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Mean-field dynamo in a turbulence with shear and kinetic helicity fluctuations
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We study the effects of kinetic helicity fluctuations in a turbulence with large-scale shear using two different
approaches: the spectral 7 approximation and the second-order correlation approximation (or first-order
smoothing approximation). These two approaches demonstrate that homogeneous kinetic helicity fluctuations
alone with zero mean value in a sheared homogeneous turbulence cannot cause a large-scale dynamo. A
mean-field dynamo is possible when the kinetic helicity fluctuations are inhomogeneous, which causes a
nonzero mean « effect in a sheared turbulence. On the other hand, the shear-current effect can generate a
large-scale magnetic field even in a homogeneous nonhelical turbulence with large-scale shear. This effect was
investigated previously for large hydrodynamic and magnetic Reynolds numbers. In this study we examine the
threshold required for the shear-current dynamo versus Reynolds number. We demonstrate that there is no need
for a developed inertial range in order to maintain the shear-current dynamo (e.g., the threshold in the Reynolds

number is of the order of 1).
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I. INTRODUCTION

It has been widely recognized that astrophysical large-
scale magnetic fields originate due to the mean-field dynamo
(see, e.g., [1-7]). Such a dynamo can be driven by the joint
action of the mean kinetic helicity of turbulence and large-
scale differential rotation. On the other hand, recently per-
formed numerical experiments [8—10] have demonstrated the
existence of a nonhelical large-scale dynamo in a turbulence
with a large-scale shear whereby mean « effect vanishes.
Note that the sheared turbulence is a universal feature in
astrophysical [6,7,11] and laboratory [12] flows.

One of the possible mechanisms of the nonhelical large-
scale dynamo in a homogeneous sheared turbulence is a
shear-current effect, which has been extensively studied dur-
ing recent years (see [13—16]). In particular, the deformations
of the original nonuniform magnetic field lines are caused by
upward and downward turbulent eddies. In a sheared turbu-
lence the inhomogeneity of the original mean magnetic field
breaks a symmetry between the influence of the upward and
downward turbulent eddies on the mean magnetic field. This
creates the mean electric current along the mean magnetic
field and results in the nonhelical shear-current dynamo. In-
deed, the large-scale velocity shear creates anisotropy of tur-
bulence that produces a contribution to the electromotive
force, W X ]J, caused by the shear, where W is the back-
ground large-scale vorticity due to the shear and J is the
large-scale electric current. Joint effects of the electromotive
force W X J and stretching of the mean magnetic field due to
the large-scale shear motions cause the mean-field dynamo
instability. Note also that the numerical experiment with
Taylor-Green forcing [17] seems to be another example of a
mean-field dynamo produced by a combined effect of a non-
helical turbulence and a complicated large-scale flow.

Another effect that might explain the nonhelical large-
scale dynamo is related to kinetic helicity fluctuations in a
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sheared turbulence. A problem associated with the dynamics
of large-scale magnetic fields in the presence of kinetic he-
licity fluctuations in a shear-free turbulence was formulated
for the first time by Kraichnan [18] (see also [1]). In particu-
lar, he assumed that in small scales [,<<[,<<[, (and 7,
< Toup << 7p) there is a small-scale turbulence generated by
the forcing F®. On the other hand, in the scales lh<I<I,
(and 7y <7< T,) there are kinetic helicity fluctuations (or &
fluctuations) with a zero mean generated by the forcing F.
The mean-field effects occur at large scales L> [, (and times
7,>1,), where the large-scale helicity is zero. The large-
scale quantities are determined by double averaging over ve-
locity fluctuations and over kinetic helicity fluctuations. It
was found in [18] (see also [1]) that kinetic helicity fluctua-
tions in a shear-free turbulence cause both a reduction of
turbulent magnetic diffusion and a large-scale drift velocity,
V@ V(@?), of the mean magnetic field.

In recent time the dynamo problem related to kinetic he-
licity fluctuations has been extensively studied. In particular,
various mathematical aspects of this problem have been dis-
cussed in [19] (see also [20]). Some numerical experiments
which examine the effects of kinetic helicity fluctuations
have been performed in [10,21]. In particular, numerical
simulations of the magnetic field evolution in accretion disks
in [21] have demonstrated that Kinetic helicity fluctuations
with a zero mean can result in the generation of large-scale
magnetic field.

It was pointed out in [22] that inhomogeneous Kinetic
helicity fluctuations in a sheared turbulence can produce a
mean-field dynamo. In particular, a joint action of a large-
scale shear and a nonzero mean « effect caused by the inho-
mogeneous kinetic helicity fluctuations can result in the gen-
eration of a large-scale magnetic field, where the mean «
effect in a sheared turbulence is proportional to V(&?). This
mean-field dynamo is similar to the a{) dynamo. On the
other hand, it was suggested in [23] using phenomenological
arguments that homogeneous kinetic helicity fluctuations in a
homogeneous turbulence with shear may generate a large-
scale magnetic field.

©2008 The American Physical Society
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The main goal of this study is to examine the possibility
for a nonhelical large-scale dynamo associated with homo-
geneous kinetic helicity fluctuations with a zero mean in a
homogeneous turbulence with a large-scale shear. In this
study of a sheared turbulence we use two different ap-
proaches: namely, the spectral 7 approximation [14] and
second-order correlation approximation [SOCA, sometimes
referred to in the astrophysical literature as the first-order
smoothing approximation (FOSA); see, e.g., [24,25]]. We
also investigate dynamo effects associated with inhomoge-
neous kinetic helicity fluctuations in a sheared homogeneous
turbulence.

This paper is organized as follows. In Sec. II we formu-
late the governing equations and outline the procedure of
derivation based on the 7 approach, which allows us to de-
termine a contribution to the mean electromotive force
caused by a combined action of the sheared turbulence and
the kinetic helicity fluctuations. In Sec. III we study the ef-
fects of kinetic helicity fluctuations in a sheared turbulence
using the 7 approach. In Sec. IV we investigate similar ef-
fects using the SOCA approach. In Sec. V we discuss the
threshold required for the shear-current dynamo versus Rey-
nolds number. In Sec. VI we draw concluding remarks. Fi-
nally, the detailed derivations of the effects of kinetic helicity
fluctuations in a sheared turbulence using the 7approach and
the SOCA approach have been performed in Appendix A and
Appendix B, respectively.

II. GOVERNING EQUATIONS AND THE » APPROACH

In order to study mean-field dynamo in a turbulence with
kinetic helicity fluctuations and large-scale shear we use a
procedure which is similar to that applied in [14] for an
investigation of a sheared turbulence. In particular, we use
the following equations for fluctuations of the velocity u and
magnetic field b in order to determine the effect of shear on
a turbulence:

Ju

=—(U.V)u—(u.V)U-V<’—’) Lw.vB
dt p/ p

+(B-V)b]+ vAu +u" + FW + FY, (1)

@—(B-V)u—(u-V)B+(b-V)U—(U-V)b+ 7Ab + bV,

a
(2)

The velocity field is assumed to be incompressible. Here B
=(b’), b’=b+B is the total magnetic field, the angular
brackets (---) denote averaging over ensemble of turbulent
velocity field, the velocity U=(u’)=U®+V includes an im-
posed large-scale sheared velocity U, u’=u+U is the total
velocity field, v is the kinematic viscosity, 7 is the magnetic
diffusion due to electrical conductivity of the fluid, p is the
fluid density, p are the fluctuations of total (hydrodynamic
and magnetic) pressure, the magnetic permeability of the
fluid is included in the definition of the magnetic field, vV
and b" are the nonlinear terms, and F® and FX are the
stirring forces for velocity and kinetic helicity fluctuations,
respectively.
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Using Egs. (1) and (2) written in Fourier space we derive
equations for the instantaneous two-point second-order cor-
relation functions of the velocity fluctuations (u;u,), the mag-
netic fluctuations (b;b;), and the cross-helicity tensor (b;u;).
The equations for these correlation functions are given by
Egs. (A2)—(A4) in Appendix A. We split the tensor of mag-
netic fluctuations into nonhelical, h;=(b;b;), and helical,

hl(JH) parts. The helical part hf.’.") depends on the magnetic
helicity, and it is determined by the dynamic equation that
follows from the magnetic helicity conservation arguments
(see, e.g., [26-33] and the review in [7]).

The second-moment equations include the first-order spa-
tial differential operators N applied to the third-order mo-

ments M. A problem arises how to close the system—i.e.,

how to express the set of the third-order terms AMUD

through the lower moments M) (see, e.g., [34-36]). We use
the spectral 7-closure approximation which postulates that

the deviations of the third-moment terms, NMYD(k), from
the contributions to these terms afforded by the background

turbulence, NMU1O(K), are expressed through the similar
deviations of the second moments, M (k)—-M"-0)(k):

NM(III)(k) _ NM(III,O)(k) —_ %[ M(II)(k) _ M(II,O)(k)]
T.(k
(3)

(see [14,36-39]), where 7,.(k) is the scale-dependent relax-
ation time, which can be identified with the correlation time
of the turbulent velocity field for large hydrodynamic and
magnetic Reynolds numbers. The quantities with the super-
script (0) correspond to the background shear-free turbulence
with a zero mean magnetic field. We apply the spectral 7
approximation only for the nonhelical part /;; of the tensor of
magnetic fluctuations. Note that a justification of the 7 ap-
proximation for different situations has been performed in
numerical simulations and analytical studies in [7,40-45]
(see also detailed discussion in [46], Sec. VI).

We assume that the characteristic time of variation of the
magnetic field B is substantially larger than the correlation
time 7(k) for all turbulence scales. This allows us to get a
stationary solution for the equations for the second-order
moments M), We split all second-order correlation func-
tions MY" into symmetric hl(.;)=[h,-j(k)+hl-j(—k)]/ 2 and anti-
symmetric hff):[h,-j(k)—h,-j(—k)]/Z parts with respect to the
wave vector k. For the integration in k space we have to
specify a model for the background shear-free turbulence. A
nonhelical part of the homogeneous background turbulence
is given by the equations

wnrw=la SR o
(b2 = <b2>< %~ #) 8Eqik)2 (5)

where §;; is the Kronecker tensor, the energy spectrum func-
tion is E(k):k(_)l(q—l)(k/ko)“f, the wave number ky=1/1,,
and the length /; is the maximum scale of turbulent motions.
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The turbulent correlation time is (k)= C7y(k/ky) ™™, where
the coefficient C(g,u)=(g—1+u)/(g—1). This value of the
coefficient C corresponds to the standard form of the turbu-
lent diffusion coefficient in the isotropic case—i.e.
= [7(k)[(u?)E(k)]dk=1o{u?)/3. Here the time m,=1I,/ /<_72§
and \/ﬁ is the characteristic turbulent velocity in the scale
lo. For the Kolmogorov’s-type background turbulence (i.e.,
for a turbulence with a constant energy flux over the spec-
trum), the exponent u=¢—1 and the coefficient C=2. In the
case of a turbulence with a scale-independent correlation
time, the exponent u=0 and the coefficient C=1.

On the other hand, a helical part of the background turbu-
lent velocity field is given by the following equation:

E\(k)

(uu; )(OX (k) = ix" €.k, Py

(6)
where € is the fully antisymmetric Levi-Civita tensor, x”
=(u-(V Xu)) is the kinetic helicity, the spectrum function is
EX(k)=k61C (klkg)~?, and C,=g—1 for large hydrodynamic
Reynolds numbers. In the scales [y</<<l, there are fluctua-
tions of kinetic helicity x¥ (see Sec. III).

Using the solution of the derived second-moment equa-
tions, we determine the contributions to the electromotive
force, EES’“):eimn f <b,,um)f(s’“)dk, caused by a combined ac-
tion of the sheared turbulence and the kinetic helicity fluc-
tuations (see Appendix A).

III. EFFECTS OF KINETIC HELICITY FLUCTUATIONS
IN A SHEARED TURBULENCE: 7 APPROACH

The procedure described in Sec. II allows us to determine
the contributions to the electromotive force (in particular, to
the & tensor) caused by a combined action of the sheared
turbulence and the kinetic helicity fluctuations (for details
see Appendix A). This procedure yields the equation for the
evolution of the magnetic field B:

%—VX(aB+U(S>><B nJ) +BY, (7)
where 77 is the turbulent magnetic diffusion coefficient, J
=V X B is the electric current, BY are the nonlinear terms,
U® is the imposed background sheared velocity, and we
assume for simplicity that V=0. Here the total & tensor is
given by

;= as;+ a(s @ (®)

where @&; determines a contribution to the total & tensor
caused by a shear-free turbulence, while aS 9 describes a

i
contribution to the & tensor caused by a combined action of
the sheared turbulence and the kinetic helicity fluctuations.

The tensor a(f “ reads
al® = - an[C,(00) + Cre, W, 9)

where (&U)(S) \ U +V U(S /2, W=V XU, the coef-
ficients Cl—(31/5)(3 2,u) and C,=1/2, and the parameter [
is given by
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(g—1+p)?°
(g-1+2m)(g-1)

For the Kolmogorov’s-type background turbulence (i.e., for a
turbulence with a constant energy flux over the spectrum),
the exponent u=g—1 and the coefficients C;=(4/5)(3
—2u) and C,=2/3. The tensor af,f’“) is derived in Appendix
A.

Using Eq (7) we derive equation for the correlation func-
tion {a;;B,)*:

I=17," f 2(k)E(k)dk = (10)

ij=p

<(,YU p> é_pmn[(vmékxOZt'ja’nk>(a) + Ek<aijvmank>(a)]

+{aBYV, U + Na;B ), (11)

where B=(B)@, the brackets (---)® denote an averaging

over random & fluctuations, J=V X B, and /V(a,»ij)(“) deter-
mines the third-order moments caused by the nonlinear
terms, which include also the turbulent diffusion term. In Eq.
(11) we use the spectral 7 approximation (3), whereby the
relaxation time is of the order of the time 7,. We also take
into account that the characteristic time of variation of the
mean magnetic field B is substantially larger than the relax-
ation time 7,. Then the steady-state solution of Eq. (11) al-
lows us to determine the correlation function (q; Bj) )
which is given by Eq. (A6) in Appendix A.

Now let us consider for simplicity a linear mean velocity
shear U¥=(0,5x,0) and W¥=(0,0,5) with Smy<1. We
also consider the mean magnetic field B in a most simple

form B= (B.(z),B,(z),0). Therefore, the correlation function
(a,;B)® is given by

1 R _
(a,B)\W = ETX{S(TX +2C,m)[2], - (B X V), ]+2J,

- (B X V)@, (12)
where we used Eq. (A6) given in Appendix A.

A. Inhomogeneous kinetic helicity fluctuations

Let us first analyze inhomogeneous kinetic helicity fluc-
tuations. The last term in Eq. (12) describes a large-scale
drift velocity of the mean magnetic field:

Ve = XV (@), (13)

where 7'X=lf(/ 7. The third term in Eq. (12) determines a
negative contribution to the turbulent magnetic diffusion of
the mean magnetic field:

7 == (@), (14)

Note that the total turbulent magnetic diffusion coefficient
nr+ n(Ta) should be positive. The reduction of the turbulent
magnetic diffusion and the large-scale drift velocity, V(®
o V(@), of the mean magnetic field caused by kinetic helic-
ity fluctuations have been obtained previously in [18] (see
also [1]) using the SOCA approach. The second term in Eq.

(12) describes a mean « effect,
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7.5 —
alseo = _ —22L(TX +2C, 1) V(@)Y (15)

caused by a combined action of a large-scale shear and in-
homogeneous kinetic helicity fluctuations. This effect can re-
sult in a mean-field dynamo (see [22]) that acts as the af)
dynamo. The first term in Eq. (12), which is proportional to

J., contributes to the coefficient o, determined by Eq. (20).

B. Homogeneous kinetic helicity fluctuations

Now let us consider homogeneous kinetic helicity fluctua-
tions (V{a?)®=0) when the mean « effect vanishes. The
total contribution to the mean electromotive force caused by
the sheared turbulence and the kinetic helicity fluctuations is

EES’“)=(a,-ij)(“)+bl(.f]3Vkl§j. Here the tensor bffk) determines

the shear-current effect and is given by
b5} = [ Cs€0n (DU + Ca6, Wi (16)

(see [14]), where C3;=I[1-2u+€(9+10u)]/30, C4=I[3
—2u—€(5+2u)]/60, the parameter e=E,,/E,, E,, and E,, are
the magnetic and kinetic energies per unit mass in the back-
ground turbulence, and 7 is determined by Eq. (10). Magnetic
fluctuations in the background turbulence are caused by a
small-scale dynamo (see, e.g., [47-49]).

The y component of the mean electromotive force caused
by the sheared turbulence and the kinetic helicity fluctuations
reads

59 = BS(V.B,) o~ 7477, (17)
where
(@)
_ ‘x
O¢=0p— Oq» (18)
T
1 1
0‘3=5C3+C4=G[l_l""'e(l"'z/‘/“)]’ (19)
4
Ta=1+2C, 2= 142, (20)
Ty Ty

and uy=1[y/ 7. The parameter oy describes the shear-current
effect, while the parameter o, determines the combined ef-
fect of the kinetic helicity fluctuations and the sheared turbu-
lence. Equation (19) for the parameter o has been derived in
[14] for the case of large hydrodynamic and magnetic Rey-
nolds numbers. In Sec. V we determine the parameter op for
the case when hydrodynamic and magnetic Reynolds num-
bers are not large.

C. Mean-field dynamo

The equation for the evolution of the mean magnetic field,
B=(B,(2).B,(2).0), reads

dB _ _
(9—;‘ = - 0SB + 7By, (21)
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9B, _ -
o _SB + 7B, 22
ot Ir y ( )

where 7=+ 77(T'1) and B/=3"B;/ dz*. Here we neglect small
contributions to the coefficient of turbulent magnetic diffu-
sion caused by the shear motions because S7,<<1. The solu-
tion of Egs. (21) and (22) we seek for in the form
ocexp(yst+iK.z), where the growth rate g of the mean mag-
netic field is given by

¥5=Slo\osK. = k. (23)

The necessary condition for the magnetic dynamo instability
is o¢>0. The parameter o, >0 [see Egs. (18) and (20)]. This
implies that homogeneous kinetic helicity fluctuations in a
homogeneous turbulence with shear cause a negative contri-
bution to the parameter og. Therefore, homogeneous kinetic
helicity fluctuations in a sheared turbulence act against
mean-field dynamo [see Eqgs. (18) and (23)], while the shear-
current effect may cause the generation of the large-scale
magnetic field when the parameter o3>0 (see also Sec. V).

Note that two effects determined by the parameters oy
and o, can be interpreted as the off-diagonal terms in the
tensor of turbulent magnetic diffusion. The kinetic helicity
fluctuations cause a negative contribution to the diagonal
components 0<17(T“) of turbulent magnetic diffusion of the
mean magnetic field [see Eq. (14)]. On the other hand, the
kinetic helicity fluctuations also results in a negative contri-
bution to the off-diagonal term *og%—0, in the tensor of
turbulent magnetic diffusion.

In order to determine the threshold required for the exci-
tation of the mean-field dynamo instability, we consider the
solution of Egs. (21) and (22) with the boundary conditions
B(t,|z|=L)=0 for a layer of the thickness 2L in the z direc-
tion. The solution for the mean magnetic field is determined
by

E),(t, 7) = By exp(yst)cos(K,z + @), (24)
B,(1,2) = oK NorsB, (1,2). (25)

For the symmetric mode the angle ¢=mmn and the large-scale
wave number K_=(/2)(2m+1)L~!, where n,m=0,1,2,....
For this mode the mean magnetic field is symmetric relative
to the middle plane z=0. Let us introduce the dynamo num-
ber D=(1,S,/L)*0s, where the parameter S,=SL?/ %y is the
dimensionless shear number. For the symmetric mode the
mean magnetic field is generated due to the shear-current
effect when the dynamo number D> D =(7*/4)(2m+1)>.
For the antisymmetric mode the angle ¢=(m/2)(2n+1) with
n=0,1,2,..., the wave number K = 7mL~" and the magnetic
field is generated when the dynamo number D> D .= mm?,
where m=1,2,3,.... The maximum growth rate of the mean
magnetic field, 7maX:Szl%o'S/ 477, is attained at K,
=51, \J’FS/ 2 7. Therefore, the characteristic scale of the mean
magnetic field variations Lg=27/K,=4uy/ (S\ o).
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IV. EFFECTS OF KINETIC HELICITY FLUCTUATIONS
IN A SHEARED TURBULENCE: THE SOCA
APPROACH

Now we study the effects of kinetic helicity fluctuations in
a sheared turbulence using a SOCA. This approximation is
valid only for small hydrodynamic Reynolds numbers. Even
in a highly conductivity limit (large magnetic Reynolds num-
bers), the SOCA can be valid only for small Strouhal num-
bers (i.e., for very short correlation time).

The procedure of the derivation of the electromotive force
in a homogeneous turbulence with shear and kinetic helicity
fluctuations is as follows (for details see Appendix B). We
use Egs. (1) and (2) for fluctuations of velocity and magnetic
fields, exclude the pressure term from the equation of motion
(1) by calculation VX (VXu). We rewrite the obtained
equation and Eq. (2) in a Fourier space and apply the two-
scale approach (i.e., we use large-scale and small-scale vari-
ables). We neglect nonlinear terms, but keep molecular dis-
sipative terms in Egs. (1) and (2) for fluctuations of velocity
and magnetic fields. We seek for a solution for fluctuations of
velocity and magnetic fields as an expansion for weak veloc-
ity shear.

This procedure allows us to determine the contributions to
the electromotive force caused by a combined action of the
sheared turbulence and the kinetic helicity fluctuations. In
particular, the tensor aES’a) caused by the kinetic helicity
fluctuations in a sheared turbulence is given by
al® = - an[C(a0) + Cre;, W] (26)

%ij
(for details see Appendix B), where the coefficients C, and

C, are

_ - G,
C1=—E(11Re+3Rm), C2=€(Rm—2Re),

(27)

(28)

.=

g+1 { 1= (/1) ™3 ]
g+3| 1= (11"
and Re=ugly/ v is the hydrodynamic Reynolds number and

Rm=uly/ n is the magnetic Reynolds number. Here we take
into account that

@; = ifinmf kJ‘an(mnX)dk dw=ad, (29)
where

C
a=-— ?OTO)(U Rm,

Co=—Cx—{1 —(1—*>W}, (30)

q+ 1 l()

- ) 0.x)
Gylk.w)=(y~iw)"  and [k w)
=(uu)) "V (k, ) =-ix’€;,k,E (k,0)/(87k*). To integrate
in k and o space we used the following model for the

spectrum function: EX(k,w):éxkal(k/k())‘qé(w), where E‘X

the function
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=(g—1)[1=(1./1y)?"']" and the wave number k varies in the
interval from ;' to I;'. Since the SOCA is valid for small
hydrodynamic Reynolds numbers, the scale /, is not related
to the Kolmogorov (viscous) scale /,,.

In the scales [y<</<[, there are fluctuations of kinetic
helicity x* (or fluctuations of a). In order to determine the
correlation function {a;; p) we use Eq. (7) in which #z; is
replaced by n+ n; and we neglect the nonlinear terms. Solv-
ing this equation in a Fourier space we determine the mag-
netic field Bi(IZ,Q), where the wave vector K and the fre-
quency () are in the spatial scales [,</</, and the time
scales 7p<7<T,. Multlplylng the magnetic field B; (K Q)
by the tensor «; »—a5 +a(j and averaging over klnetlc he-
licity ﬂuctuatlons we determine the correlation function
(a;;B ]>(“) It is given by Eq. (B9) in Appendix B.

Now we consider a linear mean velocity shear U®
=(0,Sx,0) and assume that the mean magnetic field B has
the form B= (B.(z), B W(2), O) Therefore, Eq. (B9) yields the
correlation function (« ay; j> @),

<a‘] ]>(a) = Ef GT{S(GT+ 2C2To)[2., - (B X V) ] + 2.,
— (B X V), X&) dK a0, (31)
where G(K,Q)=[(n+5,)K2=iQ] .

A. Homogeneous Kkinetic helicity fluctuations

Let us consider homogeneous kinetic helicity fluctuations.
The y component of the mean electromotive force caused by
the sheared turbulence and the kinetic helicity fluctuations is
given by Eq. (17), the parameter oy is determined by Eq
(18) whereby the time 7, is replaced by the time 7, —l /

X
(m+ 77), and the parameter o, is given by

1 f ~ (@ =
=———| GG +2C,rp){@) - dK dQ)
=2~ (a A 210
7@ K
g-1 C.C
—0<?) (Rm - 2Re). (32)
q+ 3 4 \7,

Here the coefficient Cy=(7—1)/(g+1), the function (&2);;)
=(&2)(“)EX(I? ,Q), and we use the following model for the
spectrum function: EX(I? ,Q)zk;'('q“— 1)(K/ k,)~18(€)), where
the wave number k,=1//, and we take into account that ,
<l,.

X

As follows from Eq. (32), the parameter o,>0. This im-
plies that homogeneous kinetic helicity fluctuations in a ho-
mogeneous turbulence with shear act against mean-field dy-
namo [see Egs. (18) and (23)]. For small hydrodynamic and
magnetic Reynolds numbers (i.e., for the range of validity of
the SOCA) the parameter o is negative and the shear-
current effect cannot generate the large-scale magnetic field

(see [24,25]). This result is in agreement with [14] (see also
Sec. V).
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B. Inhomogeneous kinetic helicity fluctuations

Now let us consider inhomogeneous kinetic helicity fluc-
tuations. The last term in Eq. (31) determines a large-scale
drift velocity of the mean magnetic field,

G

1 _
(@) _ = ~2\(@) _
v _ZVJGTM)K dR d0=

7, V(@' (33)
and the third term in Eq. (31) describes a negative contribu-

tion to the turbulent magnetic diffusion of the mean magnetic
field [18] (see also [1]),

o ~\(a) ;= ~ = (=2\(a
,7<T>=_fc;7<a2>12 dK d) == Corfa)@.  (34)

The second term in Eq. (31) determines the mean « effect
caused by a combined action of a large-scale shear and in-
homogeneous kinetic helicity fluctuations:

S ~ o) 7
759 == 38, GG+ 2Com@) R a0

=- %Zf\z”—gvz(a%(“). (35)

The first term in Eq. (31), which is proportional to J,, con-
tributes to the coefficient o, determined by Eq. (32).
Therefore, both approaches (the spectral 7 approximation
and SOCA) demonstrate that homogeneous kinetic helicity
fluctuations alone with zero mean value in a sheared homo-
geneous turbulence cannot cause large-scale dynamo. On the
other hand, inhomogeneous kinetic helicity fluctuations can
generate large-scale magnetic field in a sheared turbulence.

V. THRESHOLD FOR SHEAR-CURRENT DYNAMO
VERSUS REYNOLDS NUMBER

In Secs. III and IV we have shown that homogeneous
kinetic helicity fluctuations with zero mean in a sheared tur-
bulence act against mean-field dynamo. On the other hand,
shear-current effect can generate large-scale magnetic field
even in a homogeneous nonhelical turbulence with large-
scale shear. The shear-current dynamo has been studied in
[13-16] for large hydrodynamic and magnetic Reynolds
numbers. In this section we demonstrate that hydrodynamic
and magnetic Reynolds numbers can be not large in order to
maintain the shear-current dynamo. To this end we examine
the threshold required for the generation of a large-scale
magnetic field by the shear-current dynamo.

Let us neglect the effect of kinetic helicity fluctuations
discussed in previous sections (i.e., consider the case when
(@)@ <u}). A general form of the parameter o entering in
Egs. (18) and (21) and defining the shear-current effect is
given by

_ 1! k(dr,/dk))
7 152 f (‘* ) WE®d. (0

Equation (36) has been derived in [15] using the 7 approach.
Here E(k) is the energy spectrum function and 7.(k) is the

PHYSICAL REVIEW E 77, 036307 (2008)

relaxation time of the cross-helicity tensor that determines
the mean electromotive force. For large hydrodynamic and
magnetic Reynolds numbers the relaxation time 7,(k) of the
cross-helicity tensor is of the order of the correlation time of
turbulent velocity field (k). For simplicity we consider the
case €=0.

A. Developed turbulence at low magnetic Prandtl numbers

Let us first consider a developed turbulence at low mag-
netic Prandtl numbers. In this case the relaxation time 7,(k)
of the cross-helicity tensor, which takes into account the
magnetic diffusion # due to electrical conductivity of the
fluid, is determined by the equation

"
7, (k)= 77k2+(C7'0)_1<£> , (37)
ko

where we take into account that v<<#. For example, the
Kolmogorov scaling corresponds to w=2/3—i.e., 7,(k)
k3 (large hydrodynamic and magnetic Reynolds
numbers)—while for small magnetic Reynolds numbers, the
time 7,(k)o1/(ngk*)—i.e., 7,(k)><k=2. Using Egs. (36) and
(37) we determine the parameter op defining the shear-
current effect versus the magnetic Reynolds number:

16 15 2 —
op=—_| 1+ ,_—W(l - —arctanv2/Rm)
135 V2 Rm3? -

6 1 3( Rm \?
-— 12+ - = . (38)
Rm 2+ Rm 4\2+Rm

The asymptotic formulas for the parameter oy are as follows.
When Rm<1 the parameter o reads

op=— ——Rm?.
57105
This implies that there is no shear-current dynamo for Rm
<1 in a developed turbulence at low magnetic Prandtl num-
bers. When Re>Rm> 1 the parameter o is

_i<1 ﬁ)
8= 135\" " Rm/"

The coefficient op defining the shear-current effect versus
the magnetic Reynolds number is shown in Fig. 1. This fig-
ure demonstrates that in a developed turbulence at low mag-
netic Prandtl numbers the threshold in the magnetic Rey-
nolds number Rm,, required for the shear-current dynamo is
Rm, = 10.

B. Random flow with a scale-independent correlation time

Let us consider a random flow with a scale-independent
correlation time. In this case the exponent =0, the coeffi-
cient C=1, and the relaxation time 7,(k) of the cross-helicity
tensor, which takes into account kinematic viscosity v and
the magnetic diffusion 7 due to electrical conductivity of the
fluid, is determined by the equation

T;l(k) =(v+ Pk>+ 7'51. (39)

In this case the turbulent energy spectrum function is
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3
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20t

1 10 100 1000  Rm
FIG. 1. The coefficient o defining the shear-current effect ver-
sus the magnetic Reynolds number Rm for very large hydrody-
namic Reynolds numbers. The dashed-dotted horizontal line op

=4/135 corresponds to the case of large magnetic Reynolds
numbers.

-q
E(k)=ky'(g-1)[1 —Re“-q)/z]—l(kﬁ) : (40)
0
Note that in a random flow with a scale-independent corre-
lation time the viscous scale is /,=1,/ VRe, while the viscous
scale of the Kolmogorov turbulence is /,=1,/Re**. Here the
hydrodynamic Reynolds number Re > 1.
When the exponent g=0, the parameter oy defining the
shear-current effect reads

I |:\"Fe(3+aRe) 3+a
o= = -
"7 60(\Re-1)| (1+aRe)*  (1+a)’
1 [
+ —=(arctanya Re - arctan\@)] , (41)
va

where a=Rm™'+Re~!. The asymptotic formulas for the pa-
rameter oy are as follows. When Rm<1 and Pr,, <1, the
parameter op is

Rm2 [
op=— W(Re +\VRe+ 1),

where Pr,=v/7 is the magnetic Prandtl number. For Rm
>Re>1 the parameter oz~ 1/38, while for Re>Rm>1
the parameter oz~ 1/34.

When g=2 the parameter oy defining the shear-current
effect reads

-
1 T+5 9V
op=——— V@{l + a(—a2) + ﬂ(arctan\ﬂz

15(VRe - 1) 4(1+a) 4

-17. (42)

a Re(7 + 5a Re)
—arctanVa Re) | - ———————

4(1 +a Re)?
When Rm<1 and Pr,,<1, the parameter oy is

3
T 20(\Re-1)"

while for Rm>Re>1 the parameter oz=~1/15. For Re
>Rm> 1 the parameter o is
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10°%
15}

101

0.1 1 10 100 Rm

FIG. 2. The coefficient o defining the shear-current effect ver-
sus the magnetic Reynolds number Rm for a random flow with a
scale-independent correlation time and ¢=0. The different curves
correspond to the following values of the hydrodynamic Reynolds
numbers: Re: Re=10 (solid line), Re=6 (dotted line), Re=3
(dashed line), and Re=1.5 (dashed-dotted line).

_
1 [1 977\"Re]

UB:E 8 Rm

The coefficient op defining the shear-current effect versus
the magnetic Reynolds number for a random flow with a
scale-independent correlation time is shown in Fig. 2 (for ¢
=0). The function oz(Rm) for the exponent g=2 is similar to
that for g=0. The threshold in the magnetic Reynolds num-
ber Rm,, required for the shear-current dynamo versus the
hydrodynamic Reynolds numbers Re is shown in Fig. 3. Fig-
ure 3 demonstrates that the hydrodynamic and magnetic
Reynolds numbers can be of the order of 1 in order to main-
tain the shear-current dynamo and there is no need for a
developed inertial range.

The mean-field dynamo instability due to shear-current
effect is saturated by nonlinear effects. A dynamical nonlin-
earity in the mean-field dynamo which determines the evo-
Iution of small-scale magnetic helicity is of a great impor-
tance due to the conservation law for the total (large and
small scales) magnetic helicity in turbulence with very large
magnetic Reynolds numbers (see, e.g., [26-33] and the re-
view in [7]). In particular, the mean-field dynamo is essen-

Rm

cry
5.0 :’,
40"
3.0f

2.01

10 100 Re

FIG. 3. The threshold in the magnetic Reynolds number Rm,,
for the shear-current dynamo versus the hydrodynamic Reynolds
numbers Re for a random flow with a scale-independent correlation
time and ¢=0 (solid line) and ¢=2 (dashed-dotted line). The dashed
line is Pr,,=v/n=1.
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tially nonlinear due to the evolution of the small-scale mag-
netic helicity [28]. Even for very small mean magnetic field
the magnetic « effect that is related to the small-scale mag-
netic helicity, is not small.

The nonlinear mean-field dynamo due to a shear-current
effect has been studied in [15], whereby the transport of
magnetic helicity as a dynamical nonlinearity has been taken
into account. It has been demonstrated in [15] that the mag-
netic helicity flux strongly affects the magnetic field dynam-
ics in the nonlinear stage of the shear-current dynamo. Nu-
merical solutions of the nonlinear mean-field dynamo
equations which take into account the shear-current effect
(see [15]) show that if the magnetic helicity flux is not small,
the saturated level of the mean magnetic field is of the order
of the equipartition field determined by the turbulent kinetic
energy. The results of this study are in good agreement with
numerical simulations performed in [8,50,51]. Note that a
nonzero magnetic helicity flux is related to open boundary
conditions (see [30,31] and the review in [7]). Finally, we
point out an important issue related to the gauge invariance
formulation for the magnetic helicity that is described in de-
tails in [7,52].

VI. DISCUSSION

We study the effects of kinetic helicity fluctuations in a
homogeneous turbulence with large-scale shear using the
spectral 7 approximation and the SOCA. We show that ho-
mogeneous kinetic helicity fluctuations alone with a zero
mean cannot cause a large-scale dynamo in a sheared turbu-
lence. This negative result, based on the SOCA and 7 ap-
proach, is a quantitative one: The sign of a certain coefficient
in the mean electromotive force («<—c,) turns out to be un-
favorable for the mean-field dynamo. This result is in con-
tradiction with that suggested in [23] using phenomenologi-
cal arguments. In order to compare with the results obtained
in [23], we rewrite Egs. (21) and (22) in the following form:

dA _ _

— =SB + 7,A", 43
ot Tsolgby, + 7)p (43)
JB _ _

—Y=_SA" + 7%,B", 44
ot by (44)

where the mean magnetic field, B:Ey(z)ey+V><[K(z)ey].
Equation (44) is similar to Eq. (8) derived in [23], whereby
Q' is replaced by —S, while Eq. (43) is similar to Eq. (9)
derived in [23].

The first term on the right-hand side of Eq. (43) deter-
mines two different effects; namely, the shear-current effect

OCO'BSE_\’, and the effect O<—cr0(S1§y’ caused by the homogeneous
kinetic helicity fluctuations in a sheared turbulence. The
shear-current effect results in the mean-field dynamo, while
the second effect (<—o,) acts against the mean-field dynamo
[see Egs. (18)—(20) and (32)]. These two effects can be in-
terpreted as off-diagonal terms in the tensor of turbulent
magnetic diffusion, and they cannot be reduced to the stan-
dard « effect.
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Note that the first term on the right-hand side of Eq. (43),
which determines the effect of homogeneous kinetic helicity
fluctuations in a sheared turbulence, is similar to the first
term on the right-hand side of Eq. (9) derived in [23] except
for it having opposite sign. The latter is crucial for the mean-
field dynamo. In this comparison we have not taken into
account the shear-current effect determined by the coefficient
op, because this effect has not been considered in [23]. The
results obtained in the present study are derived using the
rigorous mean-field theory based on the SOCA (see Sec. IV).
These results are also in good agreement with those obtained
by the 7 approach (see Sec. III). On the other hand, the
results of derivation performed in [23] by phenomenological
arguments using ad hoc mean-field equations are in a dis-
agreement with our results.

The shear-current effect causes the mean-field dynamo in
a homogeneous nonhelical turbulence with imposed large-
scale shear. This effect has been studied previously (see
[13-15]) only for large hydrodynamic and magnetic Rey-
nolds numbers. In the present study we determine the thresh-
old required for the shear-current dynamo as a function of
Reynolds number and demonstrate that the threshold value
of the Reynolds number is of the order of 1. This implies that
there is no need for a developed inertial range in order to
maintain the shear-current dynamo.

In the present study we also recover the results obtained
in [18] (see also [1]) for a shear-free turbulence, whereby a
negative contribution of kinetic helicity fluctuations to the
turbulent magnetic diffusion, 77(Ta)=—TX<&2)(“), and a large-
scale drift velocity of the mean magnetic field, V(@
7, V(@)®, have been found.

On the other hand, we have demonstrated that inhomoge-
neous kinetic helicity fluctuations in a sheared turbulence
cause a nonzero mean « effect, C_!(S’a)OC—TiSV1<6~¥2>(a), where
the mean vorticity due to the large-scale shear is W(S)=Sez.
The mean « effect @@ is formed by a combined action of
a large-scale shear in turbulent flow and inhomogeneous ki-
netic helicity fluctuations even when (@)®=0. The large-
scale shear and the mean « effect can cause a mean-field
dynamo (see [22]) that is similar to the a{) dynamo.

The effects discussed in this study might be important in
astrophysics (e.g., accretion disks, colliding protogalactic
clouds, merging protostellar clouds [16]) and laboratory dy-
namo experiments. In particular, nonsymmetrical explosions
of supernovas may produce fluctuations of kinetic helicity
located in larger scales than small-scale turbulence existing
in convective zones inside stars. On the other hand, the
shear-current dynamo acts together with the a-shear dynamo
which is similar to the () dynamo. The shear-current effect
does not get quenched (see [14,15]) contrary to the quench-
ing of the nonlinear « effect, the turbulent magnetic diffu-
sion, and the effective drift velocity. This implies that the
shear-current effect might be the only surviving effect, which
can explain the origin of large-scale magnetic fields in
sheared astrophysical turbulence.
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APPENDIX A: DERIVATION OF EQS. (9) and (12) USING
THE 7 APPROACH

In order to study the effect of kinetic helicity fluctuations
in a sheared turbulence we use a procedure applied in [14]
for a sheared turbulence. Let us derive equations for the sec-
ond moments. To exclude the pressure term from the equa-
tion of motion (1) we calculate V X (V X u). Then we rewrite
the obtained equation and Eq. (2) in a Fourier space. We also
apply the two-scale approach; e.g., we use large-scale R
=(x+y)/2, K=k,;+k, and small-scale r=x-y, k=(k,
-k,)/2 variables (see, e.g., [53]). We derive equations for
the following correlation functions:

fij(k) =I:(Mi;uj),
hij(k) =£(b[;bj)a

gij(k)=i(b[;uj)’ (A1)

where
L(a;c) = f (a(k + K/2)c(- k + K/2))exp(iK - R)dK,
where (--+) denotes averaging over an ensemble of turbulent

velocity fields. The equations for these correlation functions
are given by

af(k) s )
o1 = (k B)q) +If +11]/11n(U)fml‘l+Nfij+Fij’
(A2)
oh; “
hy(K) ) -i(k-B)®; +I” + E5 (U + Ny,
at iymn ]
(A3)
dg:(k
iﬁ = i(k - B)[f;(k) = hy(k) = B+ I+ T3, (U) g,

(see [14]), where hereafter we omit the arguments ¢ and R in
the correlation functions and neglect small terms ~O(V?).
Here F;; is related to the forcing terms and V=0/dR. In Egs.
(A2)- (A4) D, (k) gij(k)_gji(_k) and Nfij’ Nhij’ Ngij are
the third- order moment terms appearing due to the nonlinear
terms which include also molecular dissipation terms. The
tensors I3, (U), ES.(U), and J5. (U) are given by

ijmn ijmn ijmn

(A4)

I, (U) = [Zk Sup O+ 2K 10O By = Bi 54

imYjq¥pn — 5iq(sjn5pm
J
+ GOk —— ok v,u,,
z]mn(U) |:51m§]q8pn + 5 5zq5pn + azmﬁmkq k VpUq,
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SinOmBig + SinOymig

im©pnCiq in®pm

Umn(U) |:2k 5lm5])l‘l

+ Bk, }V U,

where k kk /k%. The source terms I{ , Ih and Ig which
contain the large scale spatial derlvatlves of the magnetlc
field B, are given in [14]. Next, in Egs. (A2)—(A4) we split
the tensor for magnetic fluctuations into nonhelical, ;;, and
helical, h , parts The helical part of the tensor of magnetic
ﬂuctuatlons h(J ) depends on the magnetic helicity, and it fol-
lows from magnetic helicity conservation arguments (see,
e.g., [26-30,33]). We also use the spectral 7 approximation,
which postulates that the deviations of the third-moment

terms, NMUD(K), from the contributions to these terms af-

forded by the background turbulence, NMO(K), are ex-
pressed through the similar deviations of the second mo-
ments, M'D(k)-M"O(k) [see Eq. (3)].

We take into account that the characteristic time of varia-
tion of the magnetic field B is substantially larger than the
correlation time 7(k) for all turbulence scales. This allows us
to get a stationary solution for Egs. (A2)-(A4) for the
second-order moments M (”)(k), which are the sum of contri-
butions caused by a shear-free turbulence, a sheared turbu-
lence, and kinetic helicity fluctuations. The contributions to
the mean electromotive force caused by a shear-free turbu-
lence and the sheared turbulence without kinetic helicity
fluctuations are given in [14]. On the other hand, the contri-
butions to the electromotive force caused by a combined
action of the sheared turbulence and the kinetic helicity fluc-
tuations are given by 51(5 = =€,;if gl(jsa (k)dk, where the cor-
responding contributions to the cross-helicity tensor g(S @
the kinematic approximation are given by

gl(f a) k) = lT[ zjmnT(k B) + T(k B)Iymn]fwn)o’ (AS)

where f{" = (uu) OV =—ix" €k, E (k)| (8k") is the heli-
cal part of the velocity fluctuations. Straightforward calcula-
tions using Eq. (A5) yield the contributions a( ) to the
tensor caused by a combined action of the sheared turbulence
and the kinetic helicity fluctuations, which is determined by
Eq. (9). The total a tensor is given by a;=ad; +a(j ),
where @d;; determines a shear-free turbulence contrlbutron
This procedure allows us to derive the equation for the evo-
lution of the magnetic field B that is given by Eq. (7).
Using Eq. (7) we derive the equation for the correlation
function («;; p> , which is given by Eq. (11), where (- - -}(®
denote an averaging over random « fluctuations. Equation
(11) include the third-order moments caused by the nonlinear
terms. In Eq. (11) we use the spectral 7 approximation (3),
where the large-scale relaxation time is of the order of 7,. We
also take into account that the characteristic time of variation
of the mean magnetic field B=(B)® is substantially larger
than the relaxation time 7,. This yields the correlation func-

tion (a;B;) (@),
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T o o (23 ~\la
oy B))® = 25, B (0@ k™) + 8, (e Vi) )

+(ViB,) (3 aay) @ + 8, (@) )] +[8;

+ 7 (V;US[27, - (B X V), K@) @)}, (A6)

where J=V XB. We consider for simplicity a linear mean
velocity shear U®'=(0,Sx,0) and W¥=(0,0,5), where
S 7'0< 1. The mean magnetic field B in a most simple form is

B=(B,(z),B 1(2),0). Equation (A6) allows us to determine
the correlauon function (a,; j) , which is given by Eq.
(12).

APPENDIX B: DERIVATION OF EQ. (31) USING THE
SOCA APPROACH

In order to study the effect of kinetic helicity fluctuations
in a turbulence with large-scale shear we use a SOCA ap-
plied in [24] for a sheared turbulence. To exclude the pres-
sure term from the equation of motion (1) we calculate V
X (V X u); then, we rewrite the obtained equation and Eq. (2)
in a Fourier space and apply the two-scale approach (i.e., we
use large-scale and small-scale variables), neglecting nonlin-
ear terms in Egs. (1) and (2). On the other hand, we keep
molecular dissipative terms in these equations. We seek a
solution for fluctuations of velocity and magnetic fields as an
expansion for weak velocity shear:

u=u®+ul s (B1)
b=b®+bD 4 .., (B2)
where
J

bO(k,0) = Gk, w)[i(k ‘B)5, - ( Ok + @mé}n>
X(Van):| M-EO)(k’w)’ (B3)

ugl)(k,w) = Gy(k’ w)|:2ktq5]p + 5ljkq k - zq ][7:| (V Uq)
Xu}o)(k,w), (B4)

b\ (k,w) = G,](k,w){{i(k -B)§; - (5 ki~ + 5,m5,n>

x(vnB,,»l (K, w)+{ e +@q@p]

X (V,,Uq)b;‘”(k,w)} (BS)

(for details see [24]).
G,,(k,w):(nkQ—iw)_l.
Equations (B3)—(B5) allow us to determine the cross-
helicity tensor l) ((b(l) (0)> (b; ©) (1) {u (O)b l)>
+<u b(0)>)/2 This procedure y1elds the contr1but10ns 5 (5.0)

Here G, (k,w)=(vk’>—iw)™" and
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€nji Jg' 8ij (15:9) (K, w)dk dw to the electromotive force caused

by a combmed action of the sheared turbulence and the ki-
netic helicity fluctuations. In particular, the « tensor caused
by the kinetic helicity fluctuations in a sheared turbulence
reads

=D,(0U)) + D, e, W, (B6)
where

D, = 0 (G(11G,+11G,+5G,) + G(G,+ 11G,+5G )

+4k{G,G, 2 LG (G, +G)+G, G,,]’

+GY(G,+ G DE (kw)dk do, (B7)

l & * % ~
= ﬂf [Gﬂ(Gﬂ_ G,- G,,) + G”(GV— Gy)]EX(k,w)dk do.

(B8)
Here E(k, w)=E(k, )/ 87k? and we integrate over the angles
in k space. The total « tensor is given by a;=ad; +a(s ),
where ad;; determines a shear-free turbulence contrlbutlon.
Let us consider the following model for the spectrum func-
tion: Ex(k,w):éxkal(k/ ky)"?8(w). Then integration over k
and w in Egs. (B7) and (B8) yields the contributions to the «
tensor caused by a combined action of the sheared turbulence
and the kinetic helicity fluctuations. In particular, the tensor
aﬁf’“) is given by Eq. (26).

In the scales [y</<<l, there are fluctuations of kinetic
helicity x* (or fluctuations of @). Now we determine the
correlation function (e;;B,) (@ To this end we use Eq. (7) in
which 7y is replaced by 7+ #; and the nonlinear terms are

neglected. Solving this equation in Fourier space we deter-

mine the magnetic field B_/-(IZ,Q), where the wave number K
and the frequency () are in the spatial scales [y</</, and
the time scales 7)<7<7,. Multiplying the magnetic field
BJ-(IZ,Q) by the tensor a;;=ad; +aj S and averaging over
kinetic helicity fluctuations we determine the correlation

function (a;;B;) (@),

1 _
<alj ]>(a _EJ GT 2€jkm[Bn( (a'Vka(S a)>(a)
+ 8l V@ Y) + (V,B,) (5 Galy, )

+ 5mn<a(s a)a>(0‘))] " l Bij + (VPUES))( (Sjl’(sq

+ 0K — e )Gr] [27,- (B X V) X&)s
K,

X dK dQ), (B9)

where GT(E ,Q):(UTI?Z—iQ)‘l. We consider a linear mean
velocity shear U®=(0,Sx,0) and assume that the mean
magnetic field B has the form §=(1§x(z),l§y(z),0). This al-

lows us to simplify Eq. (B9) and to determine the correlation
function {a,;B;)'® [see Eq. (31)].

ViPJ
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