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A mechanism for intermittency in spatial distribution of small inertial particles advected b
turbulent incompressible fluid flow is discussed. The mechanism is related to self-excitation
exponential growth without an external source) of fluctuations of concentration of small particle
a turbulent fluid flow. The effect is caused by the inertia of particles which results in a diver
velocity field of particles. An equation for the high-order correlation functions of concentration
small inertial particles is derived. It is shown that the growth rates of the higher moment
particle concentration are higher than those of the lower moments, i.e., particle spatial distrib
is intermittent. Similar phenomena occur for noninertial admixtures advected by divergent turb
velocity field. [S0031-9007(96)02006-6]
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Study of passive scalar fluctuations in a turbulent fl
flow is important in view of numerous applications [1
The nature of the intermittency of scalar field passiv
convected by a fluid in the presence of an external so
of passive scalar fluctuations was elucidated recently (
e.g., [2–4]).

Without an external source the second moment of
passive scalar distribution in incompressible turbulent fl
flow can only decay due to turbulent diffusion [5]. R
cently, it was found [6] that compressibility (i.e.,divv ~

≠ry≠t fi 0d of a turbulent fluid flow results in a strong in
hibition of the diffusion of the second moment of mass c
centrationC  mpnpyr for large Peclet numbers. Herev
andr are the velocity and density of the fluid,mp andnp

are the mass and number density of particles. Howe
a feasibility of self-excitation (i.e., exponential growth)
passive scalar fluctuations without an external source
mained unexplored.

The main purpose of this Letter is to discuss an ef
that causes a self-excitation (i.e., exponential grow
of fluctuations of inertial particle concentration in
turbulent fluid flow without an external source. Th
effect is responsible for the intermittency in partic
spatial distribution. In particular, we have shown th
the growth rates of the higher moments of parti
concentration are higher than those of the lower mome

Evolution of the number densitynpst, rd of small parti-
cles in a turbulent flow is determined by the equation,

≠np

≠t
1 = ? snpvpd  DDnp , (1)

wherevp is a random velocity field of the particles whic
they acquire in a turbulent fluid velocity field andD
is the coefficient of molecular diffusion. We consid
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the case of large Reynolds and Peclet numbers.
velocity of particlesvp depends on the velocity of the
fluid, and it can be determined from the equation of moti
for a particle:dvpydt  fv 2 vpgytp, where tp is the
Stokes time. In this study we consider incompressi
turbulent flow = ? v  0. However, the velocity field
of particles is compressible, i.e.,= ? vp fi 0. Indeed, a
solution of the equation of motion for particles can b
written in the form vp  v 1 tpfsv , tpd. The second
term in this solution describes the difference between
local fluid velocity and particle velocity arising due t
the small but finite inertia of the particle. We calcula
the divergence of the equation of motion for particles, a
after simple manipulation, we obtain

= ? vp  2tp= ? fsv ? =dvg 2 t2
p= ?

∑
≠f

≠yk

dyk

dt

∏
.

(2)

When tp is very small Eq. (2) coincides with the resul
obtained in [7]. The Navier-Stokes equation for the flu
yields= ? fsv ? =dvg  2DPyr, whereP is the pressure
of a fluid. From the latter equation and Eq. (2) it is se
that= ? vp fi 0 although for the fluid= ? v  0.

Divergent velocity field of inertial particles is the mai
reason for a new effect, i.e., self-excitation (exponen
growth) of fluctuations of concentration of small particle
in a turbulent incompressible fluid flow. Indeed, multipl
cation of Eq. (1) bynp and simple manipulations yield

≠n2
p

≠t
1 s= ? Sd  2n2

ps= ? vpd 2 2Ds=npd2, (3)

where S  n2
pvp 2 D=n2

p . The latter equation implies
that, if = ? vp , 0, a perturbation of the equilibrium
© 1996 The American Physical Society 5373
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homogeneous distribution of inertial particles can gro
in time, i.e., s≠y≠td

R
n2

p d3r . 0. However, the total
number of particles is conserved. Averaging Eq. (3) ov
a volumeVp, we obtain

≠kn2
pl

≠t
, 2kn2

ps= ? vpdl 2 2Dks=npd2l . (4)

Here we used
R

s= ? SddVp 
R

S ? dA ø
R

n2
ps= ?

vpddVp, andA is a closed surface. Equation (1) implie
that variation of particle concentration during the tim
interval t0  l0yu0 around the valuen

s0d
p is of the order

of dnp , 2n
s0d
p t0s= ? vpd, whereu0 is the characteristic

velocity in the energy containing scalel0. Substitu-
tion np  n

s0d
p 1 dnp into Eq. (4) yields ≠kn2

ply≠t ,
2t0kn2

ps= ? vpd2l. Therefore, the growth rate of fluctua
tions of particle concentrationg , 2t0ks= ? vpd2l. This
estimate is in good agreement with the analytical resu
obtained below [see Eq. (6) forr  0g.

Now we discuss the physics of self-excitation (e
ponential growth) of fluctuations of particle concentr
tion. The inertia causes particles inside the turbul
eddy to drift out to the boundary regions between e
dies (the regions with decreased velocity of the turbul
fluid flow and maximum pressure of the fluid). Indee
Eq. (2) shows that particle inertia results in= ? vp ~

tpDPyr. On the other hand, for large Peclet numbe
= ? vp ~ 2dnpydt [see Eq. (1)]. Therefore,dnpydt ~

2tpDPyr. Thus there is accumulation of inertial pa
ticles (i.e., dnpydt . 0d in regions with the maximum
pressure of a turbulent fluid (i.e., whereDP , 0d. Simi-
larly, there is an outflow of inertial particles from the re
gions with the minimum pressure of fluid.

This mechanism acts in a wide range of scales
a turbulent fluid flow. Turbulent diffusion results i
the relaxation of fluctuations of particle concentration
large scales. However, in small scales where turbul
diffusion is of the order of molecular diffusion, th
relaxation of fluctuations of particle concentration is ve
weak. Therefore the fluctuations of particle concentrat
are localized in the small scales.

This phenomenon is considered for the case when
density of fluid is much less than the material density
particless r ø rpd. However, the results of this stud
can be easily generalized to include the caser $ rp

using the equation of motion of particles in fluid flow
presented in [1]. This equation of motion takes in
account contributions due to the pressure gradient in
fluid surrounding the particle (caused by acceleration
the fluid) and the virtual (“added”) mass of the particl
relative to the ambient fluid. The results forr $ rp

coincide with those obtained for the cases r ø rpd
except for the transformationtp ! btp, where

b 

µ
1 1

r

rp

∂ µ
1 2

3r

2rp 1 r

∂
.

For r $ rp the value dnpydt ~ 2btpDPyr. Thus
there is an accumulation of inertial particles (i.e
5374
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dnpydt . 0d in regions with the minimum pressure of
turbulent fluid sinceb , 0.

To study the fluctuations of inertial particle concentr
tion we derive an equation for the high-order correlati
function of particle concentration. For this purpose w
use a method of path integrals (Feynman-Kac formu
[6,8–10]. The use of the technique described in [6,8]
lows one to derive an equation for the high-order corre
tion functionFs  k

Qs
j1 fnpsxs jdd 2 Nsxs jddgl:

≠Fs

≠t
1

sX
j1

L̂s jdFs 
sX

j1

s21X
i1

M̂sijdFs 1 I , (5)

where i fi j, L̂s jdFs  =s jd ? hfUsxs jdd 2 D̂sxs jdd 3

=s jdgFsj,

Msijdy2  ktumsxduns ydl
≠2

≠xm≠yn
1 ktbsxdbs ydl

1 ktumsxdbs ydl
≠

≠xm
1 ktums ydbsxdl

≠

≠ym
,

also Usxs jdd  V 2 ktbul, D̂sxs jdd ; Dmn  Ddmn 1

ktupuml, x  xsid, y  xs jd, N  knpl is the mean par-
ticle concentration,I is a source which depends onN
and the structure functions of the lower orders,vp 
V 1 u, V  kvpl is the mean velocity,u is the random
component of the velocity of particles,b  = ? u, andt

is the momentum relaxation time of the turbulent veloc
u, which depends on the scale of turbulent motions. W
use here for simplicity thed-correlated in time random
process to describe a turbulent velocity field. Howev
the results also remain valid for the velocity field with
finite correlation time, if the high-order correlation func
tions Fs vary slowly in comparison with the correlation
time of the turbulent flow (see, e.g., [8]). We seek a s
lution to Eq. (5) without the sourceI in the form Fs Qs

i,j F2sxsid 2 xs jdd expsgstd, wherei fi j. Substitution
of this solution into Eq. (5) yieldsgs  sss 2 1dg2y2.
This equation implies that, if the second moment of t
particle concentration growssg2 . 0d, then all high-order
correlation functions grow. It is shown below that und
certain conditionsg2 . 0. Note that the higher moment
grow faster than the lower moments of particle conce
tration (i.e.,gs . sg2y2d. Therefore spatial distribution
of fluctuations of particle concentration is intermitten
Since gs . gs2k (where 0 , k , sd, a contribution of
the sourceI into the obtained general solution is not e
sential.

Now we study the evolution of the second-ord
correlation function of particle concentrationF ; F2.
Equation (5) implies an equation for the second mom
F

≠F

≠t
 2 2Tmn

≠2F

≠xm≠yn
1 2ktbsxdbs ydlF

2 4ktumsxdbs ydl
≠F

≠xm
1 I2 . (6)
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where Tmn  Dmns0d 2 Dmnsrd, r  y 2 x, and I2 
2ktbsxdbs ydlN2.

Equation (6) forb  0 was first derived by Kraichnan
(see [5]). In this particular case,b  0, this equation
describes a relaxation of the second moment of part
concentration. On the other hand, whenb fi 0, i.e.,
when the velocity of particle is divergent, Eq. (6) implie
a new effect of self-excitation (exponential growth)
fluctuations of particle concentration caused by the sec
term in (6). In particular, whenr ! 0, the second momen
can grow (i.e.,≠Fy≠t . 0d due to the second term in
Eq. (6) which is proportional toks= ? vpd2l.

We consider a homogeneous and isotropic incompr
sible turbulent velocity field of fluid. In this case, th
particle velocity field is also homogeneous and isotrop
however, it is compressible, i.e.,= ? vp fi 0. The correla-
tion function of a compressible homogeneous and isotro
random velocity field was derived in [6]. The second m
ment for the particle velocity can be chosen in the sa
form (see below):

ktumsxdunsx 1 rdl  DT

∑
fFsrd 1 Fcsrdgdmn

1
rF0

2

µ
dmn 2

rmrn

r2

∂
1 rF0

c
rmrn

r2

∏
(7)

(for details see [6]), where F0  dFydr , Fs0d 
1 2 Fcs0d, and DT  u0l0y3. The function Fcsrd
describes the potential component, whereasFsrd corre-
sponds to the vortical part of the turbulent velocity
particles.

We seek a solution to the equation forF without the
sourceI2 in the form,

Fst, rd 
Csrd

r
exp

∑
2

Z r

0
xsxddx

∏
expsgtd , (8)

whereg ; g2. The substitution of (8) into Eq. (6) yields
an equation for the unknown functionCsrd:

1
msrd

d2C

dr2
2 fg 1 UsrdgC  0 , (9)

where

Usrd 
1

msrd

µ
2x

r
1 x2 1 x 0

∂
2 ksrd ,

1
msrd


2

Pe
1

2
3

f1 2 F 2 srFcd0g ,

xsrd 
msrd

3

≥
4F0

c 2 F0 1
1
2

rF00
c

¥
,

ksrd  2
1
3

µ
8

F0
c

r
1 7F00

c 1 rF000
c

∂
,

and distancer is measured in units ofl0, time t is
measured in units oft0, and Pe  l0u0yD ¿ 1 is the
Peclet number.

Now we discuss the above model of a random veloc
field of inertial particles. Consider a case whentn ø
le

f
nd

s-

c;

ic
-
e
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ty

tp ø t0, and the particle radiusap ø ln , where tn is
the correlation time in the viscous dissipation scaleln

of a fluid flow. The viscous scale isln , Re21ys32pd,
where Re  l0u0yn ¿ 1 is the Reynolds number,n is
the kinematic viscosity of the fluid andp is the exponent
in the spectrum of the turbulent kinetic energy of flui
This model is valid when the material densityrp of
particles is much larger than the densityr of fluid. We
introduce a scalera in which tp  tsr  rad, where
ln ø ra ø 1, and tsrd is the correlation time of the
turbulent fluid velocity field in the scaler. In the range
ra ø r , 1 the effect of inertia of particles is very smal
and particle velocity is close to the fluid velocity. In th
case,F  1 2 rq21 1 Ost2

pyt
2
0 d and Fc  Ost2

pyt
2
0 d,

where q  2p 2 1. The exponentp in the spectrum
of kinetic turbulent energy is different from that of th
function ktumunl due to the scale dependence of t
momentum relaxation timet of the turbulent velocity of
fluid [11]. Thus, in the scalesra ø r , 1, the effects of
compressibility of the particle velocity field is negligible

On the other hand, in scalesln ø r , ra the effect of
inertia is important so that= ? vp fi 0. In these scales
incompressibleFsrd and compressibleFcsrd components
of the turbulent velocity field of particles can be chosen
Fsrd  s1 2 ´ds1 2 rq21d, and Fcsrd  ´s1 2 rq21d.
We take into account that in the equation of motion f
particlesdvpydt  sv 2 vpdytp the last termjvpytpj ø

jdvpydtj in the scalesln ø r , ra. In this case the
equation of motion for particles coincides with Navie
Stokes equation for fluid in the inertial range (where t
viscous term is dropped out) except for the term~=P.
In the latter equation for particles the termvytp can be
interpreted as a stirring force. Thus in this case it
plausible to suggest that the exponent in the spectrum
the second moment for particle velocity coincides w
that of the turbulent fluid velocity. However,j= ? vpj ~

j= ? fsvp ? =dvpgj fi 0.
We consider the case of large Schmidt numbers,Sc 

nyD ¿ 1. This condition is always satisfied for Brown
ian particles. The solution of Eq. (9) can be obtain
using an asymptotic analysis (see, e.g., [6]). This an
ysis is based on the separation of scales. In particular,
solution of the Schrödinger equation (9) with a variab
mass has different regions where the potentialUsrd, mass
msrd, and eigenfunctionsCsrd are different. The solu-
tions in these different regions can be matched at th
boundaries. Note that the most important part of the so
tion is localized in small scales (i.e.,r ø 1d. The results
obtained by this asymptotic analysis are presented bel

The solution of Eq. (9) for ln # r ø ra

yields the function Fst, rd  F̃srd expsgtd, where
F̃srd  A1r2a cossc ln r 1 w1d, and a  s2q 2 sq1dy
4s1 1 qsd, s  ´ys1 2 ´d, and c  fsq 2 3ad sq 1

ady3g1y2, q1  q2 1 3q 2 6. Note that q . 3a
and a . 0. This yields the range of values ofs:
2qyq2 , s , 2qyq1, where q2  7q2 1 9q 2 18
5375
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and q1 . 0. For example, whenp  5y3 this in-
equality yields 0.11 , s , 0.73. Parameters A1
and w1 are determined by conditions̃Fsr  lnd  1
and dF̃ydrsr  lnd  0. In the rangera ø r ø 1
the function F̃srd  A2 1 A3r2q. In large scales,
i.e., r ¿ 1, functions Fsrd and Fcsrd tend to zero
and therefore1ymsrd ! 2y3 and U ! 0. The so-
lution of Eqs. (8) and (9) in this range is given b
F̃srd  A4r21 exps2r

p
3gy2d, where we consider a cas

g $ 0. ParametersA2, A3, A4, and the growth rate o
fluctuationsg are determined by matching functionsF̃srd
and F̃0 at r ø ra and r ø 1. In particular, the growth
rate of fluctuations of particle concentration is given by

g 
fc2 1 sq 2 ad2g2

6s3 2 qd2r
2q
a

ln2

µ
Re

Rescrd

∂
, (10)

where ra  stpyt0d1ysp21d, Re . Rescrd and the critical
Reynolds numberRescrd

Rescrd . rp23
a exp

∑
3 2 p

c

µ
pk 1 arctan

a
c

1 arctan
9 2 a

c

∂∏
, (11)

where k  1, 2, 3, .... When tp $ t0 in Eqs. (10) and
(11) ra is set equal to1. This analysis shows that th
characteristic scales of localization of the fluctuations
of orderlf , ra expspnycd, wheren # k. Thus we have
shown that the fluctuations of particle concentration can
excited without an external source.

Remarkably, a condition for the exponential grow
of the mean concentration of inertial particles requi
gradients of the external fields (temperature or press
and inhomogeneous turbulent fluid flow [10]. Thus iner
of particles in a turbulent fluid flow results in formatio
of large-scale (mean field) inhomogeneities in the spa
distribution of particle concentration in the vicinity of th
minimum (or maximum) of the mean temperature of t
fluid, depending on the ratio of material particle density
that of the fluid [10].

The analyzed effect of self-excitation (exponent
growth) of fluctuations of particle concentration
important in turbulent fluid flows of a different natur
with inertial particles or droplets (e.g., in atmosphe
turbulence, combustion, and in a laboratory turbulenc
In particular, this effect causes the formation of inh
mogeneities in the spatial distribution of fuel drople
in internal combustion engines. Indeed, characteri
parameters of turbulence in a cylinder of an intern
combustion engine are maximum scale of turbulent fl
l0 , 0.5 1 cm; velocity in the scalel0, u0 , 100 cmys;
Reynolds numberRe , s0.7 7d 3 103. When the expo-
nent of the spectrum of turbulent kinetic energy of flu
p  5y3 and the degree of compressibility of partic
velocity field s  0.3, we obtain from Eq. (11) that the
critical Reynolds numberRescrd , 200 for ap  30 mm.
Since Re . Rescrd, the fluctuations of droplet concen
5376
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tration can be easily excited in a cylinder of an intern
combustion engine. The excited fluctuations are localiz
in scales,0.6 3 1022 cm.

The self-excitation of fluctuations of particle conce
tration is observed in atmospheric turbulence. Using
parameters of the atmospheric turbulent boundary la
u0 , 30 100 cmys, l0 , 103 104 cm, we find that the
excited fluctuations of particle concentration are loca
zed in scales,0.3 1 cm. This effect causes formation
of small-scale inhomogeneities in droplet clouds (“in
clouds”) which were discovered recently [12].

In summary, it is demonstrated that inertia of particl
in a homogeneous and isotropic incompressible turbu
fluid flow causes a self-excitation of fluctuations of partic
concentration. The growth rates of the higher moments
particle concentration are higher than those of the low
moments, i.e., particle spatial distribution is intermitte
This process can be damped by the nonlinear effe
(e.g., two-way coupling between fluctuations of partic
concentration and turbulent fluid flow). When the partic
velocity field is divergence free, i.e.,= ? vp  0, all the
moments of the concentration field do not grow, a
there is no intermittency without an external source
fluctuations of particle concentration. When the iner
effect is negligible (e.g., for a small size of particle
gaseous admixture) but the fluid velocity field is diverge
i.e., = ? v fi 0, the moments of the concentration fie
grow, and there is intermittency without an external sou
of fluctuations of particle concentration. In this cas
Eqs. (10) and (11) withra  1 determine the growth rate
of fluctuations of particle concentration and the critic
Reynolds number, respectively.
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