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Chiral Anomaly and Dynamos from Inhomogeneous Chemical Potential Fluctuations
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In the standard model of particle physics, the chiral anomaly can occur in relativistic plasmas and plays a
role in the early Universe, protoneutron stars, heavy-ion collisions, and quantum materials. It gives rise to a
magnetic instability if the number densities of left- and right-handed electrically charged fermions are
unequal. Using direct numerical simulations, we show this can result just from spatial fluctuations of the
chemical potential, causing a chiral dynamo instability, magnetically driven turbulence, and ultimately a
large-scale magnetic field through the magnetic a effect.

DOI: 10.1103/PhysRevLett.132.065101

The standard model of particles predicts the occurrence
of a macroscopic quantum phenomenon named the “chiral
magnetic effect” (CME) [1] in plasmas with high-energy
fermions. The CME has been derived using different
approaches [2-8]. It implies an electric current along a
magnetic field, which arises if there is an asymmetry in the
chemical potentials of left- and right-handed fermions,
ur, and ug, respectively, i.e., if the chiral chemical poten-
tial does not vanish, us = p;. — ug # 0. Using chiral mag-
netohydrodynamics [8—11], it has been shown that the
CME leads to chiral dynamo instabilities [12-20], which
can amplify the magnetic energy by many orders of
magnitude. The CME and the chiral dynamo instabilities
have relevance for the early Universe [19-23], protoneutron
stars [24-26], quark-gluon plasmas [27-29], heavy-ion
collisions [14,15], and for quasiparticles in new materials
such as graphene and Dirac semimetals [30]. Recently, it
has been shown through direct numerical simulations
(DNS) that the chiral dynamo instability occurs not only
in systems with initially homogeneous us, but can develop
even from spatial fluctuations of y5 with zero mean [31,32].
Producing chiral asymmetry from an initially vanishing s
remains, however, a key question.

In the present study, we demonstrate through DNS that
an initially vanishing chiral asymmetry can be produced
from an inhomogeneous chemical potential, y = yy;. + ug,
with just spatial fluctuations (Vu #0). A conversion
between p and ps is possible due to what is known as the
chiral separation effect [14,15] and results in a production
of large values of y5, which are sufficient for the excitation
of a chiral dynamo instability. This leads to the produc-
tion of magnetically driven turbulence and mean-field
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dynamo action, which causes the generation of a large-
scale magnetic field.

To study these effects, we consider the following set of
equations for an effective description of a plasma composed
of chiral electrically charged fermions with the CME and
the chiral separation effect:

oB

E:Vx[UxB—i—n(,usB—VxB)], (1)
DU
pE: (VxB)xB—Vp+V-(2upS), (2)
Dp
= —pV .U, 3
pi " ®)
Du 4
o= —uV-U —C,(B-V)us — D,Vu, (4)
Dy
Dt5 = —usV - U= Cs(B-V)u — DsVus

+an[B-(V x B) — psB?]. ()

where B and U are the magnetic and velocity fields,
respectively, # is the microscopic magnetic diffusivity, p
is the pressure, v is the viscosity, p is the mass density,
S is the trace-free strain tensor with components S;; =
(0;U; +0,U;)/2 = 6;;(V-U)/3, and A = 3¢ (8cte/kpT)?
is the chiral feedback parameter. Here, 7 is the temperature,
kg is the Boltzmann constant, c is the speed of light, aep, &
1/137 is the fine structure constant, and 7 is the reduced
Planck constant. Equations (1)—(5) are written in Gaussian
units and the chemical potentials have been multiplied by a
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factor 4a.,,/(hc) such that they have units of an inverse
length [18]. The chiral separation effect is described by the
second terms on the rhs of Egs. (4) and (5). The coupling
between p5 and p, determined by the value of the constants
Cs and C,, leads to chiral magnetic waves (CMWs) with
the frequency wepw ~ +(CsC,,)/%k,|B| [33], where k, is
the inverse length scale over which y changes along the
magnetic field B. For numerical stability, the evolution
equations for ps and p also include artificial (hyper-)
diffusion terms with small diffusion coefficients D5 and
D,, respectively [32].

For our numerical analysis, we use the Pencil Code [34]
and solve Egs. (1)-(5) in a three-dimensional periodic
domain of size L with a resolution of up to N3 = 1024°
mesh points. This code employs a third-order accurate
time-stepping method [35] and sixth-order explicit finite
differences in space [36,37]. The numerical domain ranges
from the minimum wave number k; = 2z/L up to the
Nyquist wave number ky, = Nk; /2. We use an isothermal
equation of state with p = pc2, where ¢, is the sound speed.
The density is initially uniform and, because of mass
conservation, its value is always equal to the mean density
(p), where angle brackets denote averaging. In the follow-
ing, we set k; = ¢, = (p) = 1. For the magnetic Prandtl
number, Pry = v/n, we choose Pry; = 1, and D5 and D,
are chosen such that the dissipation rates of y5 and u equal
the ones of B and U at k = kyy. In our analysis, time is
either normalized by the diffusion time, 7, = (7k7)™' = 57",
or by the period of the CMW, tcvyw = 27/ @cmw-

Fluctuations of p at the initial time #, are chosen as
Gaussian noise with a power spectrum E,(k), i.e.,
E,(k,ty) = E,ok*. Here, E,(k) is normalized such that
JE,(k)dk = (u*). The amplitude E,  is chosen such that
the maximum values of y are comparable for all runs at
the time of the onset of the small-scale chiral instability.
To allow for chiral magnetic waves in the simulations,
we apply a small external magnetic field B., = (B, 0,0),
which effectively produces the chiral anomaly. We further
consider a zero initial velocity field U and weak perturba-
tions of the initial magnetic field B in the form of Gaussian
noise. A summary of runs discussed in this Letter is given
in Table I, where Rey; = U/ (kin#7) is the magnetic
Reynolds number, Lu = Uy 1/ (ki) is the Lundquist
number, U, is the rms of the velocity fluctuations, and
Uams 18 the Alfvén speed based on the rms magnetic

TABLE I. Summary of the simulations.

Maximum value of

Run Res. Cs=C

M
Rl 10243 3
R2 6723 10

/1 ﬂS,max Brms ReM Lu

4x10> 68 0.12 77 440
4x10* 38 0024 36 98

fluctuations. Further, k! = &y [ k' Ey(k)dk is the inte-
gral scale of the magnetically driven turbulence, where
Eyi(k) is the magnetic energy spectrum with its peak close
to ki and Ey = (B?)/2 = [Ey(k)dk is the turbulent
magnetic energy density.

Whether enough chiral asymmetry can be produced to
trigger the chiral dynamo instability depends on the
characteristic timescales of the system [38]. In particular,
the chiral dynamo instability needs to occur on a time-
scale shorter than half the period tcyw of the CMW,
temw/2 = m/wepmw- Otherwise, when > foyw/2, the
chiral chemical potential changes its sign in the CMW,
and the chiral dynamo instability starts again. Here, for a
linear CMW, the maximum value that ps can reach is
approximately the initial value of y, i.e., max(us nay) =
Umax (o). In this Letter, we focus on times 7 < fcyw-

The different stages of chiral asymmetry production
and magnetic field amplification are shown in Fig. 1. In
Phase 1, a chiral asymmetry is produced via the second
term on the rhs in Eq. (5). For times less than the period of
the CMW, i.e., t < fcpw and as long as B, dominates over
magnetic fluctuations, the evolution of s is described as

|M5(t>| ~ C5|(BV)M<t)|t ~ C5|Bexk;4.eff(t0):u(t0) I8 (6)
where k,, . is the characteristic wave number of the initial
u. Introducing the spectrum of the chiral chemical potential
Es(k) as [Es(k)dk = (u2), and using the estimate for
lus(1)| given by Eq. (6), we relate the spectrum functions
Es(k) and E,(k) as [Es(k)k]'? ~ CsBek[E,(k)k]'/*1.
Hence, initial spatial fluctuations of the chemical potential
with a spectrum E, (k) o k* produce fluctuations of the
chiral chemical potential with the spectrum

Es(k) o K2H512. (7)

The time evolution determined by Eq. (6) is seen in the
initial times of Runs R1 and R2 [see Fig. 2(a)]. Moreover,
the obtained spectrum Es(k) in Phase 1 of Run R2 is o k™2
[see Fig. 3(b)], as expected from Eq. (7), where the initial
Phase 1

[zcu(B Ve
Cs(B - V)u

if (b2)Y/2 > By

Phase 2

Phase 3

if 5, max 2 3Ky eff
woMw
& max T ——

FIG. 1. Ilustration of the dynamics in a plasma with autono-
mous production of chiral asymmetry (Phase 1), accompanied by
a generation of fluctuations in the magnetic field (b?)!/? (Phase 2)
and the velocity field <u2)1/ 2. If the magnetic Reynolds number
becomes larger than unity, the magnetic a effect produces a large-
scale magnetic field (B) (Phase 3).
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FIG.2. Comparison of Runs R1 (blues lines) and R2 (red lines).
(a) Time evolution of the maximum values of s (solid lines) and
4 (dotted lines). (b) Time evolution of B, (solid lines) and U
(dotted lines). (c) Time evolution of the measured growth rate of
Bims> 7ims (solid lines), and comparison with the theoretical
expectation for the chiral dynamo instability (dotted lines).
(d) Time evolution of the ratio of the wave number k5, on which
the chiral dynamo instability occurs, over the effective correlation
wave number k, .5 of us. Thin vertical lines indicate the
respective times when the magnetic Reynolds number Rey,
becomes larger than unity.

spectrum of the chemical potential has the exponent
s = —4; see Fig. 3(a).

Phase 2 starts when ps exceeds a critical value for the
excitation of the chiral dynamo instability, resulting in
exponential growth of magnetic fluctuations. The growth
rate of this instability is estimated as

Y(k) ~ nﬂS,maxk - '7k2, (8)

where 5, is the spatial maximum of us [31,32]. The
maximum possible growth rate is

7s5(t) = 3 ax (1) /4, 9)

but it is only reached when the instability wave number
ks(t) = psmax(?)/2, is much larger than the effective
correlation wave number of the fluctuations of 5

) = () / FIE(KdE (10)

The latter condition applies only to systems in which the
initial u or us are dominated by fluctuations [31,32].

t/t,
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FIG. 3. Evolution of spectra for Run R2 with the time indicated
by the color bar. (a) Spectrum E, (k) of u. (b) Spectrum Es (k) of
Us. (c) Magnetic energy spectrum Ey; (k). (d) Growth rate of the
magnetic field strength as a function of wave number, y(k) (solid
lines) for three different times (¢/ t, = 0.06, 0.09, and 0.12), and
theoretically expected growth rate (dotted lines). The thin vertical
lines indicate the wave number of the chiral dynamo instability if
the initial 4 were completely converted into us.

The time evolution of the rms magnetic field (B,,),
the measured growth rate of B, (Yms), and the ratio
ks/k,; et are shown in Fig. 2 for Runs R1 and R2. We find
that the maximum growth rate of the chiral dynamo
instability is attained when the scale separation ratio obeys
ks/k, s 2 10, as can be seen when comparing Figs. 2(c)
and 2(d). In Fig. 3(d), we show the measured growth rate of
the scale-dependent magnetic field strength and compare it
with the rough estimate for the growth rate given by Eq. (9)
for three instants during Phase 2. While the measured
curves y(k) do have a peak at higher k initially, they
become more and more flat with time, indicating efficient
mode coupling. Such a k-independent growth rate has also
been observed in simulations of chiral magnetohydrody-
namics (MHD) with a spatially homogeneous us when
turbulence is driven by an artificial forcing term in the
Navier-Stokes equation [16] and in the kinematic stage of a
helically driven large-scale dynamo in classical MHD [39].
Note, that during Phase 2, y5 continues to grow, and the
field B,y is being replaced by B., + b(t), once b(t) = B.,,
where b are magnetic fluctuations. Therefore, the us
production phase becomes nonlinear. For Run RI1, the
transition to the nonlinear chiral asymmetry production
phase occurs at 7~ 0.1¢,; see Fig. 2(a).

Eventually, the chiral dynamo instability reaches its
nonlinear stage since the Lorentz force [the first term on
the rhs of Eq. (2)] increases with time due to the nonlinear
evolution of the magnetic field. The Lorentz force produces
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velocity fluctuations [see Fig. 2(b)], and the fluid and
magnetic Reynolds numbers become larger than unity.
Thus, Phase 3 begins, magnetically dominated turbulence
is produced, and a large-scale magnetic field is generated
via a mean-field dynamo instability, which is excited with
the growth rate

Yo = (n{us) + o)k = (n 4 nr) k2. (11)

Here, oy = 2(q — 1)/(q + 1)z x. is the magnetic « effect,
which is determined by the current helicity y. =
(b-(V x b)) ~ (a-b)kl,, where g is the exponent of the
magnetic energy spectrum Ey; « k79, and (us) is the mean
chiral chemical potential. As follows from Fig. 3(c), the
exponent is g &~ 3. The correlation time of the magnetically

driven turbulence is 7.~ (Uakiy)~!, where the Alfvén

speed is Up = /(b?) = B,y The mean fluid density {p)
entering in U, and ayy is set to unity. The turbulent diffu-
sion coefficient 7y is estimated as nt = U/ (3kin). The
growth rate y, of the mean-field dynamo instability attains
the maximum value

_ (n{us) + an)? .

4(n +nr) (12)

max
Va

The current helicity y. and magnetic a effect ay; can also be
estimated from the evolutionary equation for the magnetic
helicity (a - b) of the small-scale field b = V x a in chiral
MHD [10]:

& (@h) + V- F = 2nus)(8?) ~ 2(€) - (B)

—27(b(V x b)), (13)

where F is the flux of (a-b) and () = (uxb) = ay(B) —
nr(V x (B)) is the turbulent electromotive force. In the
steady-state, two leading source or sink terms in Eq. (13),
2n{us) (b*) — 2ap(B)?, compensate each other, so that the
magnetic « effect reaches g3t = n{us)(b*)/(B)? [31,32].

We present an analysis of the mean-field dynamo
stage for Runs R1 and R2 in Fig. 4. In our system, where
velocity fluctuations are driven by an increasing Lorentz
force during the nonlinear phase of the chiral dynamo
instability, the integral scale of turbulence, k;j, increases
with time. This implies that the turbulent range of scales is
expanding in time. To take this fact into account, we
perform averaging over the scales larger than k;!
at a given time. In particular, the mean quantities used
in Fig. 4 are calculated in the simulations as (B),, =
2 [ En(k)f (k)dk]'2, ()i = [ Es(k)f(k)dk]'/?, and
(A-B);, = [Hy(k)f(k)dk, where f(k)= [l —tanh(k—
kin)]/2 and Hy (k) is the magnetic helicity spectrum.
From these averages we calculate ayy iy = (A-B)iykine /

Bms and o3 = 1{us)inBins/ (B)%. As can be seen in

logyy(B)

" "
—
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FIG. 4. Mean-field analysis for Runs R1 (left panels) and R2
(right panels). (a),(b) Time evolution of the mean magnetic field
(B)ine (black lines), B, (dotted blue lines), magnetic helicity
(A - B),, (dashed red lines). (c),(d) Time evolution of 7{us),
(black lines), appiy (red lines), and nrk;, (dotted blue lines).
(e),(f) Time evolution of the growth rate y;, (black solid line) of
(B)in: compared to the mean-field dynamo prediction, where the
maximum growth rate is based on ay i, (solid red line) and a3y
(dashed red line). The time evolution presented here starts at the
time when Rey; exceeds unity and thin vertical lines indicate
when Rey; becomes larger than 10.

panels (e) and (f) of Fig. 4, the measured growth rate of the
mean magnetic field is comparable with the theoretical
predictions based on the magnetic a effect. In the mean-
field dynamo phase, the dynamo generation term ayy';, Kint

is larger than the damping term ’1Tki2m~ However, since the
level of turbulence increases, the turbulent diffusion coef-
ficient 51 increases and ey, decreases, leading finally to
the end of the mean-field dynamo instability.

Since ay; and nr change in time in the simulations,
Egs. (11) and (12) serve only as rough estimates on the
order of magnitude for the growth rates of the mean-field
dynamo instability used for comparisons with DNS. A
similar statement is also valid for Egs. (8) and (9) for the
growth rates of the chiral dynamo instability used for
comparisons with DNS.

The dynamo instability can, in principle, be followed by
an inverse cascade of magnetic energy that is related to a
conservation law. In chiral MHD, the total chirality (the
sum of the chiral chemical potential and the magnetic
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helicity multiplied by 4/2) is conserved. In this study,
both the initial magnetic helicity and the chiral chemical
potential vanish, so the anomaly-induced inverse cascade
related to the decrease of chiral chemical potential due to
the increase of magnetic helicity during the nonlinear chiral
dynamo (as described in [20]) is not present. However, it
has been shown that in chiral MHD with vanishing total
chirality an adaptation of the Hosking integral [40] is
conserved [41], which leads to an increase of the magnetic
correlation length during the decay of magnetic energy. In
our present study, such a long-term evolution cannot be
studied because at dynamo saturation the magnetic corre-
lation length has already reached the size of the numerical
domain.

In conclusion, we have found a scenario in which a chiral
asymmetry is produced in a plasma with initially balanced
numbers of left- and right-handed electrically charged
fermions due to the joint action of the chiral separation
effect and spatial inhomogeneity in fluctuations of the
chemical potential. This causes a chiral dynamo instability
and the subsequent production of magnetically driven
turbulence followed by large-scale magnetic field gener-
ation through the magnetic a effect. This scenario can be
relevant for the early Universe if chirality is not produced
by other mechanisms. It might be less relevant for proto-
neutron stars since a net chiral chemical potential can there
be produced due to neutrino emission [42]. Beyond
astrophysics, this scenario might also be relevant for
condensed matter systems.
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