlation lengths A; and their contributions to the steady-state distribution.

DOI: 10.1103/c51r-fmgw

I. INTRODUCTION

Active particles use energy from the environment to fuel
their motion which is inherently out of equilibrium [1-5].
Activity dominates the dynamics of, e.g., molecular mo-
tors [6-9], transport within cells [10-12], and bird flocking
[13,14], to mention a few. The ubiquity of active particles
has prompted investigations of their properties also from the
perspective of applications, like designing phoretic swim-
mers [15], acoustic and harmonic trapping of active systems
[16,17], and engineering self-propelled robots [18].

Bacterial dynamics in fluids constitutes yet another exam-
ple of nonequilibrium active motion. Movement of bacteria
in fluids is characterized by phases of runs in which the
bacteria travels in straight lines, separated by tumbling events
marking the directional changes [19-24]. These dynamical
aspects of bacterial motion have been explored within the
model of run and tumble particles (RTPs), which is one of the
more extensively studied models in nonequilibrium statistical
physics [25-34]. In the simplest setting, an RTP moves with a
fixed speed, undergoing random tumbling events at a constant
rate. The resulting motion is described by the telegrapher’s
equation [35-37], which unlike the diffusion equation for
Brownian motion is second order in both space and time. This
leads to many interesting physical properties, notable being
the motion confined within a spatiotemporal light cone [38].
Nevertheless, at times much larger than the mean tumbling
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time and in free space, an RTP exhibits diffusive behavior
similar to a Brownian particle.

The differences in the dynamical properties of the RTP and
a Brownian particle become apparent when their respective
motions are subject to confinement by an external potential.
Generally speaking, the steady state of an RTP in a confin-
ing potential is non-Boltzmannian [39-41]. Moreover, if the
associated restoring force exceeds the active force such as in
the case of a harmonic potential, the steady state of the RTP
is defined only over a finite support [39,42]. This is in sharp
contrast to a Brownian motion in the same potential, for which
the steady state has an infinite support [43]. The intrinsic
activity of RTPs also renders their first passage properties
complex and counter to the intuition based on the first passage
properties of Brownian particles [44,45].

In most cases of practical interest, the motion of RTPs
often takes place at a finite temperature [46,47]. In the liter-
ature, however, most studies focus on RTP dynamics under
the influence of a telegraphic (dichotomous) noise only, and
the influence of an additional white thermal noise has been
relatively less explored [48-55]. The significant differences
between the statistical behavior of RTPs and Brownian par-
ticles makes it imperative to study the dynamical properties
of RTPs that are also subject to both types of noises. The
prime question is whether the coupling to a heat bath modifies
the dynamical properties in a nontrivial way, or just increases
the fluctuations in position due to the additional thermal noise.
This question is particularly relevant for understanding physi-
cal systems such as bacteria, whose motion can be effectively
described by the RTP model, but which, in reality, operate at
finite temperatures. A predictable consequence of introducing

©2025 American Physical Society


https://orcid.org/0000-0003-1517-5404
https://ror.org/05tkyf982
https://crossmark.crossref.org/dialog/?doi=10.1103/c51r-fmgw&domain=pdf&date_stamp=2025-06-23
https://doi.org/10.1103/c51r-fmgw

R. K. SINGH AND ODED FARAGO

PHYSICAL REVIEW E 111, 064131 (2025)

white thermal noise into the model is that the particle’s motion
will no longer be restricted to a finite spatial domain. In this
paper, we present a rare example where (i) the steady-state
distribution (SSD) can be computed exactly, and (ii) the dy-
namical evolution toward the steady state can be analyzed in
Laplace space and approximated in the time domain. Our find-
ings highlight that the interplay between active and thermal
noise can lead to intricate dynamical behavior.

The dynamics of an RTP in a one-dimensional potential
U(x) and in contact with a heat bath is described by the
Langevin equation

§—f=f[X(l)]+0(l)+n(t), ey
where f(x) = —dU (x)/dx is the force acting on the particle,
while o () and 7n(t) are active telegraphic (dichotomous) and
thermal noises, respectively. Note that we set the mobility i
to unity in Eq. (1), so that the forces on the r.h.s. of Eq. (1)
are expressed in units of velocity (and the conversion back to
units of force is done via force = ! x velocity). The active
noise switches between the two values o () = Fvg at a fixed
rate r, i.e., the time between consecutive switches is drawn
from an exponential distribution with mean running time .
The thermal noise is a white Gaussian noise with zero mean
and correlation (n(t)n(s)) = 2T §(t — s), where T denotes the
temperature of the heat bath. Here we adopt the common
convention of setting Boltzmann constant kp to unity. In this
notation, diffusion coefficient D is expressed in units of the
corresponding temperature, as defined by the Einstein relation
D = ukpT . Interestingly, Langevin Eq. (1) describing the mo-
tion of an RTP in contact with a heat bath also describes the
motion of a Brownian particle in a dichotomously fluctuating
potential U (x) = vo(¢)x. The latter problem was considered
in a 1993 paper by Bier and Astumian (BA) [56] who stud-
ied the mean escape time from a fluctuating potential well.
Here we exploit the equivalence between the two problems
to derive expressions for the SSD of an RTP moving in an
external potential and subject to thermal noise. We extend the
BA approach to study also the corresponding time-dependent
Fokker-Planck (FP) equation, analyze the relaxation of an
initial delta-function distribution to the SSD, and unravel the
interplay between the active and thermal noises. As in Ref.
[56], we consider a piecewise linear potential of the form
U (x) = blx|, which is also relevant to the study of active
particle sedimentation, where the SSD is determined by the
solution of the Mathieu equation [57]. Within the context of
the RTP model, the linear potential is appealing for at least
two reasons. First, it allows for an exact analytical solution,
namely, a derivation of a closed-form expression of the SSD,
because the total force acting on the particle takes only two
values: (vgp — b) when moving outward of the origin, and
(vo + b) when moving toward the origin. Second, unlike a
harmonic potential [and more generally, any potential of the
form U (x) ~ |x|* with a > 1], the piecewise linear potential
has infinite support even in the absence of thermal noise, as
long as vy > b. In fact, the SSD of such an RTP has a form
which is similar to the equilibrium Boltzmann distribution
[39,58]

P(x) ~ e PHIT", )

with T* = (v% — b2)/2r. However, as will be shown below,
the SSD of a particle following Langevin Eq. (1) does not
have the form of Eq. (2) with temperature T + T*, but rather
follows a double exponential form. A single exponential form
is obtained only in the limit when both vy — oo and r — oo
such that the ratio 7. = v(z) /2r is fixed. In this limit, the active
noise approaches a white Gaussian noise with mean zero and
correlation (o (¢)o (s)) = 2T,.6(t — s), where T, is the active
“temperature” (or the associated diffusion coefficient of the
active noise; see the comment above about the correspondence
between temperature and diffusion coefficient). Indeed, for a
flat potential (b = 0), T, is the large-time diffusion coefficient
of an RTP not coupled to a heat bath for any value of vg
and r.

The paper is organized as follows: In Sec. II we study
the long-time behavior of the distribution, P(x, ¢), and derive
the expression for the SSD, P(x). In the following Sec. III
we obtain the expression for the temporal evolution of the
position distribution in Laplace space. An exact inversion of
the function from Laplace space to the time domain is not
possible. A closed-form analytical approximation is derived in
Sec. IV, where we also present Langevin dynamics simulation
results to analyze the relaxation dynamics to steady state. In
Sec. V we briefly discuss and rate of entropy production at
steady state. We summarize and discuss our main findings in
Sec. VI

II. STEADY STATE OF THE RTP

Let p.i(x,t) denote the distributions of the RTP to be at
location x at time ¢ with o (t) = Zvy. Then the evolution of
the distributions can be described by the set of coupled FP
equations [43,59]:

O P4 (x, 1) = =0 [(f(x) + vo)p4(x, )] — rp4(x,1)

+rp—(xvt)+Taxxp+(x9t)’ (33.)
O p-(x,1) = =0[(f(x) —vo)p—(x, )] + rpy(x,1)
—rp—(x,1) + TOup—(x,1). (3b)

The respective SSDs, p.(x), are obtained by solving the set
of ordinary differential equations:

d
0= ———[(f() + )P4 (O] = 7p4 () + 7p-(x)

d2
+Tﬁp+(x), (43)

d
0= _E[(f(X) —v)p-(X)]+rpi(x) —rp_(x)

2

d
+T 5 p-(). (4b)

Symmetry of the problem implies that the above set of differ-
ential equations only needs to be solved in the region x > 0
and the solution for the region x < 0 follows by symme-
try, p+(—x) = px(x). Furthermore, the SSD P(x) = p4(x) +
p—(x).
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Let us now focus on the region x > 0, which implies that
f(x) = —b. Following [56], we define

Py(x) = p1+(x) + p—(x), (52)

Pi(x) = Cj{ﬁ’ (5b)
X

Dy(x) = p4+(x) — p-(x), (5¢)
dDy

Di(x) = I (5d)
x

where Py(x) = P(x) is the SSD of the RTP. Using these defi-
nitions, we can write the set of Egs. (4), in the following form:

4 p—p
dxo 1,
4 (P -2 0 2\ (P
| Pof=10 0 1 )|Do]. (6)
p) \§ ¥ -2/ \n
M;

The structure of the above equations implies that the solu-
tion (P, Dy D;)", where T denotes transpose, is determined
by the eigenvalues of the matrix M3, with the eigenvalues
M € RVk =1,2,3 as the absence of any boundaries forbids
oscillatory solutions. Furthermore

2b

trM; = —— <0, (7a)
T
2rb

detM3 = F > 0, (7b)

with “tr” and “det” representing, respectively, the trace and
determinant of the matrix M3. This implies that two of the
eigenvalues are negative and one is positive. The eigenval-
ues are determined by the solution of the equation det(M3 —
All3) = 0, where I3 is the 3 x 3 identity matrix. The solution
of the resulting cubic equation

2 > o BN\ b
x3+?xz—(v—°+—r——)x—%=o ®)

)

. v2 b 2 2bv2

fork:()3,1,2, with g1 = —35 — 577 — 7 and 2 = 577
2 — #o=. Among the three eigenvalues, we only choose the

ones which are negative, as inclusion of the positive eigen-
value would lead to diverging solutions at large x (recall that
we solve for x > 0).

Let A; and A, be the absolute values of two negative eigen-
values of the matrix M3, then

Pi(x) = —Aje 1% — Ay, (10a)
b—amT b— T
Do(x) = — 2 e 4 T2 AL phx (10D)
U())xl v())xz
b— )»1T _a b— )»2T —A
Di(x) = —————Aje M — — = Aye . (10c)
Vo Vo

‘ 0.4 ¢
~ 0.3
X
Ay
0.2
: 0.1
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X X

FIG. 1. (a) The SSD, P(x), of the RTP obtained from Langevin
dynamics simulations (red circles) and the analytical result in
Eq. (11) (black dashed line). All the model parameters are set to
unity: r =1, vy=1, b= 1, and T =1, for which we have (see
details in the text) A; &~ 0.69, 1, =~ 2.48,A;/A; =~ 0.32,and A, /1, =
0.07. (b) Enlargement of the central region in (a). The green dashed
lines depicts the large |x| asymptotic Laplace distribution :—l'e*""*".
Langevin dynamics simulations were conduced with the Euler inte-
gration method with time step df = 4 x 1073 and are based on 10°
trajectories.

Because %Po = Py, and because of the symmetry Py(x) =
Py(—x), we find that the SSD is given by

A A
P(x) = Po(x) = —e Mkl 4 227k, (11)
M Ao

The coefficients A; and A, can be found from the require-
ment that Dy(0) = 0, which follows from the symmetry of the
system [p(0) = p_(0)], in conjunction with the fact that the
SSD is normalized, that is, [ dx Py(x) = 1, yielding

1 1 1 b—MT
— =25 -——), (12a)
Ay )\1 Al)nzb—)\,zT
1 1 1 b— 1T
— =25 - ——). (12b)
A2 )Lz )\1)\,2b—)\.1T

Notice that A, A;, A; and A, are related by the normaliuzation
condition of the total SSD:

A A 1 13

23 * A2 (13

The SSD defined by Egs. (11) and (12), is a normalized
linear combination of two Laplace distributions with dis-
tinct length scales. This form seems reasonable considering
that it represents the SSD of a particle subjected to two
noise sources, thermal and active, which individually lead to
steady-state single-scale Laplace distributions. However, the
two-noise SSD is not merely a linear combination of the one-
noise SSDs: The inverse length scales A and X, are related to
the model parameters characterizing the two noise sources via
an intricate relationship expressed by Eq. (9). Figure 1 shows
Langevin dynamics simulations results corresponding to the
case when all the model parameters are set to unity: r = 1,
vo=1,b=1,and T = 1. For this set of model parameters,
the two eigenvalues are A; =~ 0.69 and A, &~ 2.48 with the
coefficients A; /A &~ 0.32 and Ay /A, = 0.07, ie., A} = 0.22
and A; =~ 0.17. For comparison, the inverse length scales
corresponding to Brownian and RTP without thermal contact

064131-3



R. K. SINGH AND ODED FARAGO

PHYSICAL REVIEW E 111, 064131 (2025)

10 }L T T T T
1= (@) 0.3 (b) 1
g0 ho = L
i 802 1
(5}
2510 20 FAM - 1
© A2/7\‘2 =
10—1 L L 0.0 | |
0% 102 100 10? 0% 107 . 10° 10

FIG. 2. (a) The eigenvalues and (b) the normalizations coeffi-
cients defining of the SSD, as a function of the tumbling rate r. The
model parameter are setto b = 1, T = 1, and T, = v3/2r = 1/2.

dynamics would be, respectively, Ag; = b/T = 1, and Agrp =
b/T* = 2br/ (vé — b*) — oo (which is a reminder that in the
absence of coupling to a heat bath, the RTP moves only
when vy > b [39,58]). Figure 1(a) reveals excellent agreement
between the simulations results (red circles) and the SSD
given by Eqgs. (11) and (12) (dashed line). Figure 1(b) shows
an enlargement of the central region of the SSD. The green
dashed line shows the Laplace distribution *;—:e’*“”, which
dominates the SSD at large |x|. The deviations, on length
scales not much larger than A, '~ 0.40, between the SSD and
the asymptotic form are clearly visible.

As mentioned above, in the absence of one of the noises,
the SSD takes the form of a single-exponential Laplace dis-
tribution. Apart from these two particular cases, there is one
additional case resulting in a Laplace SSD, which is the ther-
mal limit of the active noise obtained taking the limits vy —
00, r — 0o such that the ratio v3/2r = T,c. In this limit,
the particle is essentially moving under the influence of two
independent thermal noises, which is equivalent to Brownian
motion with A = b/(T + T,.). Figure 2(a) shows the depen-
dence of the two eigenvalues [negative solutions of Eq. (9)] on
the rate of the active noise v, forb = 1,T = 1,and T, = 1/2.
The smaller A; varies smoothly from A, = b/T = 1forr =0
(no active noise) to A; = b/(T + T,.) = 2/3, while the larger
A increases monotonically with r, implying that the influ-
ence of the second exponential corresponding to the smaller
length scale 1/A, becomes limited to the vicinity of the ori-
gin. Moreover, Fig. 2(b), which shows the amplitudes of the
two terms in the SSD, demonstrates that increasing r leads
to rapid reduction in the amplitude A,/A,. For r — 0, we
have X, ., — 1, and the corresponding normalizations are
Ai/A; = Ay/Ay = 1/4. When r — oo the second exponential
becomes irrelevant, and A /A — A;/2 =1/3.

As the properties of the steady state of the RTP are un-
derstood, a naturally arising question is how does the RTP
relax to its steady state given the information about its initial
configuration? We proceed to answer this question in the next
section.

III. TIME-DEPENDENT SOLUTION

We now return to the set of Egs. (3) and assume that att =
0, the particle is located at the origin with equal probability to
move to the right or left, i.e., p+(x,0) = %S(x). Transforming

Egs. (3) in Laplace space gives

5P+ (x,5) = 38(x) = =3 [(f(x) + v0)P+(x, )] — rps(x, )
+rp_(x,5) + Toupi(x.s),  (l4a)

sp_(x,5) — 38(x) = =3 [(f(x) — vo)p—(x, )] + rpi(x,s)
—rp_(x,5) + Toup_(x,s),  (14b)

where pi(x,s) = f0°° dte " py(x,t) denotes the Laplace
transforms of p4 (x, ). Analogous to the analysis of the steady
state in the previous section, the symmetry of the problem,
including the initial conditions, implies that Eq. (14) need to
be solved only for x > 0, since p+(—x, s) = p=(x, s).

Also analogous to the derivation of the SSD, we define
Py(x, s) = P(x, 5) to be the Lapalce transform of the SSD, and
further introduce the following quantities:

Py(x,s) = py(x,8) + p_(x,9), (15a)
Pi(x,5) = 0, Py(x, 5), (15b)
Do(x, s) = py(x,8) — p_(x,9), (15¢)
Di(x, s) = 8:Do(x, ), (15d)
that satisfy the set of Egs. (14):
P, 0 1 0 0 Py
P s b 9 % P
al =17 T T 2l ae
Dy 0 0 0 1 Dy
Dl 0 % erH —% Dl
My

In contrast to Eq. (6), this matrix differential equation cannot
be decomposed into smaller matrices. For the matrix My, we
have

2
trM, = —— <0, (17a)
T
2
det M, = w >0, (17b)

which implies that either all the eigenvalues are negative or
two are positive and two are negative. In the limit s — 0
corresponding to large times, the eigenvalues approach their
respective values for the SSD; see Sec. II. One of the four
eigenvalues approaches zero in the limit s — 0, and the re-
maining three eigenvalues converge to the eigenvalues of the
matrix M3 in Eq. (6). As one of the eigenvalues of M3 is
positive, this rules out the possibility of all four eigenvalues
of the matrix M, are negative, leaving us with the only option
that two eigenvalues are positive and two are negative. The
eigenvalues are obtained from the quartic equation:

2b v 2s+r) B
M8+ -2 - — 2
trA [ T2 T T2]
2b(s +r) s(s +2r)
-t =0. (18)

Denoting by A;(s) > 0 and A,(s) > O the absolute values
of the two negative roots of Eq. (18), the rest of the derivation
follows almost identically to the derivation of the SSD in
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Sec. II. For x > 0, we have

Py(x, s) = f—le*W + Ij—je*m, (19a)
Pi(x,s) = —Bje % — Bye ™", (19b)
Do(x, s) = L(ﬁ P i)Ble-W
vort \ T Th
+ T <2 — A+ L)Bze“x (19¢)
vorr \ T TXx
Dix,s) = —1<2 . i)Ble—W
vo \T Tx

T (b s Chax
+ "U()(T )\.2"‘ T)»2>B26 , (19d)
where the s dependence of the eigenvalues, A; and A,, and
the corresponding coefficients, B; and B,, has been omitted
for brevity. The latter are obtained from the condition that
Dy(0, s) = 0, combined with the normalization of the prob-
ability distribution, ffooo dx Py(x, s) = % These yield that

b s
1 1 1 % — A1+ 7
— =2 - —1 ol
Bl )Ll )\.1)\.2 T )\2 + Tiz

b s
1 1 1 7 —Ax+ 7
— =25 - ’ . (20b)
B, Ay Mg =M+

Taking into account the symmetry of the problem, the time-
dependent distribution in Laplace space reads

Bi() ol 4 B20) i
ne’ tTnet @

In the limit s — O, this distribution approaches the SSD ob-
tained earlier in Eq. (11).

In order to complete the derivation, we need to solve
Eq. (18) for the two negative eigenvalues, and perform an
inverse Laplace transform to obtain P(x,t) from P(x, s) in
Eq. (21). Although Eq. (18) can be solved exactly, for ex-
ample with MAXIMA, a derivation of a closed-form simple
expression for the time-dependent probability distribution are
practically impossible to obtain because of the s dependence
of X;(s) and B;(s) (i =1,2). Instead, we will now intro-
duce closed-form approximations for the eigenvalues and the
normalization coefficients that capture the correct relaxation
behaviors at very small and large times, and verify numeri-
cally their accuracy at the intermediate timescales.

Px,s) =

IV. RELAXATION TO STEADY STATE

Since the probability distribution relaxes to the steady state
at very large times, it follows that for s — 0, A;(s) = A;(0) =
Ai, where A; are the corresponding eigenvalues of the M3
matrix (6). In the opposite limit s — oo, we expect the eigen-
values to behave like A;(s) ~ /s/T, which is the asymptotic
form in Laplace space characterizing the relaxation behavior
of a Brownian particle: A (s) = (b+ /B2 + 4sT)/2T "~
/s/T, and which implies a similar asymptotic behavior in
time regime for + — 0, i.e., Gaussian spreading

e—x2 /ATt

Van Tt

P(x,t) =

NI (22)

@_‘ 0| e, | @ 0| . |
m 10 \A\A;\D\m- M oo o & = F:QN 10 - DDU~DJ -0E -08 -0a 048 1
(C) s - .%% sa anaon od (d) \A};ﬁ:& pn o A A sa 4
10—2 S ‘0 \3 . 10-2 . L
10° 10° 100 10° 03 100 103 10°
S S

FIG. 3. (a), (b) The dependence of the eigenvalues A; and A,,
and (c), (d) the coefficients B; and B,, on the Laplace variable s.
Symbols indicate the numerically determined values and the dashed
lines represent the approximation of Eq. (24). Model parameter
valuesarer = 1,7 = 1,b =1, vy = 1 (green, squares); r =4,T =
2,b=1,v9 =3 (yellow, circles); r =3, T =4,b =1, vy = 2 (red,
triangles).

The asymptotic similarity with Brownian motion can be un-
derstood by noting that at times smaller than the tumbling
time, ¢ < r~!, the particle propagates from the origin subject
to action of the thermal and active noises. The latter splits
equally between the positive and negative directions at t = 0,
and has a diminishing probability to flip its direction when
t — 0. Thus, the total [active, o (¢), and thermal, n(¢)] noise
can be written approximately as the sum of two thermal white
noises, 7+ (t), with constant drift velocities (n+(¢)) = +vg and
variances ([n+(t") F vol[n+(t) F vol) = 2T8(r — 1'):

o (t) +n(t) = 314.() + 3n-() 22 00), (23)

which manifests the fact that at extremely small times, the
active noise is “washed out” by the stronger delta-correlated
thermal noise.

With this in mind, we propose the the following approxi-
mation for the eigenvalues in Laplace space:

()~ [s/T + 22, i=1,2, (24)

which has the correct asymptotic behavior in the limits s — 0
and s — oo. Figures 3(a) and 3(b) present the dependence of
the A;(s) (i =1, 2) on the Laplace variable s. The values of
Ai(s), indicated by different symbols of different colors, are
obtained by numerically determining the eigenvalues of the
matrix My (16) for three different sets of models parameters
vo, 1, T, and b = 1. As seen in the figures, the agreement be-
tween the numerical results and Eq. (24) is nearly perfect over
the entire s range, and not only for s — 0. The three sets of
model parameters displayed in Fig. 3 correspond to situations
in which the active temperature T,, = vg /2r is comparable to
the thermal temperature 7. Full inspection of the quality of
this approximation in cases when one of the temperatures is
much larger than the other requires the analysis of a four-
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dimensional parameter space, which is beyond the scope of
the paper.

Along similar lines, we propose the following form for the
coefficients B;(s) in Eq. (21):

i
—)

i=1,2,
T

A;
Bi(s) ~ - + (25a)

1
o] =0y = 4 (25b)
This form captures the correct asymptotic behaviors in both
the small and the large time limits. The first term on
the r.h.s. of Eq. (25a) ensures that the SSD is obtained
for t — oo (s — 0), while the second term on the r.h.s.
provides the opposite asymptotic limit, i.e., the coefficient
yielding the Gaussian distribution (22) at t — 0 (s — ©0).
Note that the coefficients «; must satisfy o +ay = 1/2 to
ensure the normalization of the distribution function at small
times. Based on the numerical results in Figs. 3(c) and 3(d),
they are set equal to each other in Eq. (25b), as the results
suggest their equality. It implies that, initially, the probability
splits equally between the modes, which is in contrast to the
steady state at which the contributions of the modes to the
total probability are not equal. In other words, the modes
are implicitly coupled since probability is transferred between
them. Figures 3(c) and 3(d) reveal that Egs. (25) deviate at
the intermediate timescales from the numerically estimated
values of B;(s) which were obtained by substituting the nu-
merical values of the eigenvalues A;(s) in Egs. (20). This is not
surprising considering that Eqgs. (25) are constructed so as to
capture only the asymptotic short- and long-time behaviors. In
fact, it does not even guarantee that the probability distribution
function is normalized to unity except for the two asymptotic
limits. In the following subsection, we use the approximations
of X;(s) and B;(s) to derive an approximate analytical ex-
pression for the time-dependent distribution function P(x, t),
which is correct asymptotically at small and large time and
provides a decent approximation for the relaxation behavior
over the entire time domain.

A. Probability distribution

Using Eqgs. (24) and (25) in Eq. (21) we write the probabil-
ity distribution P(x, s) in Laplace space as

5 A 1/4T !
Popp(x, 5) = ue—«/s/T+xf\x\
s/T + A3

+ RSHIAT S )
s/T + 23

where the notation “app” serves as a reminder that this form is
based on the approximations of A;(s) and B;(s). To invert the
above Laplace transform, we split the numerator in Eq. (26)
into the contributions of the A;/s and 1/4T terms. This
leads to the decomposition Py (x, 5) = Puec(x, 5) + Prei(x, 5),
where the “decaying” distribution, Piec(x, 5), corresponds the
sum of terms with prefactor 1/4T, while the “relaxing”
distribution, P (x, s), is associated with the sum of terms
with prefactor A;/s. The Laplace inversion of Py (x, s) results

in [62]:
2 | oo
Piec(x, 1) = Pyec i(x, 1) = ———=e o 7
dec ; dec. 2@
1 t $2
+——— ¢ m A, 27
2/4n Tt @D
where
n=T)", i=1,2 (28)

are two time constants characterizing the relaxation dynam-
ics of the two Laplace distributions that constitute the SSD,
Eq. (11). For the set model parameters r =1,7 =1,b =
1,vo =1, we find t; =2.11 and 7, = 0.18, which means
that the mode which dominates the SSD in this case relaxes
much slower than the other mode. For times # < min{t;, 1},
with min{, } denoting the minimum of the two arguments,
we find Pyec(x, t) ~ exp[—x?/4Tt]/~/4xTt + - - -, consistent
with Eq. (22).

The term corresponding to A;/s describes the si-
multaneous emergence of and relaxation to the steady
state. For the Laplace inversion, we use LF (8)/s] =
Jo L7UF ()1(")dt’, and obtain

2 t T 4 22
! Tn T
Prei(x, 1) = ;Prel,i(x’ 1)=A4A /0 dr,/ ¢ i

t T o 2
+A2/ dt' | —e =, (29)
0 t!

For t+ — oo, the two integrals in Eq. (29), represent the
Laplace transform of a Gaussian (with 1/t; playing the role of
the variable s for each relaxation mode), which is the Laplace
distribution [62]. Thus,

m Po(x, 1) = Aj/Trie” VT 4 Ay Trpe VT,
1—00
(30)

which is the SSD (11) because +/T1; = 1/; [see Eq. (28)].

Recall that the approximate time-dependent distribution
function Papp(x, 1) = Pyec(x, t) + Prei(x, ) is not properly nor-
malized. Explicitly, we have that

> 1 24
N@) = / dx Pypp(x,t) =14 <_ _ _21>e—t/r1
—00 2 )\‘1

L 24N\
- — — N 31
+(3-5) v
and it is easy to verify that A/(z) — 1 in both limits 7 — 0 and
t — 00. To ensure normalization at all times, we can redefine
Pdec(xv t) + Prel(xv t)

N@®) ’
with Piec(x, 1), Pei(x, 1), and N () given by Egs. (27), (29),
and (31), respectively.

Popp(x, 1) = (32)

B. Mean square displacement

A quantity of practical interest in context of the dynamics
of the RTP is its mean square displacement (MSD):

(@) = / ” dx xX*P(x, t). (33)

o0

064131-6



STEADY STATE AND RELAXATION DYNAMICS OF ...

PHYSICAL REVIEW E 111, 064131 (2025)

20 |
,@@&Wm |
10 \ 7
(c)
0 ¢ |
20 10

FIG. 4. MSD, (x*(¢)), of the RTP evaluated from Langevin dy-
namics simulations (red circles) vs the predictions of Eq. (34) (black
dashed line). Model parameter values are (a) r =1, T =1, b=1,
and vp=1; (b) r=4, T=2, b=1, and vy =3; and (¢c) r =
3, T =4, b=1,and vy = 2. The black dashed lines show the theo-
retically estimated MSD [Eq. (34)]. Langevin dynamics simulations
were conduced with the Euler integration method with time step
dt =4 x 1073 and are based on 5 x 107 trajectories. Error bars in
the simulation results are smaller than the symbol sizes.

Using Papp(x, t) from Eq. (32) in Eq. (33), we obtain
<2 (t)> 4A, 1 1+ t\ _o . t o
X ={ — — — e @ —e T
app )\.% T1 T1
4A, t _r r _
+—21— 1+ —)e 2|+ —e n
)\2 T Tl
1 241\ _ 124\ .1
1 = /T _ e /7 .
LG G

(34)

Figure 4 shows Langevin dynamics results for the MSD,
(x2(t)), for the three sets of model parameters also displayed
in Fig. 3. The results are found in a very good agreement with
Eq. (34), which lends credibility to our approximations.

C. Local relaxation time

At small times and to leading order, Eq. (34) reads
(x2(t)) ~ 2Tt, suggesting that initially the dominant relax-
ation mechanism is thermal diffusion. This is anticipated
considering the asymptotic behavior of P(x, t); see Eq. (22).
Furthermore, from the small time limit # — 0 in Eq. (27) for
Paec(x, 1), we can conclude that thermal Gaussian spreading
governs the relaxation to steady state on times ¢ < 7; and
on length scales |x| < ){1. This spatial region constitutes the
“core” of the distribution, where the steady-state probability is
concentrated. The same conclusion can be also inferred from
Prei(x, 1) in Eq. (29), from which we can estimate the fraction
of the probability density that has already relaxed to the steady
state

o0
e i(1) = / Prei(x, )dx = 2A,Ti(1 — e/, (35)
—00

which approaches saturation exponentially with timescale ;.
At larger times, the relaxation dynamics can be inferred

from Eq. (29) for P (x, t). The integrals in this equation can

be evaluated using the saddle-point approximation. Explicitly,

we define the variable 0 < u = ¢'/t < 1 and rewrite

\/ﬂ L et
Pepi(x,t) =A; | — d , 36
eli(x, 1) - /O u NG (36)

where ¢(u) = [u/1; + x*/(4Tt?u)]. The maximum contribu-
tion to the integral P i(x, #) comes from the minimum of the
function ¢ (u), which is at ug; = (|x|/¢)/7;/4T if x and ¢ are
such that up; < 1. If up; > 1 then the maximal contribution to
the integral comes from the end of the interval, i.e., up; = 1.
Note that the saddle-point approximation is applicable at large
times, when the integrand in Eq. (36) is sharply peaked.
At such large times, the 1/./u contribution in Eq. (36) is
negligible. With this in mind we find that the saddle-point
approximation yields that

(1) The distribution function relaxes to the SSD for |x| <
2(JT/T)t: Preti(x, 1) = (A;/Aj)e M.

(2) The distribution function takes a Gaussian form for

X > /Tt Pret,ix, 1) ~ (A A)e ™ Tie /4T,
From (i) we identify a “relaxation front” propagating along
the x axis at velocity v} = 2,/7 /7; [which can also be written
v = 2T A;; see Eq. (28)]. The distribution function relaxes
to steady state at points that have been passed by the front
(Ix| < vi't) and decays as a Gaussian at points not yet passed
by the front (|x| > v;t). Keep in mind that the saddle point
approximation is applicable only at times r = 1; and distances
x| = ){1. In other words, the relaxation front with constant
velocity applies only to the “rare” part of the distribution, i.e.,
the exponential tail of the SSD.

To summarize the discussion on the nature of the relaxation
dynamics at small and large times: Defining the coordinate-
dependent local relaxation time, ¢(x), as the time at which the
distribution function saturates to its steady-state value at dis-
tance |x| from the origin, it is suggested that ¢ (x) levels off to
a constant for small |x|, and increases linearly for large |x|. To
test these predictions, we propose an operational definition for
t(x), as the time at which the relative difference between the
distribution function at x and its steady-state value falls below
some threshold value e: |P(x,t(x)) — P(x)|/P(x) < €. Note
that 7(x), as operationally defined for computer simulations,
is an effective time which is not required to coincide with the
value of t; in the small |x| regime. Also, ¢(x) accounts for the
combined contribution of the two relaxation modes. However,
for the set of parameters used in our simulations (b =1, r =
1, D=1and T = 1), one of the modes is significantly more
dominant than the other; thus, 7(x) should follow the trends
emerging from the single mode analysis, i.e., approach a con-
stant value close to the origin and increase linearly away from
it. Figure 5(a) shows Langevin dynamics results for #(x) with
the relaxation threshold set to ¢ = 0.1. The small- and large-
|x] behaviors are indeed observed in the simulation results.
Surprisingly, ¢ (x) does not grow monotonically but features a
sudden dip at intermediate values of x, indicating that local
relaxation is quickly established at this range. The origin of
this distinctive nonmonotonic behavior may be understood
from the data for P(x,t) plotted against the SSD, P(x), in
Fig. 6 at various times. At small |x|, P(x,?) exceeds P(x),
which can be ascribed to the outward thermal diffusion of
probability from the origin. At large |x|, P(x,t) approaches
P(x) from below, and the local relaxation is characterized by
the relaxation front. The drop in #(x) at the intermediate range
can be attributed to the cancellation of these opposing trends.
In Fig. 5(b) we plot the local relaxation time of a Brownian
particle that starts at the origin and moves in the same confin-
ing potential U (x) = b|x| with b = 1 at temperature 7 = 1.
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FIG. 5. (a) Local relaxation time, 7(x), for the RTP obtained by
Langevin dynamics simulations with parametersb = 1, r = 1, vy =
1, and T = 1. (b) The same for a Brownian particle with b =1
and T = 1. The RTP results are obtained from Langevin dynamics
simulations, while the Brownian motion results are derived from
the exact solution for P(x,t) (see Ref. [63]). Langevin dynamics
simulations were conduced with the Euler integration method with
time step dt = 4 x 1073 and are based on 2 x 10° trajectories.

The results for #(x) in Fig. 5(b) are derived directly from the
exact solution of P(x, t), which is known [63]. The similarity
between the two subfigures is striking, especially in the nearly
discontinuous drop at the intermediate timescales.

V. ENTROPY PRODUCTION AT STEADY STATE

The rate of entropy production can be calculated exactly
for the model system considered herein. For clarity and to
explicitly show the dimensionality of the quantities involved,
we reintroduced in what follows the Boltzmann constant, kg,
and the mobility, u, which were previously set to unity. At
steady state, the rate of entropy production of the RTP in a
confiding potential is given by (see Sec. 3.2 in [64])

Vo °

§= [voP(x) — wb sgn(x)Do(x)]dx, (37)
uT J_ oo
10 10°
‘ (a) (b)
5 RN
& \
107! - 1107 ¢ 1
0 1 2 3 0 1 2 3
10° 10°
(©) d
;;: \\\ \\
Ay A L
107"t N Nt I
s \\*\‘
0 1 2 3 0 1 2 3
X X

FIG. 6. Probability distribution, P(x, t), of the RTP at times (a)
t=0.5,(b)t =1.5,(c)t =2.5,and (d) # = 4.5. Red lines, Langevin
dynamics simulations; black dashed line, the SSD. Langevin dynam-
ics simulations were conduced with the Euler integration method
with time step df = 4 x 1072 and are based on 10° trajectories.

where P(x) is the SSD (11) and Dy(x) = p,(x) — p_(x) is
given in Eq. (10). Performing the integrals yields

) 2 2ub? rMksT 1A rksT 1A
g= Yo _ZHO ) Akel _;4_ 1_2_3_3.
uT T b a3 b A2

(38)

Denoting the fractional weights of the two modes compos-
ing the SSD by ¢; = 24;/A% (¢1 + ¢ = 1), Eq. (38) can be

written as
2 212

A A
+ kgubz(;lqsl + quz). (39)

Equation (39) expresses the rate of entropy production in
terms of the partition of the steady-state probability between
the modes and their respective correlation lengths A;. Defining
the effective mode temperatures kg7; = b/A; from the equiva-
lent Boltzmann distributions exp(—2;|x|) = exp(—b|x|/kpT;),

we have
) 2 2
SZUO—M—F,UJ?Z(@—F@)

uT n DL
2
Vg 2 ol %) 1
= — | —+—=—=). 40
T +u <T1 + LT (40)

The second equality in (40) suggests that entropy production
at steady state consists of two contributions: one associated
with the energy required for the generation of the active noise
source, and the other related to heat exchange between the
thermal bath and the two mode subsystems. Keep in mind
that the simple form of the second contribution may be a bit
misleading because the temperatures (7;) and the sizes (¢;) of
the two modes depend on all the model parameters, including
T and vg.

In the limit v9 — 0, r — O with a finite active temperature
kgT,. = v5/2/u, we have ¢y = ¢ =05, and 1 =T, =T
yielding S = 0 (see Fig. 2). Moreover, the SSD in this case
converges to the equilibrium Boltzmann distribution P(x) ~
exp[—bl|x|/kpgT], suggesting that the system approaches the
pure thermal limit. Interestingly, the influence of such a weak
(vo — 0) but persistent (r — 0) telegraphic noise does not
fade away when the particle is not subject to a confining
potential, i.e., for b = 0. In free space, the long-time dif-
fusion coefficient is the sum of thermodynamic and active
temperatures and is equal to ukg(T + T,) [65], highlighting
the differences between nonequilibrium entropy production in
open versus confined systems. In other words, in this limit
the configurational temperature defined by the SSD remains
the thermal temperature 7', while the kinetic temperature de-
fined by the diffusion coefficient and via the Einstein relation
isT + Tye.

VI. SUMMARY AND CONCLUSIONS

We study motion of a run and tumble particle in a piecewise
linear confining potential in contact with a heat bath. The ac-
tive noise modifies the natural tendency of a Brownian particle
to relax to the equilibrium Boltzmann distribution. We find
that the probability distribution P(x, ¢) of the RTP is described
by a mixture of two distributions, both in transient as well
as at the steady state. At short times, P(x, t) is a mixture of
two Gaussian distributions, while at long times it relaxes to a

064131-8



STEADY STATE AND RELAXATION DYNAMICS OF ...

PHYSICAL REVIEW E 111, 064131 (2025)

mixture of two Laplace distributions. The relaxation towards
the steady state P(x) is quite nontrivial. The particle starts at
the origin and, thus, the steady state builds from the center out-
wards, but the local relaxation time 7 (x) exhibits a distinctive
nonmonotonic behavior with a sharp minimum at intermediate
length scales. Close to the origin, at the core of the distri-
bution, thermal diffusion dominates the relaxation dynamics,
while at the tails it is established at times that grow linearly
with |x|. The propagation of the relaxation front in the tail of
the distribution is governed by exponentially rare stochastic
trajectories that exhibit persistent motion in a single direction,
with characteristic durations that scale linearly with |x|. This
relaxation behavior is also observed in the case of pure Brow-
nian motion, i.e., in the absence of active noise. However, the
presence of active noise qualitatively alters the distribution,
leading to a splitting into two distinct modes. These modes are
characterized by effective temperatures, relaxation times, and
front propagation velocities, all of which depend in a nontriv-
ial and intricate way on the model parameters, including the
thermodynamic temperature of the surrounding heat bath.
The detailed analysis presented in this work is limited to
the system in a Markovian setting. This, however, is a sort of
an idealization as independence of tumbling times may not
always hold in practice, for example, for swimming bacteria
[66]. This also brings us within the realm of heterogeneous
diffusion processes with inclusion of memory effects [67,68].

We shall explore these non-Markovian effects [58] and related
properties in future works. We will also extend our investiga-
tions to other forms of confining potentials, including these
where the steady state of the pure RTP is defined only over
a finite support, and where constant active temperatures 7;
that are associated with Botzmann-like distributions are not
straightforwardly defined. Finally, it would be also interesting
to expand our study to dimensions higher than one. While
exact solutions of RTP dynamics are typically hard to obtain
in two and three dimensions, in cases where there is spher-
ical symmetry, the SSD may have similar characteristics to
the one-dimensional solution because the orientational moves
can be mapped onto a one-dimensional model with different
statistics of tumbling lengths [27,69].
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