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Effect of rotation on a developed turbulent stratified convection: The hydrodynamic helicity,
the a effect, and the effective drift velocity

Nathan Kleeorin* and Igor Rogachevskii†

Department of Mechanical Engineering, The Ben-Gurion University of the Negev, P.O. Box 653, Beer-Sheva 84105, Israe
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An effect of rotation on a developed turbulent stratified convection is studied. Dependences of the hydro-
dynamic helicity, thea tensor, and the effective drift velocity of the mean magnetic field on the rate of rotation
and an anisotropy of turbulent convection are found. It is shown that in an anisotropic turbulent convection the
a effect can change its sign depending on the rate of rotation. The evolution of thea effect is much more
complicated than that of the hydrodynamic helicity in an anisotropic turbulent convection of a rotating fluid.
Different properties of the effective drift velocity of the mean magnetic field in a rotating turbulent convection
are found:~i! a poloidal effective drift velocity can be diamagnetic or paramagnetic depending on the rate of
rotation; ~ii ! there is a difference in the effective drift velocities for the toroidal and poloidal magnetic fields;
~iii ! a toroidal effective drift velocity can play a role of an additional differential rotation. The above effects and
an effect of a nonzero divergence of the effective drift velocity of the toroidal magnetic field on a magnetic
dynamo in a developed turbulent stratified convection of a rotating fluid are studied. Astrophysical applications
of the obtained results are discussed.
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I. INTRODUCTION

The turbulent transport of particles and magnetic fie
was intensively studied for the Navier-Stokes turbulen
~see, e.g., Refs.@1–4#!. However, there are a number of a
plications with other kinds of turbulence, e.g., turbulent co
vection. For instance, in the Sun and stars there is a de
oped turbulent convection that is strongly influenced by
fluid rotation.

The mean-field theory of magnetic field was, in gene
developed for the Navier-Stokes turbulence without tak
into account turbulent convection~see, e.g., Refs.@5–12#!. In
particular, the dependences of thea effect, the effective drift
velocity, and the turbulent magnetic diffusion on the rate
rotation were found only for the Navier-Stokes turbulen
~see, e.g., Refs.@13–16#!, in spite of the fact that in many
astrophysical applications there are turbulent convection
gions. A turbulent convection in different situations has be
studied mainly by numerical simulations~see, e.g., Refs
@17–23#!.

In this paper we study an influence of rotation on a dev
oped turbulent stratified convection. This allows us to fi
the dependences of the hydrodynamic helicity, thea tensor,
and the effective drift velocity of the mean magnetic field
the rate of rotation.

This study has a number of applications in astrophys
In particular, the evolution of the mean magnetic field in t
kinematic approximation~without taking into account a two
way coupling of the mean magnetic field and turbulent flu
flow! can be described in terms of propagating waves wit
growing amplitude, i.e., the magnitude of the mean magn
field B is given by
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B}B0 exp~g
B
t !cos~v

B
t1k•r !, ~1!

whereB0 is a seed magnetic field,gB is the growth rate of
the mean magnetic field,vB andk are the frequency and th
wave vector of a dynamo wave. In the Sun, e.g., accordin
the magnetic field observations, these dynamo waves w
the ;22 yr period propagate to the equator~see, e.g., Refs
@5–8,10#!. The magnetic field is generated in the turbule
convective zone inside the Sun. The growth of the me
magnetic field is a combined effect of a nonuniform flu
rotation@the differential rotation,“(dV)] and helical turbu-
lent motions~the a effect!. The direction of propagation o
the dynamo waves is determined by the sign of the param
a@](dV)/]r #, where r ,u,w are the spherical coordinate
and V is the angular velocity. When the paramet
a@](dV)/]r # is negative, the dynamo waves propagate
the equator. The helioseismology shows that in the solar c
vective zone,](dV)/]r .0, and the existing theories yiel
a.0. This results in the fact that the dynamo waves sho
propagate to the pole, in contradiction with the solar ma
netic field observations~see, e.g., Refs.@5–8,10#!.

In this study we found that in a developed turbulent co
vection thea effect can change its sign depending on the r
of rotation and an anisotropy of turbulence. In the lower p
of the solar convective zone the fluid rotation is very fast
comparison with the turnover time of turbulent eddies.
this regiona.0. In the upper part of the solar convectiv
zone the fluid rotation is very slow anda,0. This explains
the observed properties of the solar dynamo waves.
growth of the mean magnetic field is saturated by nonlin
effects ~see, e.g., Refs.@24–28#!. The 22-yr solar magnetic
activity is also poorly understood. A characteristic time
the turbulent magnetic diffusion in the solar convective zo
is of the order of 2–3 yr and it cannot explain the charact
istic time of solar magnetic activity. We found that the fa
rotation causes an additional effective drift velocity of
©2003 The American Physical Society21-1
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mean magnetic field that can increase the period of the
namo waves and provides the 22-yr solar magnetic activ

II. THE GOVERNING EQUATIONS AND THE METHOD
OF DERIVATIONS

Our goal is to study an effect of rotation on a develop
turbulent stratified convection. This allows us to derive d
pendences of the hydrodynamic helicity, thea effect, and the
effective drift velocity of the mean magnetic field on th
angular velocity. To this end we consider a fully develop
turbulent convection in a stratified rotating fluid with larg
Rayleigh and Reynolds numbers. The governing equat
are given by

Du

Dt
52“S P

r
0
D 12u3V2gS1fn , ~2!

DS

Dt
52u•Nb2

1

T0
“•Fk~S!, ~3!

whereu is the fluid velocity with“•u5L•u, D/Dt5]/]t
1u•“, V is the angular velocity,g is the gravity field that
includes an effect of the centrifugal force,r

0
fn is the viscous

force, Fk(S) is the thermal flux that is associated with th
molecular thermal conductivity,L52r0

21
“r0, and Nb

5(gP0)21
“P02r0

21
“r0. The variables with the subscrip

0 corresponds to the hydrostatic equilibrium~i.e., the hydro-
static basic reference state!:

“P05r0g, ~4!

and T0 is the equilibrium fluid temperature,S5P/gP0
2r/r0 are the deviations of the entropy from the hydrosta
equilibrium, P andr are the deviations of the fluid pressu
and density from the hydrostatic equilibrium. The Brun

Väisälä frequency Ṽb is determined by the equationṼb
2

52g•Nb . To derive Eq.~2! we use the identity2“P
1gr52r0@“(P/r0)1gS2PNb /r0#, where we assumed
that uPNb /r0u!ugSu, uPNb /r0u!u“(P/r0)u. This assump-
tion corresponds to a nearly isentropic basic reference s
whenNb is very small. For the derivation of this identity w
also used Eq.~4!. We also consider a low-Mach-number flu

flow with a very small frequencyṼb , i.e., uṼbu!AgL and

uṼbtu2!1, wheret is the correlation time of the turbulen
velocity field. Equations~2! and~3! are written in the Bouss
inesq approximation for“•uÞ0. This is more usually called
‘‘the anelastic approximation.’’

Now we consider a purely hydrostatic isentropic ba

reference state, i.e.,Ṽb50 (Nb50). Thus the turbulent con
vection is regarded as a small deviation from a well-mix
adiabatic state~for more discussion, see Ref.@29#!. We will
use a mean-field approach whereby the velocity, press
and entropy are separated into the mean and fluctua
parts. Using Eqs.~2! and ~3! we derive equations for the
turbulent fields:vz5Ar0(z)uz , w5Ar0(z)(“3u)z , ands

5Ar0(z)(S2S̄), whereS̄[^S& is the mean entropy, the an
02632
y-
.

d
-

d

ns

c

te

c

d

re,
ng

gular brackets denote ensemble averaging, and for simpl
we consider turbulent flow with zero mean velocity. He
r0(z) is a dimensionless density measured in the units
r0(z50). The equations for the turbulent fields are given

S L2

4
2D D ]vz

]t
5~2V•“1V•L!w12LVx

]vz

]y
2gD's

1VN , ~5!

]w

]t
5~2V•“2V•L!vz1WN , ~6!

]s

]t
52

Vb
2

g
vz1SN , ~7!

whereVb
252g•“S̄; D'5D2]2/]z2; VN , WN , andSN are

the nonlinear terms which include the molecular dissipat
terms@see Eqs.~A10!–~A12! in Appendix A#; the fieldg is
directed opposite to the axisz; and V5(Vx ,0,Vz). We as-
sumed here thatL21u]L/]zu!L. Equation~5! follows from
Eq. ~2! after the calculation@“3(“3u)#z .

By means of Eqs.~5!–~7! we derive dependences of th
hydrodynamic helicity, thea effect, and the effective drift
velocity on the angular velocity. The procedure of the de
vation is outlined in the following~for details, see Appen-
dixes A–C!.

~a! Using Eqs.~5!–~7! we derive equations for the follow
ing second moments:

f i j ~k!5L̂~v i ,v j !, x~k!5L̂~w,vz!,

F~k!5L̂~s,w!, G~k!5L̂~w,w!,

F i~k!5L̂~s,v i !, Q~k!5L̂~s,s!,

where L̂(a,b)5^a(k)b(2k)& and v5Ar0(z)u. The equa-
tions for these correlation functions are given by Eqs.~A4!–
~A9! in Appendix A. In this derivation we assumed thatL2

!k2.
~b! The equations for the second moments contain th

moments and a problem of closing the equations for
higher moments arises. Various approximate methods h
been proposed for the solution of problems of this type~see,
e.g., Refs.@1,30,31#!. The simplest procedure is thet ap-
proximation, which is widely used in the theory of kinet
equations. For magnetohydrodynamic turbulence, this
proximation was used in Ref.@32# ~see also Refs.
@27,33,34#!. One of the simplest procedures, which allows
to express the third momentsf

N
,xN , . . . ,QN in Eqs.~A4!–

~A9! in terms of the second moments, reads

f N~k!2 f N
(0)~k!52

f ~k!2 f (0)~k!

t~k!
, ~8!

and similarly for other third moments, wheref (k)
5eiej f i j (k), e is the unit vector directed along the axisz, the
superscript (0) corresponds to the background turbulent c
1-2



e

u
ck

y

tw
t
ib
to
o
er

u
e
m

um

th
t

h
a
e
b

o

.
ec

ts
e

n
in

-

on-
s

in

e

n

e
lent
ent
x

ent
o

EFFECT OF ROTATION ON A DEVELOPED TURBULENT . . . PHYSICAL REVIEW E 67, 026321 ~2003!
vection ~it is a turbulent convection without rotation,V
50), and t(k) is the characteristic relaxation time of th
statistical moments. Note that we applied thet approxima-
tion only to study the deviations from the background turb
lent convection which is caused by the rotation. The ba
ground turbulent convection is assumed to be known.

The t approximation is, in general, similar to edd
damped quasinormal markowian~EDQNM! approximation.
However, there is a principle difference between these
approaches~see Refs.@30,31#!. The EDQNM closures do no
relax to equilibrium, and this procedure does not descr
properly the motions in the equilibrium state, in contrast
the t approximation. Within the EDQNM theory, there is n
dynamically determined relaxation time, and no slightly p
turbed steady state can be approached@30#. In thet approxi-
mation, the relaxation time for small departures from eq
librium is determined by the random motions in th
equilibrium state, but not by the departure from equilibriu
Ref. @30#. As follows from the analysis performed in@30# the
t approximation describes the relaxation to the equilibri
state~the background turbulent convection! more accurately
than the EDQNM approach.

Note that we analyzed the applicability of thet approxi-
mation for the description of the mean-field dynamics of
mean magnetic field and mean scalar fields by comparing
derived mean-field equations using other methods suc
the path-integral approach and the renormalization group
proach~see Refs.@35–39#!. This comparison showed that th
t approximation yields results similar to those obtained
means of the other methods.

~c! We assume that the characteristic times of variation
the second momentsf (k),x(k), . . . ,Q(k) are substantially
larger than the correlation timet(k) for all turbulence scales
This allows us to determine a stationary solution for the s
ond momentsf (k),x(k), . . . ,Q(k) @see Eqs.~A22!–~A30!
in Appendix A#.

~d! For the integration ink space of the second momen
f (k),x(k), . . . ,Q(k), we have to specify a model for th
background turbulent convection~without rotation!. Here
we use the following model of the background turbule
convection, which will be discussed in greater details
Appendix D:

f i j
(0)~k!5 f * W̃~k!@Pi j ~k!1«Pi j

(')~k'!#, ~9!

F i
(0)~k!5k'

22@k2Fz
(0)~k!ej Pi j ~k!1 iF (0)~k!~e3k! i #,

~10!

Fz
(0)~k!5Fz* W̃~k!F2s23~s21!S k'

k D 2G , ~11!

F (0)~k!526i @F* •~e3k!# f (0)~k!/ f * , ~12!

G(0)~k!5~11«! f (0)~k!k2, ~13!

Q (0)~k!52Q* W̃~k!, ~14!
02632
-
-

o

e

-

i-

e
he
as
p-

y

f

-

t

where f i j (k)5^v i(k)v j (2k)&, W̃(k)5W(k)/8pk2, f (0)(k)
5 f * (k' /k)2W̃(k), and f i j

(0)(k)ei j 5 f (0)(k);

«5
2

3 S ^u'
2 &

^uz
2&

22D
is the degree of anisotropy of the turbulent velocity fieldu
5u'1uze. Here Pi j (k)5d i j 2ki j , ki j 5kikj /k2, k5k'

1kze, kz5k•e, Pi j
(')(k')5d i j 2ki j

'2ei j , ki j
'

5(k') i(k') j /k'
2 , ei j 5eiej , ands is the degree of anisot

ropy of the turbulent flux of entropy~see below!. We assume
that t(k)52t0t̄(k), W(k)52dt̄(k)/dk, t̄(k)5(k/k0)12q,
1,q,3 is the exponent of the kinetic energy spectrum~e.g.,
q55/3 for the Kolmogorov spectrum!, k051/l 0 , l 0 is the
maximum scale of turbulent motions,t05 l 0 /u0, andu0 is
the characteristic turbulent velocity in the scalel 0. Motion in
the background turbulent convection is assumed to be n
helical. In Eqs. ~9! and ~10! we neglected small term
;O(L f * ) and;O(LFz* ), respectively. Now we calculate
f i j

(0)[* f i j
(0)(k)dk using Eq. ~9!: f i j

(0)5( f * /3)@d i j

1(3«/4)(d i j 2ei j )#. Note that 24/3<«,`. The lower
limit of « follows from the conditionf xx

(0)>0 ~or f yy
(0)>0).

Similarly, using Eqs. ~10!–~12! we obtain F(0)

[*F(0)(k)dk5F* . The parameters can be presented in
the form

s5
11 j̃~q11!/~q21!

11 j̃/3
, ~15!

j̃5~ l' / l z!
q2121, ~16!

where l' and l z are the horizontal and vertical scales
which the two-point correlation functionFz

(0)(r )5^s(x)u(x
1r )& tends to zero. The parameterj̃ determines the degre
of thermal anisotropy. In particular, whenl'5 l z , the param-
eter j̃50 ands51. For l'! l z , the parameterj̃521, and
s523/(q21). The maximum valuej̃max of the parameter
j̃ is given byj̃max5q21 for s53. Thus, fors,1 the ther-
mal structures have the form of column or thermal jets (l'
, l z), and for s.1 there exist the two-dimensional~2D!
droplet thermal structures (l'. l z) in the background turbu-
lent convection.

The relationship betweenFz* and f * follows from Eq.
~A1! for the kinetic turbulent energyr0^u

2&, and it is given
by f * 52lgt0Fz* /«, wherel52«d* /(«12) andd* 5(3
2q)/2(q21). Note that for the Kolmogorov spectrum,q
55/3 andd* 51. In Sec. III we will present results ford*
51. For the integration ink space we used identities give
in Appendixes B and C.

Thus, the ‘‘input parameters’’ in the theory include th
parameters that describe the model of background turbu
convection, i.e., the degree of anisotropy of the turbul
velocity field«, the degree of anisotropy of the turbulent flu
of entropys, the maximum scale of turbulent motionsl 0,
the turbulent velocityu0[A^u2&5Af pp

(0) ~the rms velocity!
in the maximum scale of turbulent motions, and the expon
of the kinetic energy spectrumq. The input parameters als
1-3
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include the density stratification lengthL and the angular
velocity V. Note that f * 5u0

2/(11«/2) and Fz*
5u0

2/(2d* gt0). The above described procedure allows us
determine the dependences of the hydrodynamic helicity,
a effect, and the effective drift velocity of the mean ma
netic field on the rate of rotation.

The considered model of a background turbulent conv
tion written in k space is general enough and does not c
tradict the known Nusselt number dependences on the R
leigh number. On the other hand, the observations of
turbulent convection on the surface of the Sun cannot g
the Nusselt number dependence on the Rayleigh number
it is possible to obtain only one point in this curve. Th
parameters«, u0 , l 0 , V, etc. can be calculated from th
solar observations. In addition, the direct numerical simu
tions of turbulent convection~see Refs.@18,22,23#! are in
agreement with our model of turbulent convection.

III. EFFECT OF ROTATION

In this section we present the results of the calculati
~described above! for the hydrodynamic helicity, thea ef-
fect, and the effective drift velocity of the mean magne
field as the functions of the rate of rotation and the anis
ropy of turbulence.

A. The hydrodynamic helicity

Using Eqs.~A34! and ~A38! in Appendix A we find the
dependence of the hydrodynamic helicityx (v)

5^u•(“3u)& on the angular velocity:

x (v)52
1

12S l 0
2V

Lrt0
D @C1~v!1C2~v!sin2f l

1C3~v!sin4f l #sinf l ~17!

~for details, see Appendix A!, wherev54t0V, l 05u0t0 ,
u0

252gt0Fz* d* , sinfl5v̂•e, f l is the latitude,v̂5V/V,
e is the unit vector directed along thez axis, Lr5L21, and
the functionsCm(v) are given by Eqs.~C1! in Appendix C.
Hereafter, we assume thatd* 51. For a slow rotation (v
!1) the hydrodynamic helicityx (v) is given by

x (v)'2
1

6 S l 0
2V

Lrt0
D sinf l S 164s

15
1

12

5
25l D , ~18!

and forv@1 it is given by

x (v)'
3p

8 S l 0u0

Lrt0
DlS 11

1

4
sin2f l D sinf l . ~19!

Note that the meaning ofv[4Vt0@1 is v large, but only
up to some upper limit, i.e., an intermediate range of valu
This implies that the rotation cannot be so fast as to affect
correlation timet(k) of turbulent velocity field in its inertial
range. Also we assumed that the parameters« and s are
independent ofv.
02632
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B. The a effect

Now we find the dependence of thea effect on the angu-
lar velocity. To this end we use the induction equation for t
magnetic field

]H

]t
5“3~u3H2h“3H!, ~20!

whereh is the magnetic diffusion due to the electrical co
ductivity of the fluid. The magnetic fieldH is divided into
the mean and fluctuating parts:H5B1b, where the mean
magnetic fieldB5^H& and b is the fluctuating field. An
equation forh5Ar0b follows from Eq.~20! and is given by

]h

]t
5~B•“ !v2~v•“ !B2~v•L!B1

1

2
~B•L!v1HN ,

~21!

whereHN are the nonlinear terms that also include the m
netic diffusion term@see Eq.~A47! in Appendix A#. In order
to derive an equation for thea tensor, we introduce the elec
tromotive force Ei5^u3b& i5r0

21« imn*xmn
(c)(k)dk, where

x i j
(c)(k)5^v i(k)hj (2k)&[L̂(v i ,hj ). A general form of the

electromotive force is given byEi5a i j Bj1(Veff3B) i

2h i j (“3B) j2k i jk(]B̂) i j 2@d3(“3B)# i5ai j Bj1bi jkBi , j
~see, e.g., Ref.@40# and Appendix A!, where the tensorsa i j
and h i j describe thea effect and turbulent magnetic diffu
sion, respectively,Veff is the effective diamagnetic~or para-
magnetic! velocity, k i jk andd describe a nontrivial behavio
of the mean magnetic field in an anisotropic turbulen
Bi , j5¹jBi , and (]B̂) i j 5(1/2)(Bi , j1Bj ,i). Thea tensora i j
is determined by a symmetric part of the tensorai j , i.e., by
ai j

(S)[(1/2)(ai j 1aji ). The tensorai j is calculated in Appen-
dix A. The a tensor is given by

a i j 5
1

6 S l 0
2V

Lr
D $sinf l@$C4~v!1C5~v!sin2f l%d i j

1$C6~v!1C7~v!sin2f l%v i j 1C8~v!ei j #

1@C9~v!1C10~v!sin2f l #~eiv̂ j1ej v̂ i !% ~22!

~for details, see Appendix A!, wherev i j 5v̂ iv̂ j , ei j 5eiej ,
and the functionsCm(v) are given by Eqs.~C1! in Appen-
dix C. Here we present asymptotic formulas for the isotro
part (a i j

(isotr)[ad i j ) of the a tensor. For a slow rotation (v
!1) the parametera is given by

a'
4

5 S l 0
2V

Lr
D S 22

s

3
2

5l

6 D sinf l , ~23!

and forv@1 it is given by

a'2
p

32S l 0u0

Lr
D S 2l1

s

3
231~s21!sin2f l D sinf l .

~24!

It is seen from Eqs.~18! and~23! that for a slow rotation and
isotropic background turbulent convection (s51 and «
1-4



e

an

re
a-

in

ck
f
-
in
e

th
he
re
is

f
ns

s

in

-

be

EFFECT OF ROTATION ON A DEVELOPED TURBULENT . . . PHYSICAL REVIEW E 67, 026321 ~2003!
50), the parameter a'2(5/27)t0x (v), where x (v)

5^u•(“3u)&. However, when the rotation is not slow, th
latter relationship is not valid.

The a effect depends on the degrees of the velocity
isotropy« and the thermal anisotropys. Asymptotic formu-
las for a slow rotation (v!1) and forv@1 show that there
are several characteristic ranges of parameters with diffe
behaviors of thea effect. In Fig. 1~a! these ranges are sep
rated by the liness53(322l), s53(12l/2), ands56
25l/2, where 22,l,2, 29/2,s,3, and 0<f l
<p/2. Herel52«/(«12). In ranges I and II thea effect
does not change its sign for allVt0 andf l . In particular, in
range I,a.0, and in range II,a,0. In range V thea effect
changes its sign at a certain value ofVt0 for all f l . In
ranges III and IV thea effect changes its sign at a certa
value ofVt0 and a certain range of latitudesf l . In range III
the degree of thermal anisotropys.1 ~which corresponds to
the 2D droplet small-scale thermal structure of the ba
ground turbulent convection!, and in range IV the degree o
thermal anisotropys,1 ~i.e., a columnlike thermal struc
ture!. Thea effect can be negative for a slow rotation only
range II. Note that the negativea effect corresponds to th
propagation of the solar dynamo waves to the equator.

Our analysis shows that when the rotation is not slow,
a effect is determined not only by the contributions from t
hydrodynamic helicity, but also its behavior is much mo
complicated in a rotating fluid. In order to demonstrate th

FIG. 1. Characteristic ranges of parameters with different
haviors of a effect ~a! and the parameterax52(1/3)t0x (v) ~b!.
The range I for thea effect ~a! also exists for22,l,0 and
29/2,s,3.
02632
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we plotted in Figs. 2–4 the dependences of thea effect
~solid line! and ax[2(1/3)t0x (v) ~dashed line! on the pa-
rameterVt0 for different latitudes~Fig. 2 is for the latitude
f l515°, Fig. 3 is forf l535°, and Fig. 4 is forf l590°).
Here the parametersa and ax are measured in units o
l 0u0 /4Lr . Figures 2–4 demonstrate that the functio
a(Vt0) andax(Vt0) are totally different. For example, in
the case«513 ands50, thea effect andax have opposite
signs for allVt0 @see Fig. 4~c!#.

Figure 1~b! shows the ranges of parameters (s and l)
with different behaviors ofax . In Fig. 1~b! these ranges are
separated by liness5(9/41)(25l/1221) andl50, where
22,l,2 and29/2,s,3. The numeration of the range
in Fig. 1~b! for ax is the same as for the parametera in Fig.
1~a!. A comparison of Figs. 1~a! and 1~b! shows that ranges
III and IV ~whereby thea effect changes its sign at a certa
value ofVt0 and a certain range of the latitudesf l) do not
exist forax . On the other hand, there is a new range~range
VI ! in Fig. 1~b! whereby the sign ofax changes from nega
tive for a slow rotation to positive forv@1. The locations of
ranges II and V forax are different from that of thea effect.
Therefore, the behaviors of the parameterax and thea ef-
fect are different in a rotating fluid.

The dependences of thea effect on the latitudef l for
different values of the degrees of anisotropy« and s, and
different values of the parameterVt0 are shown in Fig. 5. It
is seen in Fig. 5~b! that thea effect changes its sign atf l
'20° –40° forVt055 ~this value ofVt0 corresponds to the

-
FIG. 2. a ~solid line! and ax52(1/3)t0x (v) ~dashed line! as

functions of the parameterVt0 for f l515° and different values of
the degrees of anisotropy:~a! «50 ands51, ~b! «51.2 ands
52, ~c! «513 ands50. In ~c! the a effect is multiplied by 5.
1-5
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lower part of the solar convective zone!.
In view of the applications to astrophysics, the case w

the negativea effect for f l.0 is most important becaus
this provides a propagation of the solar dynamo waves to
equator according to the solar observations~see, e.g., Refs
@5–8,10#!.

C. The effective drift velocity of the mean magnetic field

Now we determine the effective drift velocityVk
(d)

[2(1/2)«ki jai j
(AS)5Vk

(1)1Vk
(2) of the mean magnetic field

using Eq.~A69!, whereai j
(AS)5(1/2)(ai j 2aji ) and

V(1)5
1

48S l 0u0

Lr
D H e@E1~v!1E2~v!sin2f l1E3~v!sin4f l #

2
1

2
eu@E4~v!1E3~v!sin2f l #sin~2f l !J , ~25!

V(2)5
1

6 S l 0
2V

Lr
D @E5~v!1E6~v!sin2f l #~v̂3e! ~26!

~for details, see Appendix A!, wherer ,u,w are the spherica
coordinates, f l5p/22u, v̂3e5cosflew , v̂5esinfl
2eu cosfl , and the functionsEk(v) are given in Appendix
C. For a slow rotation (v!1) the effective drift velocities
are given by

FIG. 3. a ~solid line! and ax52(1/3)t0x (v) ~dashed line! as
functions of the parameterVt0 for f l535° and different values o
the degrees of anisotropy:~a! «50 ands51, ~b! «51.2 ands
52, ~c! «513 ands50.
02632
h

e
V(1)'2

4

15S l 0u0

Lr
D FeS 12

s

6
1

5

4~«12!
1O~v2! D

2eu

5

12
v2S 12

s

6
2

3«21

7~«12! D sin~2f l !G , ~27!

V(2)'
4

5 S l 0
2V

Lr
D S 12

s

6
1

5~12«!

9~«12! D ~v̂3e!, ~28!

and forv@1 they are given by

V(1)'2
p

8v S l 0u0

Lr
D Fe~11sin2f l !2

1

2
eu sin~2f l !G ,

~29!

V(2)'
1

2v S l 0u0

Lr
D ~s21!sin2f l~v̂3e!. ~30!

For v50 this effective drift velocityV(1) corresponds to the
well-known turbulent diamagnetic velocity~see, e.g., Refs
@5–9#!. Indeed, since we suggested that“(r^u2&)'0, thus
“^u2&/^u2&'Lr

21e and Eq.~27! for v50 reads

V(1)'2
4

15S l 0
2V

Lr
D S 12

s

6
1

5

4~«12! D t0“^u2&, ~31!

FIG. 4. a ~solid line! and ax52(1/3)t0x (v) ~dashed line! as
functions of the parameterVt0 for f l590° and different values of
the degrees of anisotropy:~a! «50 ands51, ~b! «51.2 ands
52, ~c! «513 ands50. In ~b! thea effect is multiplied by 2 and
in ~c! by 5/2.
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wheret05 l 0 /u0. Figure 6 shows the effective drift veloc
ties Vu

(1) and Vr
(1) as functions of the parameterVt0 for

different values of the degrees of anisotropy.
The effective drift velocityV(2) causes an additional dif

ferential rotation. Indeed, let us introduce the angular vel
ity difference dV, which is determined from the identit
V(2)5dVr (v̂3e). Comparison of this definition with Eqs
~28! and ~30! yields equations fordV(r )}r 21. Calculating
the r derivatives ofdV(r ), we obtain equations that dete
mine the differential rotation for a slow rotation (v!1),

]~dV!

]r
'2

4

5S l 0
2V

Lrr 2D S 12
s

6
1

5~12«!

9~«12! D , ~32!

and forv@1,

]~dV!

]r
'

1

2v S l 0u0

Lrr 2D ~12s!sin2f l . ~33!

The electromotive force has a termai j
(c)Bj , which for an

axisymmetric case contributes only to an additional effect
drift velocity V(3) of the mean magnetic field, i.e.,

ai j
(c)Bj5@V(3)3~Bp2BT!# i ~34!

FIG. 5. The dependence of thea effect on the latitudef l for
different values of the degrees of anisotropy:«51.2 and s52
~dashed!, «513 and s50 ~solid!, «513 and s52.2 ~dashed-
dotted!, «513 ands50.415 ~dotted!, and for different values of
the parameterVt0. ~a! Vt050.1, ~b! Vt055. The dashed-dotted
line in ~b! showsa/5. The latitude is measured in degrees.
02632
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~for details, see Appendix A!, whereB5BT1Bp is the mean
magnetic field with toroidal,BT , and the poloidal,Bp , com-
ponents, the tensorai j

(c) is determined by Eq.~A59!, and the
additional effective drift velocity is given by

V(3)5
1

24S l 0u0

Lr
D H e@E7~v!1E8~v!sin2f l1E9~v!sin4f l #

1
1

2
eu@E10~v!2E9~v!sin2f l #sin~2f l !J ~35!

~for details, see Appendix A!. Note that for a slow rotation
(v!1) the additional effective drift velocity is very smal
i.e., V(3);O(v2), and forv@1 it is given by

V(3)'
p

8v S l 0u0

Lr
D cosf l

3$ecosf l@l110213s218~s21!sin2f l #

1eu sinf l@l2s218~s21!cos2f l #%. ~36!

Now we determine the total effective drift velocity in a
axisymmetric case:

@V(d)3B# i1ai j
(c)Bj5@V(B)3BT1V(A)3Bp# i , ~37!

where

FIG. 6. The effective drift velocities~a! Vu
(1) for f l545°, ~b!

Vr
(1) for f l590° as functions of the parameterVt0 for different

values of the degrees of anisotropy:«513 ands522.2 ~solid!,
«51.2 ands52 ~dashed!, «513 ands50 ~dotted!, «50 ands
51 ~dashed!.
1-7
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V(B)5V(d)2V(3),V(A)5V(d)1V(3). ~38!

Therefore, the effective drift velocitiesV(B) andV(A) for the
toroidal and poloidal magnetic fields are different. The ad
tional effective drift velocityV(3) is a result of an interaction
of turbulent convection with inertial waves and Ross
waves. Indeed, a part of the tensorai j

(c)(k)}cVcR , where
cV52(V•k)/k is the frequency of the inertial waves an
cR52LVxky /k2 is the frequency of Rossby waves@see Eqs.
~34! and ~A37!#.

IV. DISCUSSION

In this paper we have studied an effect of rotation on
developed turbulent stratified convection. This allowed us
determine the dependences of the hydrodynamic helicity,
a tensor, and the effective drift velocity of the mean ma
netic field on the rate of rotation and an anisotropy of turb
lence. We demonstrated that in a turbulent convection, tha
effect can change its sign depending on the rate of rota
and an anisotropy of turbulence. We found different prop
ties of the effective drift velocity of the mean magnetic fie
in a rotating turbulent convection. In particular, a poloid
effective drift velocity can be diamagnetic or paramagne
depending on the rate of rotation. There is a difference in
effective drift velocities for the toroidal and poloidal ma
netic fields, which increases with the rate of rotation. W
found also a toroidal effective drift velocity that can play
role of an additional differential rotation.

Some of the results obtained in our paper using tht
approximation are observed in the direct numerical simu
tions of the stratified turbulent convection~see Ref.@23#!. In
particular, it was found in Ref.@23# that thea effect can
change its sign depending on the rate of rotation. It was a
demonstrated in Ref.@23# that there is a difference in th
effective drift velocities for the toroidal and poloidal ma
netic fields, and that an observed toroidal effective drift v
locity in Ref. @23# can play the role of an additional differ
ential rotation.

Now we apply the obtained results for the analysis of
axisymmetricaV dynamo. The mean magnetic field in a
axisymmetric case is given byB5Bew1“3(Aew), whereA
is the vector potential. The equations forB andA in dimen-
sionless form are given by

]B

]t
1r'“•~V(B)r'

21B!5D~V̂A!1DsB, ~39!

]A

]t
1r'

21~V(A)
•“ !~r'A!5aB1DsA, ~40!

where the length is measured in units of the thickness of
convective zone,Lc , the time is measured in units ofLc

2/hT ,
the velocity is measured in units ofhT /Lc , the turbulent
magnetic diffusionhT5 l 0u0 /3, u0 is the characteristic tur
bulent velocity in the scalel 0 , D5RaRv is the dynamo
number,Ra5Lca* /hT , andRv5Lc

2(dV)* /hT . Herea is
measured in units of the maximum valuea* of the a effect,
(dV)* is the characteristic differential rotation in the sca
02632
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Lc , V̂A5@“(dV)3“(r'A)#•ew , Ds5D2r'
22 , r'

5r sinu, and we have used the induction equation for t
mean magnetic field~see, e.g., Refs.@5–9#! and Eqs.~37!
and ~38!. When V(A)5V(B) and“•V(B)50, Eqs.~39! and
~40! coincide with that given in Ref.@5#. Now we seek a
solution of Eqs.~39! and ~40! in the form A,B}exp(ĝt
1ik•x), wherek5kek , ek5ew3eV , the unit vectoreV is
directed opposite to“(dV),

ĝ5k/22k22 ikU (1)6@~k/21 ikU (3)!21 ikD#1/2,
~41!

k52“•V(B), U (1,3)5V(1,3)
•ek , and ĝ5gB1 ivB . In the

limit of large dynamo numberuDu the maximum growth rate
of the mean magnetic fieldgB is given by

gB5~3/4!~ uDu/4!2/31k/2, ~42!

which is achieved at the wave numberkm5(1/2)(uDu/4)1/3.
At this wave number the frequencyvB of the dynamo wave
is

vB52~ uDu/4!2/32~1/2!U (1)~ uDu/4!1/3 ~43!

~see Ref.@41#!. The negative sign ofvB implies that the
dynamo waves propagate to the equator, in agreement
the solar magnetic field observations. On the other hand,
divergence of the effective drift velocityV(B) of the toroidal
magnetic field can cause an increase of the growth rate o
mean magnetic field whenk.0. The change of the sign o
thea effect depending on the rate of rotation and anisotro
of turbulent convection~see Sec. III B! can explain the ob-
served direction of propagation of the solar dynamo wav

Note that a meridional circulation in the solar convecti
zone can also cause an equatorward drift of the solar dyn
wave~see, e.g., Refs.@5,42,43#!. However, it was shown re
cently in Ref. @44# that the meridional velocity, which is
required for the equatorward propagation of the solar
namo wave with the period;22 yr, should be of the order o
;10–12 m/s. Such large meridional velocities are not o
served on the solar surface. On the other hand, we found
the effective drift velocities of the mean magnetic field ha
a meridional component~along eu). This velocity has the
maximum (Vu

(1))max;10–12 m/s in the upper part of the so
lar convective zone. Therefore, this meridional effective d
velocity of the mean magnetic field can cause the equa
ward propagation of the solar dynamo wave in the upper p
of the solar convective zone. Note that the meridional cir
lations in the solar convection zone and the meridional co
ponent of the effective drift velocities of the mean magne
field are different characteristics, because the first velo
describes large-scale fluid motions~which may cause advec
tion of the mean magnetic field by the large-scale fluid m
tions, i.e., by the mean flow! and the second velocity dete
mines the drift velocity of the mean magnetic field~which is
originated from the mean electromotive forceE5^u3b&).

We found also that in the upper part of the solar conv
tive zone, thea effect does not change its sign, i.e., it
positive. But in the lower part of the solar convective zo
1-8
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the a effect changes its sign, because the parameterVt0
increases with the increase of the depth of the solar con
tive zone, and thea effect becomes negative. Therefore,
the lower part of the solar convective zone the negativea
effect is responsible for the equatorward propagation of
solar dynamo waves. On the other hand, the meridional
fective drift velocity of the mean magnetic field in the low
part of the solar convective zone is very small and, thus
cannot be used for the explanation of the equatorward pro
gation of the solar dynamo wave.

Therefore, both effects, the meridional effective drift v
locity of the mean magnetic field in the upper part of t
solar convective zone and the sign reversal of thea effect in
the lower part of the solar convective zone, can cause
equatorward propagation of the solar dynamo wave.

Note that in the present study we did not discuss the m
netic buoyancy effects which play an important role in t
creation of strongly inhomogeneous magnetic structures~see,
e.g., Refs.@6,34,35,45,46#!.
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APPENDIX A: DERIVATIONS OF Eqs. „17…, „22…, „25…, „26…,
AND „35…

1. The conservation equations

Equations~2! and ~3! yield the following conservation
equations for the kinetic energyWu5r0u2/2 and for WS
5r0S2/2:

]Wu /]t1“•Fu5I u2Du , ~A1!

]WS /]t1“•FS5I S2DS , ~A2!

where the source terms in these equations areI u

52r0(u•g)S and I S52I uṼb
2/g2, the dissipative terms ar

Du52r0(u•fn) and DS5r0S“•Fk , the fluxes areFu
5u(Wu1P) andFS5uWS . Equations~A1! and ~A2! yield

a conservation equation forWE5WuṼb
2/g21WS ,

]WE /]t1“•FE52DE , ~A3!

where the dissipative term isDE5DuṼb
2/g21DS and the

flux is FE5FuṼb
2/g21FS . Equation~A3! does not have a

source term and it implies that without the dissipation (DE
50) the value*WEdV is conserved, where in the latter fo
mula the integration over the volume is performed. For

convectionṼb
2,0 and, therefore,WS'WuuṼb

2u/g2. Averag-
ing Eq. ~A1! over an ensemble of fluctuations we obtain
relationship between the flux of the entropy and the diss
tion of the kinetic energy in a stationary turbulent conve
tion: ^uiS&gi5^u•fn&. Similarly, averaging Eq.~A3! over an
02632
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ensemble of fluctuations we obtain̂u2&5^S2&(g2/uṼb
2u).

Equation~A1! yields the relationship betweenFz* and f * :
f * 52lgt0Fz* /«.

2. Modification of turbulent convection by rotation

Now we study a modification of turbulent convection b
rotation. To this end we derive equations for the followin
second moments:

f i j ~k!5L̂~v i ,v j !, x~k!5L̂~w,vz!,

F~k!5L̂~s,w!, G~k!5L̂~w,w!,

F i~k!5L̂~s,v i !, Q~k!5L̂~s,s!,

using Eqs. ~5!–~7!, where L̂(a,b)5^a(k)b(2k)& and v
5Ar0(z)u. The equations for these correlation functions a
given by

] f ~k!

]t
5

2cL

k2
xR~k!2

2cV

k
x I~k!12g'~k!FR~k!1 f N ,

~A4!

]x~k!

]t
5~ ikcV2cL!S f ~k!2

1

k2
G~k!D 2 icRx~k!

1g'~k!F~2k!1xN , ~A5!

]Fz~k!

]t
52

Vb
2

g
f ~k!2

1

k2
~ ikcV2cL!F~k!2 icRFz~k!

1g'~k!Q~k!1FN , ~A6!

]F~k!

]t
52

Vb
2

g
x~2k!2~ ikcV1cL!Fz~k!1FN ,

~A7!

]G~k!

]t
52kcVx I~k!22cLxR~k!1GN , ~A8!

]Q~k!

]t
522

Vb
2

g
FR~k!1QN , ~A9!

where

FR~k!5@Fz~k!1Fz~2k!#/2,

F I~k!5@Fz~k!2Fz~2k!#/2i ,

and similarly for other second moments,f N ,xN , . . . ,QN are
the third moments, which are given by

f N~k!5L̂~VN ,vz!1L̂~vz ,VN!,

xN~k!5L̂~WN ,vz!1L̂~w,VN!,

FN~k!5L̂~SN ,vz!1L̂~s,VN!,
1-9
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FN~k!5L̂~SN ,w!1L̂~s,WN!,

GN~k!5L̂~WN ,w!1L̂~w,WN!,

QN~k!5L̂~SN ,s!1L̂~s,SN!,

and

VN52Ar0e•ˆ“3@“3$~u•“ !u2fn%#‰, ~A10!

WN5Ar0e•@“3~u3w1fn!#, ~A11!

SN52Ar0H ~u•“ !S s

Ar0
D 1

1

T0
divFFkS s

Ar0
D G J ,

~A12!

cL5V•L, cV52(V•k)/k, cR52LVxky /k2, and g'(k)
5g(k' /k)2. We assumed that (1/4)L2!k2. Now we intro-
duce the following variables:

xp~k!5kcVxR~k!1cLx I~k!,

xm~k!5kcVx I~k!2cLxR~k!,

Fp~k!5kcVFR~k!2cLFI~k!,

Fm~k!5kcVFI~k!1cLFR~k!,

which allow us to rewrite Eqs.~A4!–~A9! as follows:

] f ~k!

]t
52

2

k2
xm~k!12g'~k!FR~k!1 f N , ~A13!

]xp~k!

]t
5cRxm~k!1g'~k!Fp~k!1xN

(p) , ~A14!

]xm~k!

]t
5~kcV!2S f ~k!2

1

k2
G~k!D 2cRxp~k!

2g'~k!Fm~k!1xN
(m) , ~A15!

]FR~k!

]t
5

1

k2
Fm~k!1cRF I~k!1g'~k!Q~k!1FN

(R) ,

~A16!

]F I~k!

]t
52

1

k2
Fp~k!2cRFR~k!1FN

(I ) , ~A17!

]Fp~k!

]t
5~kcV!2F I~k!1FN

(p) , ~A18!

]Fm~k!

]t
52~kcV!2FR~k!1FN

(m) , ~A19!

]G~k!

]t
5 2xm~k!1GN , ~A20!
02632
]Q~k!

]t
5QN , ~A21!

where we have neglected small terms proportional toVb
2/g.

Next, we use thet approximation, which allows us to
express the third momentsf N ,xN

(p) , . . . ,QN in Eqs.~A13!–
~A21! in terms of the second moments@see Eqs.~8!#, where
the superscript (0) corresponds to the background turbu
convection~it is a turbulent convection without rotation,V
50), and t(k) is the characteristic relaxation time of th
statistical moments. We consider the background turbu
convection withx (0)(k)50.

We assume that the characteristic times of variation of
second momentsf (k), xp(k), . . . , Q(k) are substantially
larger than the correlation timet(k) for all turbulence scales
This allows us to get a stationary solution of Eqs.~A13!–
~A21!:

f ~k!5 f (0)~k!22cV
2 @m1~k!1t~k!g'~k!FR~k!#,

~A22!

xR~k!52cLm1~k!1kcVcRm2~k!, ~A23!

x I~k!5kcVm1~k!, ~A24!

FR~k!5
F (0)~k!

11cV
2

, ~A25!

F I~k!52
cRF (0)~k!

~11cV
2 !2

, ~A26!

FR~k!5kcVF I~k!2cLFR~k!, ~A27!

FI~k!5FI
(0)~k!2kcVFR~k!, ~A28!

G~k!5G(0)~k!12~kcV!2m1~k!, ~A29!

Q~k!5Q (0)~k!, ~A30!

where we have changedtcR→cR , tcV→cV , tcL→cL ,

m1~k!52
1

114cV
2 @« f (0)~k!2t~k!g'~k!FR~k!

3~122cV
2 !#,

m2~k!5m1~k!2
t~k!g'~k!FR~k!

11cV
2

,

and f (0)(k)2G(0)(k)/k2[2« f (0)(k). Here we neglected
the terms;O@(L l 0)2#. We will show below that the first
term in Eq.~A23!, xR

(1)(k)52cLm1(k), contributes to the
a effect, whereas the second term in Eq.~A23!, xR

(2)(k)
5kcVcRm2(k), contributes to the additional effective dri
velocity. Thus, Eqs.~A22!–~A30! describe a modification o
turbulent convection by rotation.
1-10
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3. The correlation tensor of velocity field

The functionsf (k), G(k), andx(k) determine the corre
lation tensorf i j (k)[^v i(k)v j (2k)&:

f i j ~k!5 f i j
(a)~k!1 f i j

(b)~k!, ~A31!

f i j
(a)~k!5S k'

k D 2H f ~k!Pi j ~k!2S f ~k!2
1

k2
G~k!D Pi j

(')~k'!

1~ i /2k2!~kjL i2kiL j ! f ~k!J , ~A32!

f i j
(b)~k!5~1/2k'

4 !$@ i ~k•e!Bi j
(M )2~L/2!Bi j

(P)

2 i2k'
2 « i jpkp#xR~k!1@~k•e!Bi j

(P)2~ iL/2!Bi j
(M )

22k'
2 Ai j

(P)#x I~k!%, ~A33!

and Pi j (k)5d i j 2ki j , ki j 5kikj /k2, k5k'1(k•e)e,
Pi j

(')(k')5d i j 2ki j
'2ei j , ki j

'5(k') i(k') j /k'
2 , ei j 5eiej ,

and Ai j
(P)5(k'3e) iej1(k'3e) jei , Bi j

(P)5(k'3e) i(k') j

1(k'3e) j (k') i , and Bi j
(M )5(k'3e) i(k') j

2(k'3e) j (k') i . For the derivation of Eqs.~A32! and~A33!
the velocityv' is written as a sum of the vortical and th
potential components, i.e.,v'5“3(Ce)1“'w̃, where v
5v'1vze, w52D'C, D'w̃5Lvz /22]vz /]z, “•v
5(L/2)(v•e), “'5“2e(e•“). We also used the identitie
(k'3e) i(k'3e) j5k'

2 Pi j
(')(k'), and (k•e)Bi j

(M )2k'
2 Ai j

(M )

5k'
2 « i jpkp ~see, e.g., Ref.@47#!. In Eq. ~A33! we neglected

the terms;O@(L l 0)2#. We will use Eqs.~A32! and ~A33!
for the calculation of the hydrodynamic helicity and thea
effect.

4. The hydrodynamic helicity

Now we find the dependence of the hydrodynamic he
ity x (v)5^u•(“3u)& on the rate of rotation and anisotrop
of turbulence. Ink space the hydrodynamic helicity is give
by

x (v)~k![2 i« inmki f mn~k!exp~Lz!

5~11k2/k'
2 !xR~k!exp~Lz!, ~A34!

where we have used Eqs.~A32! and ~A33!. The function
exp(Lz) in Eq. ~A34! implies that we have used the transfo
mationu5exp(Lz/2)v. Equation~A34! can be rewritten as

x (v)~k!5exp~Lz!@x1~k!1x2~k!#, ~A35!

where

x1~k!52cLm1~k!~11k2/k'
2 !, ~A36!

x2~k!524t2V2L~v̂3e!mv̂nkmnm2~k!~11k2/k'
2 !,

~A37!
02632
-

where v̂5V/V and we have used the identitykcVcR

524t2V2L(v̂3e)mv̂nkmn . The integration ink space in
x1,25*x1,2(k)dk yields

x152
1

12d*
S l 0

2V

Lrt0
D sinf l$~s13!f1$I mm

(2) %

1~7s29!f1$Mmm
(2) %23~s21!f1$emnMmn

(2)%1~l/2!

3@Mmm
(1) ~2v!22I mm

(1) ~2v!#%, ~A38!

x2}~v̂3e!mv̂n@ I mn
(p)~v!2Mmn

(p)~v!#50, ~A39!

wherev54t0V, u0
252gt0Fz* d* , sinfl5v̂•e, l 05u0t0 ,

f1$X%52X(2v)2X(v), e.g., f1$I mn
(2)%52I mn

(2)(2v)
2I mn

(2)(v),

I i j
(p)~v!5~6/pvp11!E

0

v

ypĪ i j ~y2!dy, ~A40!

Mi j
(p)~v!5~6/pvp11!E

0

v

ypM̄ i j ~y2!dy, ~A41!

M̄ i j (y)5emnĪ i jmn(y), Ī i j (z), andĪ i jmn(z) are determined by
Eqs. ~B1! and ~B2! of Appendix B, and the exponentp
51,2,3,4 is determined bytp in the expressions for the hy
drodynamic helicity, thea effect, and the effective drift ve-
locity ~see below!. For example,p51,2 in Eq.~A38!. Equa-
tion ~A38! yields the angular velocity dependence of t
hydrodynamic helicityx (v), which is given by Eq.~17!.

5. The electromotive force

In order to derive an equation for thea tensor, we intro-
duce the electromotive force

Ei5^u3b& i5exp~Lz!« imnE xmn
(c)~k!dk, ~A42!

where x i j
(c)(k)5L̂(v i ,hj )[^v i(k)hj (2k)& is the cross-

helicity tensor. Using the equation forv5“3(Ce)1“'w̃
1vze, we obtain

x i j
(c)~k!5k'

22$ i ~k3e! ij j~k!1@k'
2 ei2~ki2kzei !

3~kz1 iL/2!#x j
(c)~k!%, ~A43!

where x j
(c)(k)5eix i j

(c)(k)5L̂(vz ,hj ) and j(k)5L̂(w,h).
Using Eqs.~5!–~7! and ~21!, we derive equations forj(k),
x(c)(k), andz(k)5L̂(s,h):

]j

]t
5I (w)1~ ikcV2cL!x(c)~k!1jN , ~A44!

]x(c)

]t
5I (v)1k22~ ikcV1cL!j~k!1 icRx(c)1g'~k!z

1xN
(c) , ~A45!
1-11
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]z

]t
5I (s)1zN , ~A46!

wherejN , xN
(c) , andzN are the third moments:

jN~k!5L̂~WN ,h!1L̂~w,HN!,

xN
(c)~k!5L̂~VN ,h!1L̂~vz ,HN!,

zN~k!5L̂~SN ,h!1L̂~s,HN!,

and

HN5Ar0“3~u3b2E2h“3b!; ~A47!

cL5V•L, cV52(V•k)/k, cR52LVxky /k2; and

I j
(v)5L̂S vz ,

]hj

]t D52 i ~B• k̃!ei f i j ~k!2L f ~k!Bj ,

~A48!

I (w)5L̂S w,
]h

]t D52 i ~B• k̃!x(w)~k!2Lx~k!B,

~A49!

I (s)5L̂S s,
]h

]t D52 i ~B• k̃!F~k!2LFz~k!B, ~A50!

k̃5k1( iL/2)e; andx(w)(k)[L̂(w,v) is given by

x(w)~k!5k'
22$x~k!@e~k22 iLkz /2!2k~kz2 iL/2!#

2 iG~k!~k3e!%. ~A51!

Note thatx(k)5x(w)(k)•e. Now we use thet approxima-
tion and assume that the characteristic times of variation
the second momentsj, z, and x(c) are substantially large
than the correlation timet(k) for all turbulence scales. Thi
allows us to get a stationary solution of Eqs.~A44!–~A46!:

j~k!5tI (w)~k!1~ ikcV2cL!x(c)~k!, ~A52!

x(c)5
t~11cV

2 1 icR!

~11cV
2 !2

@ I (v)1k22~ ikcV1cL!I (w)~k!#,

~A53!

and z(k)5tI (s), where we changedtcR→cR , tcV→cV ,
tcL→cL . Now we take into account that a general form
the electromotive force is given by

Ei5a i j Bj1~V(d)3B! i2h i j ~“3B! j2k i jk~]B̂! i j

2@d3~“3B!# i

[ai j Bj1bi jkBi , j ~A54!

~see, e.g., Ref.@40#!, where the tensorsa i j andh i j describe
the a effect and turbulent magnetic diffusion, respective
V(d) is the effective diamagnetic~or paramagnetic! velocity,
k i jk and d describe a nontrivial behavior of the mean ma
02632
of

f

,

-

netic field in an anisotropic turbulence,Bi , j5¹jBi , and
(]B̂) i j 5(1/2)(Bi , j1Bj ,i). In this study we determine only
the tensora i j and the velocityVk

(d) . The calculations of the
other coefficients defining electromotive force are a sub
of a separate paper. The tensorai j [ai j

(S)1ai j
(AS) follows from

Eqs.~A43! and ~A52!–~A54!, where

ai j
(S)5ai j

(a)1ai j
(b)1ai j

(c) , ~A55!

ai j
(AS)5ai j

(d)1ai j
(e) , ~A56!

where ai j
(S)5(1/2)(ai j 1aji ) and ai j

(AS)5(1/2)(ai j 2aji ) are
the symmetric and antisymmetric parts of the tensorai j , and

ai j
(a)~k!5ki j cLs1~k,z!@2m1~k!1 f ~k!2G~k!/k2

12t~k!g'~k!FR~k!#, ~A57!

ai j
(b)~k!5~eikj1ejki !s2~k,z!@cVG~k!2kx I~k!

1kt~k!g'~k!FI~k!#. ~A58!

ai j
(c)~k!5F S f ~k!1G~k!/k212t~k!g'~k!FR~k!

11cV
2

22m2~k!D
3kcV2x I~k!Gki j cRs1~k,z!

1@~e3k! ikj1~e3k! j ki #s2~k,z!

3@k f~k!1kt~k!g'~k!FR~k!2cVx I~k!#,
~A59!

ai j
(d)~k!5@2k2« i jmenPmn~k!1~e3k! ikj2~e3k! j ki #s2~k,z!

3@k f~k!2cVx I~k!1kt~k!g'~k!FR~k!#, ~A60!

ai j
(e)~k!5k@2« i jm~e3k!m2eikj1ejki #s2~k,z!

3$kcV@ f ~k!1t~k!g'~k!FR~k!#1x I~k!%,
~A61!

and s1(k,z)5exp(Lz)t(k)(k/k')2/(11cV
2 ), s2(k,z)

5(L/2k3)s1(k,z). Here we used that

E5k'
22@ i j3~e3k!1~e3x(c)!~k21 iLkz /2!2~k3x(c)!

3~kz1 iL/2!#, ~A62!

ei f i j ~k!5k'
22$@k2ei Pi j ~k!1 i ~L/2!ki Pi j ~e!# f ~k!

1 i ~e3k! j@xR~k!2 ix I~k!#%, ~A63!

where Pi j (e)5d i j 2ei j . Note that ei f i j (k)Þei f j i (k) be-
cause rotation causes a nonzero helicity in the turbulent c
vection. Here we also took into account that the tensorai j
must be real inr space.

We will show that the tensorsai j
(a)(k) andai j

(b)(k) contrib-
ute to thea tensor, the tensorai j

(d)(k) contributes to the
effective drift velocityV(1), the tensorai j

(e)(k) contributes to
the effective drift velocityV(2), and the tensorai j

(c)(k) con-
tributes to the effective drift velocityV(3).
1-12
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6. The a tensor

Now we determine the tensora i j 5ai j
(a)1ai j

(b) . The inte-
gration ink space yields

ai j
(a)5

1

6d*
S l 0

2V

Lr
D @f5$I i j %13~s21!f2$Mi j

(3)%#sinf l ,

~A64!

ai j
(b)5

1

6d*
S l 0

2V

Lr
D P̂i jmn

(b) @f6$I mn%13~s21!f3$Mmn
(3)%#,

~A65!

where Eqs.~A57! and ~A58! are used forai j
(a)(k) and

ai j
(b)(k), respectively,P̂i jmn

(b) 5v̂m(eidn j1ejdni), and hereaf-
ter we use the following functions:

f1$X%52X~2v!2X~v!,

f2$X%54X~2v!2
3

p
X̄~v2!,

f3$X%5
3

p
X̄~v2!22X~2v!2X~v!,

f4$X%57X(4)~v!24X(4)~2v!2
3

p
X̄~v2!

1
9v2

p
S ]X̄~a!

]a
D

a5v2

,

f5$X%5~32s!f2$X
(3)%2~l/2!@4X(2)~2v!2X(2)~v!#,

f6$X%5~32s!f3$X
(3)%1~l/2!

3@2X(2)~2v!1«21X(2)~v!#,

f7$X%5~32s!f1$X
(2)%

2l@X(1)~2v!

2~11«21!X(1)~v!#,

f8$X%5~32s!f1$X
(3)%2~l/2!@f1$X

(2)%2«21X(2)~v!#,

f9$X%54lX(3)~2v!2~l12d* !X(3)~v!1
6d*
p

X̄~v2!.

For example,

f3$Mmn
(3)%5

3

p
M̄mn~v2!22Mmn

(3)~2v!2Mmn
(3)~v!,

f6$I mn%5~32s!f3$I mn
(3)%1~l/2!

3@2I mn
(2)~2v!1«21I mn

(2)~v!#,

the functionsI mn
(2)(v) and Mmn

(3)(v) are determined by Eqs

~A40! and ~A41!, M̄ i j (y)5emnĪ i jmn(y), and the functions
02632
Ī i j (z) and Ī i jmn(z) are determined by Eqs.~B1! and~B2! of
Appendix B. Now we use the following identities:

P̂i jmn
(b) Ī mn5~eiv̂ j1ej v̂ i !L̄1 ,

P̂i jmn
(b) M̄mn5~eiv̂ j1ej v̂ i !~ L̄31L̄2 sin2f l !14ei j L̄3 sinf l ,

whereL̄k are determined by Eqs.~C3! of Appendix C. Thus,
the a tensor,a i j [ai j

(a)1ai j
(b) , is given by Eq.~22!. For a

slow rotation (v!1) the tensora i j is given by

a i j 'ad i j 2
4

5S l 0
2V

Lr
D S 12

s

6
2

5l

9
@11~2«!21# D

3~eiv̂ j1ej v̂ i !, ~A66!

and forv@1 it is given by

a i j 'ad i j 1
p

16S l 0u0

Lr
D Fv i j sinf l S l1

s

6
1

3

2
~s21!

3sin2f l2
3

2D2~eiv̂ j1ej v̂ i !~112 cos2f l !G .
~A67!

7. The effective drift velocity

Now we determine the effective drift velocityVm
(d)[Vm

(1)

1Vm
(2) , where

Vm
(1)52~1/2!«mi jai j

(d)5 P̂mi j
(d) ãi j

(d) , ~A68!

Vm
(2)52~1/2!«mi jai j

(e), ~A69!

and

ai j
(d)5ep~2« i jpdmn1« ipnd jm2« jpnd im22« i jmdnp!ãmn

(d) ,

~A70!

ãi j
(d)5

1

48d*
S l 0u0

Lr
D @f7$I i j %13~s21!f1$Mi j

(2)%#,

~A71!

ai j
(e)5

1

6d*
S l 0

2V

Lr
D P̂i jmn

(e) @f8$I mn%13~s21!f1$Mmn
(3)%#,

~A72!

P̂imn
(d) 52endmi2emdni2eidmn , P̂i jmn

(e) 5(eid jn2ejd in)v̂m .
For the integration ink space, we used Eqs.~A60! and~A61!
for ai j

(d)(k) and ai j
(e)(k), respectively. Using the following

identities:

P̂imn
(d) Ī mn52ei L̄41v̂ i sinf l Ā2 ,

P̂imn
(d) M̄mn5ei@3C̄12Ā11~3C̄32Ā2!sin2f l #

1v̂ i sinf l@3C̄31C̄2 sin2f l #,

«ki j P̂i jmn
(e) Ī mn522 L̄1~v̂3e!k ,

«ki j P̂i jmn
(e) M̄mn522 ~ L̄31L̄2 sin2f l !~v̂3e!k
1-13
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in Eqs.~A68!–~A72!, we obtain the effective drift velocities
Vi

(1) andVi
(2) , which are given by Eqs.~25! and ~26!. Here

M̄ i j (y)5emnĪ i jmn(y), Ī i j (z) and Ī i jmn(z) are determined by
Eqs.~B1! and~B2! of Appendix B, andL̄k are determined by
Eqs.~C3! of Appendix C.

The electromotive force has a termai j
(c)Bj , which for an

axisymmetric case contributes only to an additional effect
drift velocity V(3) of the mean magnetic field, i.e.,ai j

(c)Bj

5@V(3)3(Bp2BT)# i , whereB5BT1Bp is the mean mag-
netic field with toroidal (BT) and poloidal (Bp) components
and the tensorai j

(c)(k) is determined by Eq.~A59!. Integra-
tion in k space,ai j

(c)5*ai j
(c)(k)dk, yields

ai j
(c)52

1

48d*
S l 0u0

Lr
D $2v2~v̂3e!mv̂n

3@f9$I i jmn%12~32s!f4$I i jmn%

16~s21!f4$Ji jmn%#

2 P̂i jmn
(c) @3~s21!f1$Mmn

(2)%1f7$I mn%#%,

where P̂i jmn
(c) 5(« ipnd jm1« jpnd im)ep . In order to determine

the effective drift velocityVk
(3) , we use the following iden-

tities:

~ciqj1cjqi !Bj5@~q3c!3~Bp2BT!# i ,

P̂i jmn
(c) Ī mn52Ā2~civ̂ j1cj v̂ i !,
02632
e

P̂i jmn
(c) M̄mn52~C̄31C̄2 sin2f l !~civ̂ j1cj v̂ i !

22C̄3 sinf l~ciej1cjei !,

cmv̂nĪ i jmn5L̄3~civ̂ j1cj v̂ i !,

cmv̂nJ̄i jmn5~ L̄51L̄6 sin2f l !~civ̂ j1cj v̂ i !

1D̄4 sinf l~ciej1cjei !,

whereci5(v̂3e) i , q5v̂ or q5e, M̄ i j 5 J̄i jmm ,

I i jmn
(p) ~v!5~6/pvp11!E

0

v

ypĪ i jmn~y2!dy, ~A73!

Ji jmn
(p) ~v!5~6/pvp11!E

0

v

ypJ̄i jmn~y2!dy, ~A74!

and we used Eqs.~B1!–~B9! of Appendix B and Eqs.~C2!
and ~C3! of Appendix C. Thus, the effective drift velocity
V(3) is given by Eq.~35!.

APPENDIX B: THE IDENTITIES USED
FOR THE INTEGRATION IN k SPACE

To integrate over the angles ink space we used the fol
lowing identities:

Ī i j ~a!5E ki j sinu

11a cos2u
d u dw5Ā1d i j 1Ā2v i j , ~B1!
Ī i jmn~a!5E ki jmn sinu

11a cos2u
d u dw5C̄1~d i j dmn1d imd jn1d ind jm!1C̄2v i jmn1C̄3~d i j vmn1d imv jn1d inv jm1d jmv in

1d jnv im1dmnv i j !, ~B2!

J̄i jmn~a!5epqE ki jmnpq sinu

11a cos2u
d u dw5F D̄11

1

3
D̄3~v̂•e!2G~d i j dmn1d imd jn1d ind jm!1@D̄21D̄7~v̂•e!2#v i jmn1D̄5~v̂•e!

3~v i jmen1v i jnem1v jmnei1v imnej !1@D̄31D̄6~v̂•e!2#~d i j vmn1d imv jn1d inv jm1d jmv in1d jnv im1dmnv i j !

1D̄4~d i j emn1d imejn1d inejm1d jmein1d jneim1dmnei j !2
3

4
D̄3~ei j vmn1eimv jn1einv jm

1ejmv in1ejnv im1emnv i j !, ~B3!

H̄ i jmn~a!5E ki jmn sinu

~11a cos2u!2
d u dw52S ]

]bE ki jmn sinu

b1a cos2u
d u dw D

b51

5 Ī i jmn~a!1a
]

]a
Ī i jmn~a!, ~B4!

Ḡi jmn~a!5E ki jmn sinu

~11a cos2u!3
d u dw5H̄ i jmn~a!1

a

2

]

]a
H̄i jmn~a!, ~B5!

M̄ i j ~a!5~C̄11C̄3 sin2f l !d i j 1~C̄31C̄2 sin2f l !v i j 12C̄1ei j 12C̄3 sinf l~eiv j1ejv i !, ~B6!
1-14
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whereM̄ i j (a)[emnĪ i jmn(a),

ei j M̄ i j ~a!53C̄116C̄3 sin2f l1C̄2 sin4f l , ~B7!

M̄ pp~a![ei j Ī i j ~a!5Ā11Ā2 sin2f l , ~B8!

and v i j 5v̂ iv̂ j , v i jm5v̂ iv̂ j v̂ j , Ā155C̄11C̄3 , Ā25C̄2

17C̄3, and

Ā1~a!5F̄~1;21;0;0!, Ā2~a!5F̄~21;3;0;0!,

C̄1~a!5~1/4!F̄~1;22;1;0!,

C̄2~a!5~1/4!F̄~3;230;35;0!,

C̄3~a!5~1/4!F̄~21;6;25;0!,

C̄4~a!5F̄~0;0;1;21!, C̄5~a!5F̄~0;0;21;3!,

D̄1~a![2~1/8!~C̄115C̄325C̄4!5~1/8!F̄~1;27;11;25!,

D̄2~a![2~1/8!~51C̄11111C̄32119C̄4!

5~1/8!F̄~15;2141;245;2119!,

D̄3~a![~3/8!~3C̄117C̄327C̄4!5~3/8!F̄~21;9;215;7!,

D̄4~a![~1/2!~C̄11C̄32C̄4!5~1/2!F̄~0;1;22;1!,

D̄5~a![3C̄119C̄327C̄45~1/2!F̄~23;24;235;14!,

D̄6~a![~1/8!~5C̄213C̄3120C̄425C̄5!

5~1/8!F̄~3;233;65;235!,

D̄7~a![2~1/8!~48C̄1127C̄21165C̄3128C̄4235C̄5!

5~1/8!F̄~9;221;2105;133!. ~B9!

Here

F̄~ ã;b̃;g̃;m̃ !5p@ã J̄0~a!1b̃ J̄2~a!1g̃ J̄4~a!1m̃ J̄6~a!#,

J̄2k~a![2E
0

1

x2k/~11ax2!dx

5a21@2/~2k21!2 J̄2(k21)~a!#, ~B10!

andJ̄0(a)52arctan(Aa)/Aa. In the case ofa!1 these func-
tions are given by

J̄2k~a!;
2

2k11 F12a
2k11

2k13
1a2

2k11

2k15G ,
and fora@1 they are given byJ̄2k(a);2/a(2k21) for all
integerk except fork50 andJ̄0(a);p/Aa22/a. Now we
introduce the following functions:
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F (p)~ ã;b̃;g̃;m̃ !5~6/pvp11!E
0

v

ypF̄~ ã;b̃;g̃;m̃ !ua5y2 dy

[ãJ0
(p)~v!1b̃J2

(p)~v!1g̃J4
(p)~v!

1m̃J6
(p)~v!,

where

J2k
(p)~v!5~6/vp11!E

0

v

ypJ̄2k~y2!dy. ~B11!

The integration in Eq.~B11! yields

J2k
(p)~v!5v22S 12

~2k21!~p21!
2J2(k21)

(p22) ~v! D ~B12!

for pÞ1 and all integersk except fork50. Whenp51 and
kÞ0 we get

J2k
(1)~v!5

6

2k21F ln~11v2!

v2
1~21!k11

2

v2k

3S arctan~v!

v
2 (

m50

k21
~21!mv2m

~2m11! D G . ~B13!

Whenk50 we obtain

J0
(2n)~v!5

6

n Farctan~v!

v S 11
~21!n11

v2n D
1 (

m51

n21
~21!n1m21

~2m21!vn2m11G , ~B14!

J0
(2n11)~v!5

6

2n11 F2
arctan~v!

v
1

~21!n11

v2(n11)
ln~11v2!

2n! (
m51

n21

~21!m
~11v2!n2m21

~n2m!m! ~n2m!! G .

~B15!

Equation ~B14! is for all integers n.1, and J0
(0)(v)

5(12/v)*0
v@arctan(y)/y#dy. For n50 and n51, the third

term with the sum in Eq.~B15! should be dropped. In orde
to use Eq.~B12! for p52 we need to know the function
J2k

(0)(v), which is given by

J2k
(0)~v!5

3

2k22 Farctan~v!

v S 11
~21!k11

v2k D
1 (

m51

k21
~21!k1m

~2m11!v2(k2m)G . ~B16!

In the case ofv!1, these functions are given by
1-15



ift

-

N. KLEEORIN AND I. ROGACHEVSKII PHYSICAL REVIEW E67, 026321 ~2003!
J2k
(p)~v!;

12

~2k11!~p11!F12v2S 2k11

2k13D S p11

p13D
1v4S 2k11

2k15D S p11

p15D G .
In the case ofv@1, these functions are given by

J2k
(p)~v!;

12

~2k21!~p21!v2

for p5” 1 andkÞ0;

J0
(p)~v!;

6p

pv
2

12

~p21!v2

for p5” 0 andpÞ1;

J2k
(1)~v!;

12 lnv

~2k21!v2

for kÞ0; and

J2k
(0)~v!;

3p

2k22v
F12

1

pv S 4k21

2k21D G ,
J0

(1)~v!;
6p

v S 12
2 lnv

pv D , J0
(0)~v!;

6p ln v

v
.

Now we introduce the following functions:

Hi jmn
(p) ~v!5~6/pvp11!E

0

v

ypH̄i jmn~y2!dy5~3/p! Ī i jmn~v2!

2~p21!I i jmn
(p) ~v!/2, ~B17!

Gi jmn
(p) ~v!5~6/pvp11!E

0

v

ypḠi jmn~y2!dy

5S p21

2 D 2

I i jmn
(p) ~v!1S 3~32p!

2p D Ī i jmn~v2!

1
3v2

p
S ] Ī i jmn~a!

]a
D

a5v2

, ~B18!

which will be used for the calculation of the effective dr
velocity of the mean magnetic field. The functionsAk

(p)(v)
can be obtained from Eqs.~B9! after the change of the left
hand side~LHS! of Eqs. ~B9! Āk(a)→Ak

(p)(v), and of the

right-hand side ~RHS! of Eqs. ~B9!, F̄(ã;b̃;g̃;m̃)
→F (p)(ã;b̃;g̃;m̃), and similarly for the functionsCk

(p)(v)
andDk

(p)(v), e.g.,

A1
(p)~v!5F (p)~1;21;0;0!,

C1
(p)~v!5~1/4!F (p)~1;22;1;0!, . . . , ~B19!
02632
and similarly for the other functionsCk
(p)(v) and Dk

(p)(v).
For the calculation of the functionsf4$X% we need to use the
following identities:

v2S ] J̄2k~a!

]a
D

a5v2

52S J̄2k~a!1
] J̄2(k21)~a!

]a
D

a5v2

,

where

] J̄0~a!

]a
5

1

2aS 4A a

a11
2 J̄0~a! D .

APPENDIX C: THE FUNCTIONS Cb„v… AND Eb„v…

The functionsCk(v) are given by

C1~v!510sf1$A1
(2)%1~s13!f1$A2

(2)%2~l/2!

3@5A1
(1)~2v!1A2

(1)~2v!#29~s21!f1$C1
(2)%,

C2~v!5~7s29!f1$A2
(2)%218~s21!f1$C3

(2)%

1~l/2!A2
(1)~2v!,

C3~v!523~s21!f1$C2
(2)%,

C4~v!5f5$A1%13~s21!f2$C1
(3)%,

C5~v!53~s21!f2$C3
(3)%,

C6~v!5f5$A2%13~s21!f2$C3
(3)%,

C7~v!53~s21!f2$C2
(3)%,

C8~v!56~s21!@f2$C1
(3)%12f3$L3

(3)%#,

C9~v!5f6$L1%13~s21!f3$L3
(3)%,

C10~v!52C5~v!13~s21!f3$L2
(3)%. ~C1!

The functionsEk(v) are given by

E1~v!53~s21!f1$L7
(2)%2f7$L4%,

E2~v!5f7$A2%1~3s21!f1$L8
(2)%,

E3~v!53~s21!f1$C2
(2)%,

E4~v!5f7$A2%19~s21!f1$C3
(2)%,

E5~v!5f8$L1%13~s21!f1$L3
(3)%,

E6~v!53~s21!f1$L2
(3)%,

E7~v!5~1/2!@f7$A2%13~s21!f1$C3
(2)%#1v2@f9$L3%

12~32s!f4$L3%16~s21!f4$L5%#,

E8~v!52E7~v!2E9~v!,
1-16
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E9~v!52~3/2!~s21!f1$C2
(2)%26v2~s21!f4$L6%,

E10~v!5E1~v!13~s21!@f1$C3
(2)%12v2f4$D4%#,

~C2!

where

L̄1~a![Ā11Ā252F̄~0;1;0;0!,

L̄2~a![C̄213C̄35F̄~0;23;5;0!,

L̄3~a![C̄11C̄35F̄~0;1;21;0!,

L̄4~a![2Ā11Ā25F̄~1;1;0;0!,

L̄5~a![D̄11D̄35~1/4!F̄~21;10;217;8!,

L̄6~a![~1/3!D̄31D̄65~1/4!F̄~1;212;25;28!,

L̄7~a![3C̄12Ā15~1/4!F̄~21;22;3;0!,

L̄8~a![6C̄32Ā25~1/2!F̄~21;12;215;0!, ~C3!

andLk
(p)(v)5(6/pvp11)*0

vypL̄k(y2)dy.

APPENDIX D: THE MODEL OF THE BACKGROUND
TURBULENT CONVECTION

A simple approximate model for the three-dimension
isotropic Navier-Stokes turbulence is described by a tw
point correlation function of the velocity fieldf i j (t,x,y)
5^ui(t,x)uj (t,y)& with the Kolmogorov spectrumW(k)
}k2q and q55/3. The turbulent convection is determine
not only by the turbulent velocity fieldu(t,x) but the fluc-
tuations of the entropys(t,x). This implies that for the de-
scription of the turbulent convection, one needs additio
correlation functions, e.g., the turbulent flux of entro
Fi(t,x,y)5^s(t,x)ui(t,y)& and the second moment of th
entropy fluctuationsQ(t,x,y)5^s(t,x)s(t,y)&. Note also
that the turbulent convection is anisotropic.

Now we derive Eqs.~9! and~10! for the correlation func-
tions f i j andFi . To this end, the velocityu' is written as a
sum of the vortical and the potential components, i.e.,u'

5“3(C̃e)1“'f̃, where w[(“3u)z52D'C̃, D'f̃
5Luz2]uz /]z, “'5“2e(e•“). Thus, ink space the ve-
locity u is given by

ui~k!5k'
22@k2emPim~k!uz~k!2 i ~e3k! iw~k!#, ~D1!

where we neglected terms;O(L). Multiplying Eq. ~D1! for
ui(k1) by uj (k2) and averaging over the turbulent veloci
field, we obtain

f i j
(0)~k!5k'

24@k4f (0)~k!emnPim~k!Pjn~k!1~e3k! i

3~e3k! jG
(0)~k!#, ~D2!
02632
l
-

l

where we assumed that the turbulent velocity field in
background turbulent convection is nonhelical. Now we u
an identity

~k/k'!2emnPim~k!Pjn~k!5ei j 1ki j
'2ki j 5Pi j ~k!2Pi j

'~k'!,

~D3!

which can be derived from

kz~kzei j 1eikj
'1ejki

'!5ki j k
22ki j

'k'
2 .

Here we also used the identity (k'3e) i(k'3e) j

5k'
2 Pi j

(')(k'). Substituting Eq.~D3! into Eq. ~D2!, we ob-
tain

f i j
(0)~k!5~k/k'!2$ f (0)~k!Pi j ~k!

1@G(0)~k!/k22 f (0)~k!#Pi j
'~k'!%. ~D4!

Thus two independent functions determine the correlat
function of the turbulent velocity field. In isotropic three
dimensional turbulent flow,G(0)(k)/k25 f (0)(k) and the cor-
relation function reads

f i j
(0)~k!5 f * W~k!Pi j ~k!/8pk2. ~D5!

In isotropic two-dimensional turbulent flow,G(0)(k)/k2

@ f * f (0)(k) and the correlation function is given by

f i j
(0)~k!5G(0)~k!Pi j

'~k'!/8pk2k'
2 . ~D6!

A simplest generalization of these correlation functions is
assumption thatG(0)(k)/@k2f (0)(k)#215«5const and thus
the correlation functionf i j

(0)(k) is given by Eq.~9!. This
correlation function can be considered as a combination
Eqs. ~D5! and ~D6! for three-dimensional and two
dimensional turbulence. When« depends on the wave vecto
k, the correlation functionf i j

(0)(k) is determined by two
spectrum functions.

Now we derive Eq.~10! for the turbulent flux of entropy.
Multiplying Eq. ~D1! written for ui(k2) by s(k1) and aver-
aging over the turbulent velocity field, we obtain Eq.~10!.
Multiplying Eq. ~10! by i (k'3e) i , we get

F (0)~k!5 i ~k'3e!•F'
(0)~k!. ~D7!

Now we assume thatF'
(0)(k)}F'

* f (0)(k)/ f * . The integra-
tion in k space in Eq.~D7! yields the numerical factor in Eq
~12!. Note that for simplicity we assumed that the correlati
functions F (0)(k) and f (0)(k) have the same spectrum.
these functions have different spectra, it results only in
different magnitude of a numerical coefficient in Eq.~12!.

Now let us discuss the physical meaning of the param
s. To this end we will derive the equation for the two-poi
correlation functionFz

(0)(r )5^s(x)u(x1r )& of the turbulent
flux of entropy for the background turbulent convectio
@which corresponds to Eq.~11! written in k space#. To this
end we rewrite Eq.~11! in the following form:

Fz
(0)~k!5Fz* @k21G~e•k!2#F̃w~k!, ~D8!
1-17
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F̃w~k!52~32s!W~k!/8pk4, ~D9!

whereFz* 5F* •e, G53(s21)/(32s). The Fourier trans-
formation of Eq.~D8! yields

Fz
(0)~r !5Fz* @D1G~e•“ !2#Fw~r !, ~D10!

where Fw(r ) is the Fourier transformation of the functio
F̃w(k). Now we use the identity

¹i¹jFw~r !5c̃~r !d i j 1r c̃8~r !r i j , ~D11!

where c̃(r )5r 21Fw8 (r ) and c̃8(r )5dc̃/dr. Equations
~D10! and ~D11! yield the two-point correlation function
Fz

(0)(r ):

Fz
(0)~r !5Fz* S c̃~r !1r c̃8~r !

11G cos2ũ

31G
D , ~D12!

whereũ is the angle betweene andr . The functionc̃(r ) has
the following properties:c̃(r 50)51 and (r c̃8) r 5050, e.g.,
the functionc̃(r )512(r / l 0)q21 satisfies the above prope
ties, where 1,q,3. Thus, the two-point correlation func
.

-

-

,

s

02632
tion Fz
(0)(r ) of the flux of entropy for the background turbu

lent convection is given by

Fz
(0)~r !5Fz* F12S ~q21!~11G cos2ũ !

31G
11D S r

l 0
D q21G ,

where 1,q,3. The simple analysis shows that23/(q
21),s,3, where we took into account that]Fz

(0)(r )/]r

,0 for all anglesũ. The parameters can be presented in th
form s5@11 j̃(q11)/(q21)#/(11 j̃/3), where j̃

5( l' / l z)
q2121, and l' and l z are the horizontal (ũ

5p/2) and vertical (ũ50) scales in which the correlatio
functionFz

(0)(r ) tends to zero. The parameterj̃ describes the
degree of thermal anisotropy. In particular, whenl'5 l z the
parameterj̃50 and s51. For l'! l z the parameterj̃
521 ands523/(q21). The maximum valuej̃max of the
parameterj̃ is given by j̃max5q21 for s53. Thus, fors
,1 the thermal structures have the form of column or th
mal jets (l', l z), and for s.1 there exist the 2D drople
thermal structures (l'. l z) in the background turbulent con
vection.
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