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Internal gravity waves in the energy and flux budget turbulence-closure theory
for shear-free stably stratified flows
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We have advanced the energy and flux budget turbulence closure theory that takes into account a two-way
coupling between internal gravity waves (IGWs) and the shear-free stably stratified turbulence. This theory is
based on the budget equation for the total (kinetic plus potential) energy of IGWs, the budget equations for
the kinetic and potential energies of fluid turbulence, and turbulent fluxes of potential temperature for waves
and fluid flow. The waves emitted at a certain level propagate upward, and the losses of wave energy cause the
production of turbulence energy. We demonstrate that due to the nonlinear effects more intensive waves produce
more strong turbulence, and this, in turn, results in strong damping of IGWs. As a result, the penetration length
of more intensive waves is shorter than that of less intensive IGWs. The anisotropy of the turbulence produced
by less intensive IGWs is stronger than that caused by more intensive waves. The low-amplitude IGWs produce
turbulence consisting up to 90% of turbulent potential energy. This resembles the properties of the observed
high-altitude tropospheric strongly anisotropic (nearly two-dimensional) turbulence.
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I. INTRODUCTION

The classical theory of atmospheric flows is based on sem-
inal papers by Rayleigh, Richardson, Prandtl, Kolmogorov,
Obukhov, and Monin (see, e.g., Refs. [1,2]). This theory
implies that any turbulent flow can be considered as a super-
position of the fully organized mean flow, and the fully chaotic
turbulence characterized by the forward energy cascade from
the larger eddies to smaller, resulting in the viscous energy
dissipation at the smallest eddies, with a pronounced inertial
interval in the energy spectrum that is fully determined by
the energy-dissipation rate [3]. The local characteristics of
turbulence, in particular, turbulent fluxes that appear in the
mean-flow equations, are generally controlled by the local
features of the mean flow. It is also assumed that the turbulent
flux of any quantity can be expressed as a product of the
mean gradient of the quantity multiplied by a turbulent-
exchange coefficient. This concept of down-gradient transport
reduces the closure problem to determination of the turbulent-
exchange coefficients, usually taken proportional to the turbu-
lent kinetic energy and timescale (see, e.g., Refs. [1,2]). This
has been formulated for neutrally stratified flows.

However, atmospheric flows often include, besides Kol-
mogorov turbulence, another type of motions, associated with
the development of large-scale structures, e.g, large-scale
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coherent semiorganized structures (i.e., cloud cells and cloud
streets) in turbulent convection [4–8] and internal gravity
waves in stably stratified turbulence [9–14]. The majority of
efforts in development of the turbulence closure models for
meteorological applications over half a century have been
limited to “mechanical closures” based on the sole use of
the turbulent kinetic energy equation, disregarding turbulent
potential energy, and daring only cautious corrections to the
concept of down-gradient transport.

In stable stratification, such closures have resulted in the er-
roneous conclusion that shear-generated turbulence inevitably
decays and that the flow becomes laminar in “supercritical”
stratifications (at Richardson numbers exceeding some critical
value; see, e.g., Refs. [15,16]). Obvious contradictions of this
conclusion via the well-documented universal presence of
turbulence in strongly supercritical conditions typical of the
free atmosphere and the deep ocean (see, e.g., Refs. [17–23])
were attributed to some unknown mechanisms and, in prac-
tical applications, mastered heuristically (see overviews in
Refs. [23,24]). The decay of strongly stably stratified turbu-
lence in direct numerical simulations (DNS) has been ex-
plained by the effect of diminishing the effective Reynolds
number, which comes into play in the not-high-Reynolds-
number flows in DNS, but remains insignificant in the very-
high-Reynolds-number atmospheric flows.

These principal problems call for a revision of the tradi-
tional theory of atmospheric turbulence. The strongest mo-
tivation for the revision comes from the need to improve
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the modern numerical weather prediction, air quality, and
climate models, in which turbulent planetary boundary layers
couple the atmosphere with underlying land, water, or ice
surfaces. Stably stratified turbulence determines the vertical
turbulent transport of energy and momentum and the turbulent
diffusion of pollutants, aerosols, and other admixtures in the
free atmosphere.

Numerous alternative turbulence closures in stratified tur-
bulence have been formulated using the budget equations
for various turbulent parameters (in addition to the turbu-
lent kinetic energy) together with heuristic hypotheses and
empirical relationships (see for reviews Refs. [25,26]). Two-
point turbulent closures have been developed as well (see for
reviews Refs. [27,28]), which take into account a very detailed
scale-by-scale and directional anisotropy that is almost lost in
single-point closures.

Key ingredients of stably stratified turbulence are inter-
nal gravity waves. In atmospheric and oceanic turbulence
they have been a subject of intense research (see, e.g.,
Refs. [29–37]). In the atmosphere, internal gravity waves
exist at scales ranging from meters to kilometers and are
measured by direct probing or remote sensing using radars
and lidars. The sources of internal gravity waves can be flows
over complex terrain, strong wind shears, convective and other
local-scale motions underlying the stably stratified layer, and
wave-wave interactions [38–40].

The different nature of fluctuations caused by turbulence
and waves in stratified flows has been pointed out in Ref. [41].
The role of waves in turbulence closure models has been
discussed in Refs. [42–44] An additional negative term in
the TKE budget equation (the rate of transfer of TKE into
potential energy of wavelike motions) has been included in
Ref. [43]. It was noted that with increasing stability, the
wavelike motions dominate in comparison with velocity and
buoyancy fluctuations of stratified turbulence, and fluctuations
caused by waves suppress vertical mixing (see also Ref. [26]).

Analysis of the budgets of the wave kinetic energy and the
wave temperature variance has been done in Refs. [45–49].
They found significant buoyant production of the wave energy
despite the strong static stability and energy transfer from
waves to turbulence. Different aspects related to the effects
of internal gravity waves (IGWs) have been also discussed in
Ref. [28], where it has been stressed that in the limit of small
Froude number, IGWs affect only a poloidal part of the flow.
A strong toroidal cascade coexisting with weak IGW cascade
has been found as well [28].

Numerous high-resolution DNS of stably stratified turbu-
lence with IGWs have been performed as well (see, e.g.,
Refs. [50–54]). The role of IGWs and their interaction with
the large-scale flow of vertically sheared horizontal winds
has been studied in Ref. [51]. It has been shown that most
of the energy is concentrated along a dispersion relation that
is Doppler shifted by the horizontal winds. They pointed out
that when uniform winds are let to develop in each horizon-
tal layer of the flow, waves whose phase velocity is equal
to the horizontal wind speed have negligible energy, which
indicates a nonlocal transfer of their energy to the mean flow.
Scaling laws for mixing and dissipation in unforced strati-
fied turbulence have been found in Ref. [52]. Three regimes

characterized by Froude number—(1) dominant waves,
(2) eddy-wave interactions, and (3) strong turbulence—have
been observed in Ref. [52]. An interaction between large-scale
IGWs and the turbulent layer above the pycnocline (where
the density gradient is largest) has been studied using DNS
in Refs. [53,54]. They have demonstrated that in the absence
of IGWs, the turbulence decays and most of the turbulent
energy is concentrated at the pycnocline center. The turbulent
eddies are collapsed in the vertical direction and acquire
the pancake shape. The internal gravity waves significantly
increase turbulent energy [53,54].

The energy- and flux-budget (EFB) theory of turbulence
closure for stably stratified dry atmospheric flows has been
recently developed in Refs. [55–59]. In accordance with wide
experimental evidence, the EFB theory shows that high-
Reynolds-number turbulence is maintained by shear in any
stratification, and the “critical Richardson number,” treated
over decades as a threshold between the turbulent and lam-
inar regimes, factually separates two turbulent regimes: the
strong turbulence, typical of atmospheric boundary layers,
and the weak three-dimensional turbulence, typical of the
free atmosphere or deep ocean and characterized by sharp
decrease in heat transfer in comparison to momentum transfer.
The principal aspects of the EFB theory have been verified
against scarce data from the atmospheric experiments, direct
numerical simulations, large-eddy simulations (LESs), and
laboratory experiments relevant to the steady-state turbulence
regime.

In stably stratified turbulence, large-scale internal gravity
waves cause additional vertical turbulent flux of momentum
and additional productions of turbulent kinetic energy (TKE),
turbulent potential energy (TPE), and turbulent flux of poten-
tial temperature [57]. For the stationary, homogeneous regime,
the EFB theory in the absence of the large-scale IGWs yields
universal dependencies of the flux Richardson number, the
turbulent Prandtl number, the ratio of TKE to TPE, and the
normalized vertical turbulent fluxes of momentum and heat on
the gradient Richardson number, Ri (see Refs. [55,59]). Due
to the large-scale IGWs, these dependencies lose their uni-
versality. The maximal value of the flux Richardson number
(universal constant 0.2–0.25 in the no-IGW regime) becomes
strongly variable in the turbulence with large-scale IGWs. In
the vertically homogeneous stratification, the flux Richardson
number increases with increasing wave energy and can even
exceed 1. The large-scale internal gravity waves also reduce
anisotropy of turbulence. Indeed, in contrast to the mean
wind shear, which generates only horizontal component of the
turbulent kinetic energy, IGWs generate both horizontal and
vertical components of TKE. These waves increase the share
of TPE in the turbulent total energy (TTE = TKE + TPE). A
well-known effect of IGWs is their direct contribution to the
vertical transport of momentum. Depending on the direction
(downward or upward), IGWs either strengthen or weaken the
total vertical flux of momentum. Predictions from this theory
[57] are consistent with available data from atmospheric and
laboratory experiments, DNS, and LES.

In the theory discussed in Ref. [57], the stably stratified
turbulence is produced by a large-scale wind shear. This the-
ory takes only into account a one-way coupling corresponding
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to the effect of large-scale IGWs with random phases on
stably stratified turbulence, while the feedback effect of the
turbulence on IGWs has been ignored in Ref. [57]. In view of
applications, the theory discussed in Ref. [57] describes only
turbulence in the lower troposphere (up to the altitudes about
1–1.5 km).

The goal of the present study is to investigate the two-
way coupling between large-scale IGWs and shear-free stably
stratified turbulence. This implies that the turbulence is pro-
duced solely by dissipation of IGWs propagating in stratified
turbulent flows. In the analysis, we use the budget equations
for the kinetic and potential energies of both fluid turbulence
and large-scale IGWs with random phases. We also apply the
budget equations for turbulent heat flux and momentum. We
demonstrate that due to the nonlinear effects the penetration
length of the more intense IGWs is less than that for the less
intensive IGWs (with lower wave energy). The low-amplitude
IGWs produce turbulence consisting of up to 90% of potential
energy. The results of the present study describe only the
upper troposphere (located at the altitudes about 10–15 km);
see, e.g., Refs. [35–37] and references therein.

This paper is organized as follows. In Sec. II we outline
properties of the internal gravity waves propagating in a fluid
in the absence of turbulence. We also discuss here the energy
budget equations for IGWs. In Sec. III we formulate gov-
erning equations for the energy and flux budget turbulence-
closure theory for stably stratified turbulence with large-scale
IGWs. In Sec. IV we study the effects of large-scale IGWs
on turbulence for the steady-state regime. The two-way cou-
pling between turbulence and large-scale IGWs is analyzed in
Sec. V. Finally, conclusions are drawn in Sec. VI.

II. LARGE-SCALE IGWS IN THE STABLY
STRATIFIED FLOWS

In this study we focus on the effect of large-scale internal
gravity waves on the stably stratified turbulence.

A. Linear IGWs in the absence of turbulence

First, we outline properties of the internal gravity waves
propagating in a fluid in the absence of turbulence and neglect-
ing dissipations. These waves are described by the following
equations:

∂Ṽ
W

∂t
+ (Ṽ

W · ∇)Ṽ
W = −∇P̃W

ρ0
+ β �̃We, (1)

∂�̃W

∂t
+ (Ṽ

W · ∇)�̃W = −β−1N2 Ṽ W
j e j, (2)

where Ṽ
W

, �̃W, and P̃W are the velocity, potential tempera-
ture, and pressure characterizing IGWs, e is the vertical unit
vector, β = g/T0 is the buoyancy parameter, g is the accel-
eration due to gravity, N = (β|∇z�|)1/2 is the Brunt-Väisälä
frequency, � is the potential temperature of fluid defined as
� = T (P0/P)1−1/γ , where T is the absolute temperature, T0

is its reference value, P is the fluid pressure, P0 is its reference
value, γ = cp/cv = 1.41 is the specific heats ratio, and ρ0 is
the fluid density. The potential temperature �̃W for waves is
defined in a similar way. Equations (1) and (2) are written in

the Boussinesq approximation with the continuity equation,
div Ṽ

W = 0.
Solution of linearized equations (1) and (2) is given by

Ṽ
W =

(
e − khkz

k2
h

)
V W

∗ (z) cos[ϕ(r) − ωt], (3)

�̃W = N2(z)

ωβ
V W

∗ (z) sin[ϕ(r) − ωt], (4)

P̃W = −ρ0

(
kz ω

k2
h

)
V W

∗ (z) cos[ϕ(r) − ωt] (5)

(see, e.g., Refs. [11,12,60]), where ϕ(r) is the wave phase,
k = kh + ekz is the wave vector, kh = (kx, ky) is the horizontal
wave vector, V W

∗ (z) is the wave velocity amplitude, and the
frequency of IGWs is given by

ω = N (z)
kh

k
. (6)

Propagation of IGWs in an inhomogeneous medium is de-
termined in the approximation of geometrical optics by the
following Hamiltonian equations:

∂r
∂t

= ∂ω

∂k
, (7)

∂k
∂t

= −∂ω

∂r
(8)

(see, e.g., Ref. [61]), where r is the radius vector of the center
of the wave packet. Since the Brunt-Väisälä frequency N =
N (z) depends on the vertical coordinate, Eq. (8) yields kh =
const, and the vertical component of the wave vector depends
on z, i.e., kz = kz(z). Equations (6) and (8) for the IGWs with
a fixed frequency allow us to determine k(z) as

k(z) = k0
N (z)

N (z0)
, (9)

where z = z0 is the hight where the IGW source is located
and k0 = k(z = z0). Equation (9) determining the z depen-
dence of k(z) = (k2

z + k2
h )1/2 implies that the vertical wave

numbers, kz(z), change when the IGW propagates through
the stably stratified flow. When the IGW source is located at
the surface (for z0 = 0), the vertical wave number is kz(z) =
kh[N2(z)/ω2 − 1]1/2. When the IGW source is located at the
upper boundary of the layer under consideration (for z0 = H),
the vertical wave number is given by kz(z) = −kh[N2(z)/ω2 −
1]1/2. It follows from these expressions that k(z) = khN (z)/ω.

B. Budget equation for total energy of IGWs

Let us study the effect of large-scale IGWs on the stably
stratified turbulence. We assume that the wavelengthes and
periods of the large-scale IGWs are much larger than the
turbulence spatial scales and timescales, respectively. This
allows us to treat the large-scale IGWs with respect to turbu-
lence as a kind of mean flows with random phases. We neglect
small molecular dissipation of IGWs for large Reynolds and
Péclet numbers. At the low-frequency part of the IGW spectra,
we limit our analysis to frequencies essentially exceeding the
Coriolis frequency.
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We consider the flow fields as a superposition of three
components: mean fluid velocity, U (t, z), fluctuations of
fluid velocity, u(t, r), and random large-scale IGW velocity
field, V W(t, r), i.e., the total velocity is v = U + u + V W.
To determine the random large-scale wave velocity field,
V W(t, r) ≡ 〈v〉 − 〈v〉, besides the ensemble averaging over
turbulent fluctuations (denoted by the angular brackets), we
also perform an averaging in time over the IGW period
(denoted by overbar). We also use similar decompositions for
the total potential temperature, �tot = � + θ + �W , and for
the total pressure, Ptot = P + p + PW, where P and � are the
mean potential temperature and pressure, respectively, p and
θ are fluctuations of the potential temperature and pressure,
respectively, and the wave fields are determined as �W(t, r) =
〈�tot〉 − 〈�tot〉 and PW(t, r) = 〈Ptot〉 − 〈Ptot〉. We assume that
the mean fields depend on z coordinate and time, while the
large-scale wave fields depend on all three coordinates and can
be represented as an ensemble of wave packets with narrow
frequency range and random phases.

In this study we consider a shear-free turbulence, and for
simplicity we assume that the mean fluid velocity is zero.
We consider low-amplitude approximation for the large-scale
IGWs and neglect the wave-wave interactions, but take into
account the interactions between turbulence and the large-
scale IGWs. Equations for the large-scale IGWs in stably
stratified turbulence are given by

∂V W
i

∂t
= −∇iPW

ρ0
+ β �Wei − ∇ jτ

W
i j , (10)

∂�W

∂t
= −β−1N2 V W

j e j − ∇ jF
W
j , (11)

where the interaction between the turbulence and the large-
scale IGWs is described by the effective Reynolds stress
tensor, τW

i j = 〈viv j〉 − 〈viv j〉, and the effective flux of poten-

tial temperature, F W
i = 〈vi�tot〉 − 〈vi�tot〉. Equations (10)–

(11) are mean-field equations, where the divergence of the
Reynolds stress in the mean momentum equation and the
divergence of the turbulent heat flux in the mean potential
temperature equation determine effects of turbulence on the
mean fields. To derive Eqs. (10)–(11) for IGWs, we ob-
tain two systems of equations: the first system is obtained
by the ensemble averaging of the exact momentum and
potential temperature equations over turbulent fluctuations
(denoted by the angular brackets); the second system is
obtained by the additional time averaging of the first sys-
tem of mean-field equations over the IGW periods (denoted
by overbar). Equations (10)–(11) are obtained by the sub-
traction of the second system of equations from the first
system.

Using Eqs. (10)–(11), we derive budget equation for the
total wave energy, EW = EW

K + EW
P ,

∂EW

∂t
+ ∇ · �W = −DW, (12)

where EW
K = (V W)2/2 is the turbulent kinetic wave energy,

EW
P = (β/N )2 (�W)2/2 is the turbulent potential wave en-

ergy, �W = ρ−1
0 FW PW is the flux of the total wave energy,

EW, and DW is the dissipation rate of large-scale IGWs

given by

DW = − β2

N2

(
F W

j ∇ j�W − F W
j �W ∇ j ln N2

)
− τW

i j ∇ jV W
i , (13)

determined by the work of turbulence caused by the interac-
tion with the large-scale IGWs. In the gradient approximation,
the dissipation rate of the large-scale IGWs is positive, DW >

0. Indeed, as has been shown in Ref. [11] [see Eq. (3.72)
in Ref. [11]], the flux �W of the total wave energy, EW, is
given by �W = V gEW, where V g = ±ω (k/k2 − kh/k2

h ) is the
group velocity of the large-scale IGWs.

Let us obtain a steady-state solution of budget equation
(12) for the total wave energy considering two cases:

(i) Nondissipative large-scale IGWs, i.e., the dissipation
rate of the total wave energy vanishes, DW = 0. In this case
steady-state solution of Eq. (12) reads ∇ · (V gEW) = 0.
Since kh = const and ω = const, we find that the vertical
profile of the wave amplitude in the solution for Ṽ

W
(t, r) [see

Eq. (3)] is given by

|V W
∗ (z)| = |V0| [N2(z)/ω2 − 1]−1/4, (14)

where V0 is the constant of integration. This profile is in
agreement with that obtained in Ref. [11].

(ii) Dissipative large-scale IGWs. In this case the dissipa-
tion rate of the total wave energy is

DW = KH (1 + PrT )k2EW, (15)

which is derived for a narrow wave packet, and a homo-
geneous and isotropic turbulence (see Appendix A), where
PrT = KM/KH is the turbulent Prandtl number, KM is the eddy
viscosity, and KH is the eddy diffusivity. Thus, the steady-state
solution of Eq. (12) reads ∇ · (V gEW) = −DW, which can
be rewritten as

d�W
z

dz
= −σg�

W
z , (16)

where �W
z = V g

z EW and

σg = KH (1 + PrT )k3
h (N2 − ω2)−1/2

(
N

ω

)4

. (17)

Equation (16) yields

|V W
∗ (z)| = |V0| |N2(z)/ω2 − 1|−1/4 exp

(
− τg

2

)
, (18)

where τg = ∫ z
0 σg(z′) dz′. In the absence of turbulence

(KM, KH → 0), the parameter τg tends to 0, so that Eq. (18)
coincides with Eq. (14). It follows from Eq. (18) that in the
absence of turbulence in the vicinity of a resonance, ω =
N (z = zr ), the amplitude of the large-scale IGWs tends to
infinity. This implies that the low-amplitude approximation is
not valid, and the nonlinear effects (e.g., the wave braking)
should be taken into account. For instance, the wave braking
can cause an additional production of turbulence. On the other
hand, in the presence of turbulence the infinite growth of the
wave amplitude does not occur if the first and the second
spatial derivatives of the Brunt-Väisälä frequency vanish at the
surface z = zr [11].
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III. ENERGY AND FLUX BUDGET (EFB) MODEL FOR
TURBULENCE WITH LARGE-SCALE IGWS

In this section we formulate the budget equations for stably
stratified turbulence with large-scale IGWs.

A. Budget equations for turbulence with large-scale IGWs

In the framework of energy and flux budget turbulence
model, we use the budget equations for the turbulent kinetic
energy (TKE), EK = 〈u2〉/2, the intensity of the potential
temperature fluctuations, Eθ = 〈θ2〉/2, and the vertical turbu-
lent flux, Fz = 〈uzθ〉, of potential temperature accounting for
large-scale IGWs:

DEK

Dt
+ ∇z �K = β Fz − εK − τW

i j ∇ jV W
i + β V W

z �W,

(19)

DEθ

Dt
+ ∇z �θ = −Fz ∇z� − εθ − F W

j ∇ j�W, (20)

DFz

Dt
+ ∇z �F = β 〈θ2〉 − 1

ρ0
〈θ ∇z p〉 − 〈u2

z 〉 ∇z �

− ε(F )
z − τW

j3 ∇ j�W − F W
j ∇ jV W

z

(21)

(see, e.g., Ref. [57]), where D/Dt = ∂/∂t + U ·∇. The terms
�K , �θ , and �F include the third-order moments. In partic-
ular, �K = ρ−1

0 〈uz p〉 + (1/2)〈uz u2〉 determines the flux of
EK ; �θ = 〈uz θ2〉/2 determines the flux of Eθ , and �F =
〈u2

z θ〉 + ρ−1
0 〈θ p〉/2 determines the flux of Fz. The terms εK =

EK/tT , εθ = Eθ /(Cp tT ) and ε(F ) = Fz/(CF tT ) are the dissi-
pation rates of the turbulent kinetic energy EK , the intensity
of the potential temperature fluctuations Eθ , and the vertical
turbulent heat flux Fz. These dissipation rates are expressed
using the Kolmogorov hypothesis [3], where tT = �0/E1/2

K
is the turbulent dissipation timescale, �0 is the integral scale
of turbulence, and Cp and CF are dimensionless constants.
The turbulent potential energy (TPE), EP, is defined as EP =
β2Eθ /N2.

The third term in the right-hand side of Eq. (21) con-
tributes to the traditional gradient turbulent flux (proportional
to −∇z �) of potential temperature, while the first and the
second terms in the right-hand side of Eq. (21) describe
a nongradient contribution to the vertical turbulent flux of
potential temperature. In stably stratified flows the gradient
and nongradient contributions to the vertical turbulent flux of
potential temperature have opposite signs. This implies that
the nongradient contribution decreases the traditional gradient
turbulent flux.

The budget equations for the turbulent kinetic energies,
Eα = 〈u2

α〉/2, along the x, y, and z directions can be written
as follows:

DEα

Dt
+ ∇z �α = δα3 β Fz − ε(τ )

αα + 1

2
Qαα − τW

α j ∇ jV W
α ,

(22)

where α = x, y, z, the term ε(τ )
αα = Eα/3tT is the dissipa-

tion rate of the turbulent kinetic energy components, �α =

ρ−1
0 〈uα p〉 + (1/2)〈uz u2

α〉 determines the flux of Eα , and
the term Qαα is correlations between the fluctuations of
the pressure, p, and the small-scale velocity shears: Qi j =
ρ−1

0 (〈p∇iu j〉 + 〈p∇ jui〉). In Eq. (22) we do not apply the sum-
mation convention for the double Greek indices. Equations
(19)–(22) are obtained by averaging over the ensemble of
turbulent fluctuations and over the period of large-scale IGWs.
These equations without the large-scale IGW terms can be
found in Refs. [55,56,59] (see also Refs. [30,62–64]).

Equations (19)–(22) contain production terms caused by
the large-scale IGWs (see Ref. [57]). In particular, the terms
−τW

i j ∇ jV W
i + β V W

z �W in the right-hand side of Eq. (19)

determine the production rate of TKE, and the term F W
j ∇ j�W

in Eq. (20) contributes to the production rate of TPE, while
the terms −τW

j3 ∇ j�W − F W
j ∇ jV W

z in Eq. (21) describe the
production rate of the vertical turbulent flux, Fz, of potential
temperature. To close the system of the budget equations (19)–
(22), one needs to determine the Reynolds stress for the wave
fields, τW

i j , and the turbulent flux of potential temperature for
the wave fields, FW, which have been derived in Ref. [57]:

τW
i j = −Cτ tT

(
τim∇mV W

j + τ jm∇mV W
i

)
, (23)

F W
i = −CF tT

(
τim∇m�W + τW

i3 ∇z� + Fm∇mV W
i

)
. (24)

These quantities are caused by interactions between the large-
scale IGWs and turbulence. They are determined by subtract-
ing of the ensemble-averaged equations (but not averaged over
the IGW period) from exact equations for these quantities,
assuming that ωtT 
 1. To derive Eqs. (23) and (24), we as-
sume that the effective dissipation rate, ε(τ,W )

i j , of the Reynolds
stress for the wave fields, τW

i j , and the effective dissipation

rate, ε
(F,W )
i , of the turbulent flux of potential temperature for

the wave fields, FW, are expressed as ε
(τ,W )
i j = τW

i j /(Cτ tT )

and ε
(F,W )
i = F W

i /(CF tT ), respectively, where Cτ is a dimen-
sionless constant. In Eqs. (23) and (24) we also omit the
terms which are quadratic in wave amplitude, because they
do not contribute to the correlations τW

i j ∇ jV W
i and τW

i j ∇ j�W

entering in Eqs. (19)–(22) [57] (see also Ref. [59]).
If there is no separation of timescales between the turbulent

scales and the IGW scales, there are additional correction fac-
tors in the right-hand side of Eqs. (23) and (24). In particular,
the right-hand side of Eq. (23) is multiplied by the factor
[1 + (CτωtT )2]−1, while the right-hand side of Eq. (24) is
multiplied by the factor [1 + (CF ωtT )2]−1. However, since the
free constants Cτ and CF are small, i.e., C2

τ ≈ C2
F ≈ 10−2 (see

Sec. IV), these correction factors are on the order of 1 even
when there is no separation of the timescales. On the other
hand, any mean-field theory formally requires a separation of
scales for its validity.

B. Summary of assumptions and steps of derivations

In our analysis, we use budget equations for the one-
point second moments for the following reasons. We develop
a mean-field theory and do not study small-scale structure
of turbulence. In particular, we study large-scale long-term
dynamics, i.e., we consider effects in the spatial scales which
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are much larger than the integral scale of turbulence and
in timescales which are much longer than the turbulent
timescales. We limit our analysis to the geophysical flows,
in which the vertical variations of the mean fields are much
larger than the horizontal variations, so that the terms associ-
ated with the horizontal gradients in the budget equations for
turbulent statistics can be neglected. For instance, in typical
atmospheric flows, the vertical scales are much smaller than
the horizontal scales, so that the mean vertical velocity is
much smaller than the horizontal velocity.

We have made the following assumptions related to inter-
nal gravity waves:

(1) The periods and wavelengths of IGWs are larger than
the turbulent correlation time and the integral scale of turbu-
lence.

(2) We assume that the large-scale wave fields can be
represented as an ensemble of wave packets with narrow
frequency range and random phases.

(3) We restrict the analysis to a low-amplitude approxi-
mation for the large-scale IGWs and neglect the wave-wave
interactions, but take into account the interactions between
turbulence and the large-scale IGWs. We leave an account for
the wave-wave interactions for further study.

(4) The ensemble of the large-scale IGWs has a power-law
spectrum and is isotropic in the horizontal plane.

(5) We neglect small molecular dissipation of IGWs con-
sidering turbulence with large Reynolds and Péclet numbers.
At the low-frequency part of the IGW spectra, we limit
our analysis to frequencies essentially exceeding the Coriolis
frequency.

We apply the energy and flux budget turbulence closure
model, which assumes the following:

(1) The characteristic times of variations of the turbulent
kinetic energy, the turbulent potential energy, and the vertical
turbulent flux Fz of potential temperature are much larger than
the turbulent timescale. This allows us to obtain a steady-
state solution for the budget equations of TKE, TPE. and
Fz for a homogeneous stratified hydrodynamic turbulence.
These budget equations include production terms caused by
the large-scale IGWs.

(2) We neglect the divergence of the fluxes of TKE, TPE,
and Fz (i.e., we neglect the divergence of third-order mo-
ments). In the present study, we restrict the analysis to the
effects of the large-scale IGWs on the second-order statistics
and leave the third-order moments (the fluxes of energies
and the fluxes of momentum and heat fluxes) for further
study.

(3) Dissipation rates of TKE, TPE, and Fz are expressed
using the Kolmogorov hypothesis [3] (see also Ref. [1]): εK =
EK/tT , εθ = Eθ /(Cp tT ), and ε(F ) = Fz/(CF tT ).

(4) We assume that the term ρ−1
0 〈θ ∇z p〉 in Eq. (20) for

the vertical turbulent flux of potential temperature is parame-
terized by C̃θ β 〈θ2〉 with C̃θ < 1. This implies that β 〈θ2〉 −
ρ−1

0 〈θ ∇z p〉 = Cθ β 〈θ2〉 with the positive coefficient Cθ =
1 − C̃θ that is less than 1. The justification of this assumption
is discussed in Refs. [55,59].

(5) The considered stratified hydrodynamic turbulence
with large-scale IGWs is shear-free and isotropic in the hori-
zontal plane.

In the next section we will use Eqs. (19)–(22) to study
effects of the large-scale IGWs on turbulence.

IV. EFFECTS OF LARGE-SCALE IGWS ON
TURBULENCE: STEADY-STATE REGIME

In this section we study the effects of large-scale internal
gravity waves on turbulence, using the steady-state version
of Eqs. (19)–(22). Solving the system of these equations,
we obtain the turbulent kinetic energy EK and the vertical
turbulent flux Fz of the potential temperature:

EK = 2CF

3

(�0N0)2

RiW Ŵ
, (25)

Fz = −KH
N2

0

β
, (26)

where N0 = N (z = z0) and the coefficient of turbulent (eddy)
diffusivity is

KH =
(

2CF

3

)3/2
�2

0 N0(Ŵ − 1)

(RiW Ŵ )3/2
. (27)

Here we have introduced the following two key parameters
characterizing effects of the large-scale IGWs on turbulence:

(1) The wave Richardson number:

RiW = N2
0 H2

[�(μ) Pr(0)
T ] EW

; (28)

(2) The parameter Ŵ :

Ŵ ≡ −τW
i j ∇ jV W

i

EK/tT
= Cτ �(Q, μ)

EW �2
0

EK H2
, (29)

where EW is the total wave energy, H is the hight of the
layer where the large-scale IGWs propagate, the dimension-
less functions �(μ) and �(Q, μ) are given below, μ is the
exponent of the energy spectrum of the large-scale IGWs, and
Q = [N (z)/N (z0)]2 is the dimensionless lapse rate.

The reason for using these parameters for characterization
of the effects of large-scale IGWs on turbulence is as follows.
We consider a shear-free turbulence. The turbulence is pro-
duced only by large-scale IGWs, so that the classical gradient
Richardson number, Rig = N2/S2

wind, tends to infinity, because
the mean wind shear, Swind, vanishes. The most appropriate
parameter in this case is the effective Richardson number RiW

associated with the amplitude of the wave. For instance, the
large wave Richardson number implies a low-amplitude wave.

Note that the Froude number Fr = U/(LN0) used in fluid
dynamics is related to the wave Richardson number RiW as
Fr = Ri−1/2

W
, where the velocity U =

√
EW is related to the

wave energy EW and the scale L = H (�(μ) Pr(0)
T )

−1/2
is pro-

portional to the hight H of the layer in which the large-scale
IGWs propagate. We use the notion of the wave Richardson
number following tradition of the atmospheric physics and
meteorology, where different kinds of Richardson numbers
(e.g., the gradient Richardson number and the flux Richardson
number) are used.

Another important parameter, Ŵ , is defined as the ratio of
the TKE production rate caused by the internal gravity waves
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to the dissipation rate of TKE. This parameter describes the
efficiency of the turbulence production by waves. It depends
on the wave Richardson number, Ŵ = Ŵ (RiW ), and it can be
interpreted as the squared ratio of the wave shear,

√
EW/H ,

and the turbulent shear,
√

EK/�0. The function Ŵ (RiW ) is
determined by the cubic algebraic equation, Ŵ 3 + B1Ŵ 2 +
B2Ŵ + B3 = 0, with coefficients Bk given in Appendix B.

The function �(μ) in Eq. (28) depends on the exponent μ

of the IGW energy spectrum. In particular, for a power-law,
k−μ, energy spectrum of IGWs existing in the range of the
wave numbers, H−1 � k � L−1

W , the function �(μ) is given by
�(μ) = |Cμ|(H/LW )3−μ for 1 < μ < 3; �(μ) = 4 ln(H/LW )
for μ = 3 and �(μ) = Cμ for μ > 3, where Cμ = 2(μ −
1)/(μ − 3) [57]. The function �(Q, μ) in Eq. (29) that is
related to the parameter Ŵ is given by

�(Q, μ) = 2
3 [1 + 3(Q − 1)Az]�(μ). (30)

Now using the steady-state version of Eqs. (19)–(22),
we determine various dimensionless parameters versus the
wave Richardson number. Assuming for simplicity a constant
Brunt-Väisälä frequency which implies that Q = 1, we obtain
the vertical anisotropy parameter, Az = Ez/EK , and the ratio
of turbulent potential and kinetic energies, EP/EK :

Az = 5 − Ŵ (1 − A∗
z ) (1 − Ri∗f )

5 + 2Ŵ (1 − A∗
z ) (1 − Ri∗f )

, (31)

EP

EK
= CP

[
Ŵ

(
1 + 1/Pr(0)

T

) − 1
]
, (32)

where EP = (β/N )2Eθ is the turbulent potential energy, A∗
z

and Ri∗f are the vertical anisotropy parameter and the flux
Richardson number in the limit of very large gradient Richar-
son number in the absence of the IGWs, respectively, and Pr(0)

T

is the turbulent Prandtl number for a nonstratified turbulence
(at zero gradient Richardson number). Equation (31) deter-
mines the vertical anisotropy parameter Az. Since Ax + Ay +
Az = 1 and Ax = Ay, we obtain that Ax = Ay = (1 − Az )/2,
where the horizontal anisotropy parameters are defined as
Ax = Ex/EK and Ay = Ey/EK . The turbulent viscosity, KM =
2Cτ AzE

1/2
K �0, is given by

KM =
(

2CF

3

)1/2 2Cτ �2
0N0

[RiW Ŵ (RiW )]1/2
, (33)

so that the turbulent Prandtl number is

PrT = 3Cτ

CF

[
RiW Ŵ (RiW )

Ŵ − 1

](
CA − Ŵ

CA + 2Ŵ

)
, (34)

where CA = 5 (1 − A∗
z )−1 (1 − Ri∗f )−1. Equations (25)–(27)

and (32) allow us to determine the nondimensional ratio
F 2

z /EK Eθ :

F 2
z

EK Eθ

= 2CF

3CP

[
(Ŵ − 1)2

RiW Ŵ (RiW )

]

×
[

Ŵ

(
1 + 1

Pr(0)
T

)
− 1

]−1

. (35)

Let us discuss the choice of the dimensionless empirical
constants in the developed theory. There are two well-known

1 10 100
0

0.2

0.4

0.6

RiW

Az

FIG. 1. The anisotropy parameter Az versus the wave Richardson
number RiW for different values of the parameter Cθ : 1/15 (solid), 0.1
(dashed), and 0.217 (dashed-dotted).

universal constants: the limiting value of the flux Richard-
son number Ri∗f = 0.25 for an extremely strongly stratified
turbulence (i.e., at infinite gradient Richardson number) and
the turbulent Prandtl number Pr(0)

T
= 0.8 for a nonstratified

turbulence (at zero gradient Richardson number). The verti-
cal anisotropy parameter for an extremely strongly stratified
turbulence is A∗

z = 0.03 and the constants CF = Cτ /Pr(0)
T

=
0.125, where Cτ is the coefficient determining the turbu-
lent viscosity (KM = 2Cτ AzE

1/2
K �0) for a nonstratified tur-

bulence. The constant CP = 0.417 describes the deviation
of the dissipation timescale of Eθ = 〈θ2〉/2 from the dis-
sipation timescale of TKE. The constants CF , CP, and A∗

z
are determined from numerous meteorological observations,
laboratory experiments, and LES (see details in Ref. [59]).
The results essentially depends on the empirical constant Cθ ,
e.g., the constant Cθ = 1/15 is chosen to get a small parameter
A∗

z to reproduce a quasi-two-dimensional turbulence for an
extremely strongly stratified turbulence.

In Fig. 1 we show the dependence of the vertical anisotropy
parameter Az = Ez/EK on the wave Richardson number RiW

for different values of the parameter Cθ . The anisotropy pa-
rameter depends strongly on the empirical constant Cθ ; e.g.,
it becomes negative, Az < 0, when Cθ < 1/15. This indicates
that the system does not reach a steady state.

The ratio of the turbulent potential energy EP to the total
turbulent energy E = EK + EP versus the wave Richardson
number RiW is shown in Fig. 2. It is seen here that for large
wave Richardson number (i.e., for the low-amplitude IGWs),
the turbulent potential energy is about 90% of total turbulent

1 10 100
0.3

0.4

0.5

0.6

0.7

0.8

RiW

Ep/E

FIG. 2. The ratio of the turbulent potential energy, EP, to the total
turbulent energy E = EK + EP versus the wave Richardson number
RiW for different values of the parameter Cθ = 1/15 (solid), 0.1
(dashed), and 0.217 (dashed-dotted).
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10

−3

10
−2

10
−1

Ri
W

E
K

/(l0N )
2

FIG. 3. The nondimensional turbulent kinetic energy EK/(�0N0)2

versus RiW for different values of the parameter Cθ = 1/15 (solid),
0.1 (dashed), and 0.217 (dashed-dotted).

energy. Without waves, the ratio EP/E is less than 0.2,
while in the presence of the large-scale IGWs this ratio can
reach 0.9.

The nondimensional turbulent kinetic energy EK/(�0N0)2

versus RiW [see Eq. (25)] is shown in Fig. 3. It is clearly
seen in this figure that the turbulent kinetic energy decreases
rapidly with the increase of RiW , and EK is less than the
Ozmidov energy scale, (�0N0)2. Note that the Ozmidov length
scale,

√
εK/N3

0 , is well known as a rough threshold between
anisotropic scales and isotropic ones, where εK is the dissipa-
tion rate of TKE.

In Figs. 4 and 5 we show the turbulent Prandtl number PrT

and the nondimensional squared potential temperature flux
F 2

z /EK Eθ versus the wave Richardson number RiW , respec-
tively. It can be seen in these figures that the turbulent Prandtl
number increases with decrease of the wave energy EW,
becomes quite large, and the heat transfer becomes weaker,
i.e., the ratio F 2

z /EK Eθ decreases with decrease of the wave
energy.

V. TWO-WAY COUPLING BETWEEN TURBULENCE
AND LARGE-SCALE IGWs

In this section we consider the two-way coupling of stably-
stratified turbulence and large-scale IGWs. The large-scale
IGWs emitted at a certain level, propagate upward, and the
losses of wave energy cause the production of turbulence

1 10 100

1

10

100

Ri
W

PrT

FIG. 4. The turbulent Prandtl number PrT versus the wave
Richardson number RiW for different values of the parameter Cθ =
1/15 (solid), 0.1 (dashed), and 0.217 (dashed-dotted).

0.1 1 10

0.1

0.01

Ri
W

F
2

Z
/EK Eθ

FIG. 5. The nondimensional squared potential temperature flux
F 2

z /EK Eθ versus the wave Richardson number RiW for different
values of the parameter Cθ = 1/15 (solid), 0.1 (dashed), and 0.217
(dashed-dotted).

energy. Equation (12) for the total wave energy, EW, reads

∂EW

∂t
+ ∇z(V g EW) = −γd EW, (36)

where the damping rate, γd , of the large-scale IGWs is
given by

γd = CF
(
1 + Pr(0)

T

)
�(Q, μ)

�0

H2
E1/2

K , (37)

V g = (1 − μ−1) N0 H f (Q) is the group velocity of the
large-scale IGWs, and the function f (Q) is

f (Q) = (Q − 1)1/2

Q

∫ π/2

0

(
1 + cos2 ϑ

Q − 1

)1/2

sin2 ϑ dϑ.

(38)

The steady-state version of Eq. (36) can be written in the
form of the nonlinear Byger equation, ∇zI = −κ I , where I =
V g EW and κ = γd/V g. This equation can be also rewritten as

∇zRiW =
√

RiW

Heff Ŵ (RiW )
, (39)

where the effective damping length scale Heff is defined as

Heff = CμH

(
H

�0

)2

, (40)

and Cμ = 2(μ − 1)/(μ − 3) depends on the exponent μ of
the energy spectrum of the large-scale IGWs. Equation (39)
allows us to obtain the spatial profile of the wave Richardson

.1 1 10

1

10

100

z/H
eff

Ri
W

FIG. 6. The vertical profile of parameter the wave Richardson
number RiW for different values of the parameter Cθ = 1/15 (solid),
0.1 (dashed), and 0.217 (dashed-dotted).
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10
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10
−1
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/(l0N )
2

z/H
eff

FIG. 7. The vertical profile of the normalized turbulent kinetic
energy, EK/(�0N0)2, for different values of the parameter Cθ = 1/15
(solid), 0.1 (dashed), and 0.217 (dashed-dotted).

number. In particular, the function RiW (z), as the result of
solution of Eq. (39) is shown in Fig. 6. As follows from
Eq. (40) and Fig. 6, the effective damping length scale Heff

is much larger than the equilibrium height H . This implies
that the large-scale IGWs penetrate almost the entire atmo-
sphere height and generate weak turbulence. These waves are
significantly attenuated at z = 10 Heff .

Equation for the total turbulent energy E = EK + EP is

∂E

∂t
+ ∇z� = � − ε, (41)

where � = γd EW is the production rate of the total turbulent
energy E caused by the damping of the large-scale IGWs,
and ε = E/(CPtT ) is the dissipation rate of the total turbulent
energy. Equations (36) and (41) yield the budget equation for
the sum, E + EW of the turbulent total energy and the wave
total energy:

∂ (E + EW)

∂t
+ ∇z(� + V g EW) = − E

CPtT
. (42)

This equation describes energy exchange between turbulence
and large-scale internal gravity waves.

Let us analyze the two-way interaction between large-scale
IGWs and stably stratified turbulence. In Fig. 7 we show
the vertical profile of the normalized turbulent kinetic en-
ergy, EK (z)/(�0N0)2. It decreases rapidly with height reaching
the value 2 × 10−3 at z = 10 Heff . The vertical profile of
the normalized squared turbulent flux F 2

z /EK Eθ of potential

1 10
10

−3

10
−2

10
−1

F
2

Z
/EK Eθ

z/H
eff

FIG. 8. The vertical profile of the normalized squared potential
temperature flux F 2

z /EK Eθ , for different values of the parameter Cθ =
1/15 (solid), 0.1 (dashed), and 0.217 (dashed-dotted).

0.1 1 10

0.1

0.2

0.3

0.4

z/H
eff

Az

FIG. 9. The vertical profile of the anisotropy parameter Az, for
different values of the parameter Cθ = 1/15 (solid), 0.1 (dashed),
and 0.217 (dashed-dotted).

temperature (see Fig. 8) is similar to the vertical profile of the
turbulent kinetic energy, shown in Fig. 7.

The vertical profile of Az is shown in Fig. 9, which
demonstrates that Az decreases with height. This implies that
anisotropy of turbulence increases with height, and this effect
is more significant for Cθ = 1/15. For small wave Richard-
son numbers (i.e., for intensive waves), turbulence is almost
isotropic, but for large heights the turbulence anisotropy be-
comes more significant compared to the case of a sheared
stably stratified turbulence. In particular, when hight z varies
from z = 0.1 Heff to z = 50 Heff , the parameter Az decreases
10 times (see Fig. 9). The latter implies formation of a
“pancake” structure in turbulent velocity field for large z
(see, e.g., Refs. [27,28]).

The turbulent Prandtl number and the ratio of potential
to the total energy EP/E shown in Figs. 10 and 11 increase
with height as the wave becomes less intensive. It is seen
in Fig. 11 that for the upper layers, the turbulent potential
energy is larger than the turbulent kinetic energy. This implies
that the temperature fluctuations dominate over the velocity
fluctuations. In particular, the ratio Ep/E increases up to 0.85
at z = 50 Heff . For comparison, in a shear-produced stably
stratified turbulence without IGWs, the ratio of turbulent
potential energy to total turbulent energy, Ep/E , reaches 0.15
at very large gradient Richardson numbers (see Fig. 7 in
Ref. [59]). On the other hand, in a shear-produced stably strat-
ified turbulence with IGWs (where only the one-way coupling
is taking into account), the maximum ratio Ep/E increases up
to 0.45 at very large gradient Richardson numbers (see Fig. 5
in Ref. [57]).

1 10

1

10

100

PrT

z/H
eff

FIG. 10. The vertical profile of the turbulent Prandtl number, for
different values of the parameter Cθ = 1/15 (solid), 0.1 (dashed),
and 0.217 (dashed-dotted).
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0.1 1 10

0.6

0.7

0.8

E /E

z/

FIG. 11. The vertical profile of the ratio EP/E , for different
values of the parameter Cθ = 1/15 (solid), 0.1 (dashed), and 0.217
(dashed-dotted).

VI. CONCLUSIONS

Within the new EFB turbulence closure model a system
of equations describing two-way interactions between internal
gravity waves (IGWs) and turbulence has been derived. This
system includes the budget equation for the total (kinetic
plus potential) energy of IGWs, and the equations for the
kinetic and potential energies of turbulence, turbulent heat
fluxes for waves, and flow for arbitrary stratification. The
general physical picture in two-way coupling between IGWs
and turbulence is following: waves emitted at a certain level
(in case if there is no refraction) propagate upward. The
losses of wave energy cause the production of turbulence.
Therefore, waves transfer energy, while turbulence causes its
losses. We have shown that more intensive waves penetrate
in a shorter distance, while less intense IGWs penetrate in
larger distances. This is caused by the nonlinear effects, where
the more intense IGWs produce more strong turbulence that
results in more intensive damping of IGWs.

The analysis of the effects of IGWs on the anisotropy
of turbulence has shown that for less intensive waves the
turbulence anisotropy is stronger. Low-amplitude waves pro-
duce anisotropic turbulence with a low energy, and the total
turbulent energy consists up to 90% of potential energy. This
property resembles one observed in high-altitude tropospheric
nearly two-dimensional turbulence.

We also have demonstrated that the kinetic energy of
turbulent fluctuations has the Ozmidov energy scale (which
is the product of the Brunt-Väisälä frequency and turbulence
integral scale). When turbulence is produced only by waves,
the gradient Richardson number tends to infinity, because it
is a shear-free turbulence (for which the wave shear is much
larger than the wind shear). The most appropriate parameter
in this case is the effective Richardson number associated with
the amplitude of the wave.
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APPENDIX A: DERIVATION OF EQ. (15)

Equation (15) follows from Eq. (13). In particular, substi-
tuting Eqs. (3)–(4) and (23)–(24) into Eq. (13), performing
averaging, and taking into account that for the linear IGWs
EW

K = EW
P = (1/2)EW, we arrive at expression (15) for the

dissipation rate DW of the total wave energy EW.
A simple and approximate derivation of Eq. (15) is as

follows. The dissipation rate of the wave kinetic energy EW
K

is DW
K = −KMV W · �V W, which in k space reads 2KMk2EW

K .
The dissipation rate of the wave potential energy EW

P is DW
P =

−(β2/N2)KH�W ��W, which in k space reads 2KH k2EW
P .

Taking into account that for the linear IGWs, EW
K = EW

P =
(1/2)EW, we arrive at the expression (15) for the dissipation
rate DW = DW

K + DW
P of the total wave energy EW.

APPENDIX B: THE FUNCTION Ŵ (RiW )

The function Ŵ (RiW ) is determined by the following cubic
algebraic equation: Ŵ 3 + B1Ŵ 2 + B2Ŵ + B3 = 0, where

B1 = −
{

1 − 2CθCP + CA

[
CθCP

(
1 + 1/Pr(0)

T

) − CF

5

]

+ 2

3RiW

} [
CF − 2CθCP

(
1 + 1/Pr(0)

T

)]−1
, (B1)

B2 =
[
CA(1 + CθCP ) + 2 − CA

3RiW

]

× [
CF − 2CθCP

(
1 + 1/Pr(0)

T

)]−1
, (B2)

B3 = CA

3RiW

[
CF − 2CθCP

(
1 + 1/Pr(0)

T

)]−1
, (B3)

and CA = 5(1 − A∗
z )−1(1 − Ri∗f )−1.
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