RESEARCH ARTICLE | JUNE 16 2025
Large-scale clustering of inertial particles in a rotating,
stratified and inhomogeneous turbulence

Nathan Kleeorin; Igor Rogachevskii &

’ '.) Check for updates ‘

Physics of Fluids 37, 065152 (2025)
https://doi.org/10.1063/5.0270977

@ B

View Export
Online  Citation

Articles You May Be Interested In

N
O
=
LL
Yo

@)

N
O

N

>
i a
Q.

Planetesimal Formation Induced by Sintering

AIP Conf. Proc. (August 2009)

Gravitational instabilities in protostellar discs and the formation of planetesimals
AIP Conf. Proc. (June 2010)

Experimental study of turbulent transport of nanoparticles in convective turbulence

Physics of Fluids (May 2022)

Physics of Fluids
Special Topics

Open for Submissions

AIP

AlP Learn More _Z‘_ Publishing

é/_‘. Publishing

G€:1€'60 G20z dunr /|


https://pubs.aip.org/aip/pof/article/37/6/065152/3349970/Large-scale-clustering-of-inertial-particles-in-a
https://pubs.aip.org/aip/pof/article/37/6/065152/3349970/Large-scale-clustering-of-inertial-particles-in-a?pdfCoverIconEvent=cite
javascript:;
javascript:;
https://orcid.org/0000-0001-7308-4768
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0270977&domain=pdf&date_stamp=2025-06-16
https://doi.org/10.1063/5.0270977
https://pubs.aip.org/aip/acp/article/1158/1/59/865094/Planetesimal-Formation-Induced-by-Sintering
https://pubs.aip.org/aip/acp/article/1242/1/243/867926/Gravitational-instabilities-in-protostellar-discs
https://pubs.aip.org/aip/pof/article/34/5/055126/2847448/Experimental-study-of-turbulent-transport-of
https://e-11492.adzerk.net/r?e=&s=yxEOdD2tVgkEPsgSVLk0e0RtZbU

pubs.aip.org/aip/pof

Physics of Fluids ARTICLE

Large-scale clustering of inertial particles
in a rotating, stratified and inhomogeneous
turbulence

Cite as: Phys. Fluids 37, 065152 (2025); doi: 10.1063/5.0270977 @ 1. @
Submitted: 14 March 2025 - Accepted: 28 April 2025 - (ll
Pu b|IShed Online: 16 June 2025 View Online Export Citation CrossMark

Nathan Kleeorin'” and Igor Rogachevskii'*~

AFFILIATIONS

'Department of Mechanical Engineering, Ben-Gurion University of the Negev, P. O. Box 653, Beer-Sheva 84105, Israel
ZIZMIRAN, Troitsk, 108840 Moscow Region, Russia
*Nordita, KTH Royal Institute of Technology and Stockholm University, Hannes Alfvéns vag 12, SE-10691 Stockholm, Sweden

@ Author to whom correspondence should be addressed: gary@bgu.ac.il. URL: http//mww.bgu.ac.il/~gary

ABSTRACT

We develop a theory of various kinds of large-scale clustering of inertial particles in a rotating density stratified or inhomogeneous turbulent
fluid flows. The large-scale particle clustering occurs in scales that are much larger than the integral scale of turbulence, and it is described in
terms of the effective pumping velocity in a turbulent flux of particles. We show that for a fast rotating strongly anisotropic turbulence, the
large-scale clustering occurs in the plane perpendicular to rotation axis in the direction of the fluid density stratification. We apply the theory
of the large-scale particle clustering for explanation of the formation of planetesimals (progenitors of planets) in accretion protoplanetary
disks. We determine the radial profiles of the radial and azimuthal components of the effective pumping velocity of particles which have two
maxima corresponding to different regimes of the particle-fluid interactions: at the small radius it is the Stokes regime, while at the larger
radius it is the Epstein regime. With the decrease in the particle radius, the distance between the maxima increases. This implies that smaller-
size particles are concentrated near the central body of the accretion disk, while larger-size particles are accumulated far from the central
body. The dynamic time of the particle clustering is about gy, ~ 105-10° years, while the turbulent diffusion time is about 107 years, which
is much larger than the characteristic formation time of large-scale particle clusters (~ tgyn).

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0270977

I. INTRODUCTION Typical examples of the large-scale particle clustering are turbo-
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Turbulent transport of particles has been investigated in a num-
ber of publications due to various applications in geophysics, astro-
physics, as well as in turbulent industrial flows." * Particular interest
is related to transport of particles by rotating turbulence in astro-
physical flows (e.g., formation of planetesimals as progenitors of
planets in protoplanetary disks” '*) as well as in geophysical flows
(e.g, dynamics of particles in the atmospheric tornado and
duststorms’”).

The key phenomena in particle turbulent transport include
small-scale particle clustering and large-scale particle clustering. Small-
scale clustering arises in scales that are much smaller than the integral
turbulence scale. On the other hand, the large-scale particle clustering
(i.e., formation of large-scale inhomogeneous spatial distributions in
particle number density) occurs in scales that are much larger than the
integral scale of turbulence.

phoresis due to particle inertia and inhomogeneity of turbulence
and turbulent thermal diffusion in temperature stratified turbu-
lence.””*" Turbophoresis results in the accumulation of inertial par-
ticles in the vicinity of the minimum of the turbulent intensity, while
turbulent thermal diffusion causes the formation of large-scale particle
clusters in the vicinity of the mean temperature minimum.

Turbulent thermal diffusion has been intensively investigated
analytically’’ " using different theoretical approaches. This effect has
been found in direct numerical simulations,”® " detected in various
laboratory experiments,”'” studied in geophysical,”® and planetary”’
turbulence as well as in astrophysical turbulence."”

In the present theoretical study, we show that the rotation results
in various types of large-scale clustering of inertial particles in density
stratified or inhomogeneous turbulent fluid flows. For fast rotating
strongly anisotropic turbulence, the dominant contribution to the
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large-scale clustering occurs in the plane perpendicular to rotation axis
in the direction of the fluid density stratification. The developed theory
of large-scale particle clustering is applied for an explanation of the for-
mation of planetesimals (progenitors of planets) in accretion proto-
planetary disks.

This paper is organized as follows. In Sec. II, we discuss general
ideas for developing a mean-field theory describing the turbulent
transport of inertial particles in a rotating turbulence. Here, we present
a general expression for effective pumping velocity of particles in den-
sity stratified and inhomogeneous rotating turbulence. In Sec. 111, we
outline the method of derivations and approximations made to deter-
mine the rotational contributions to the Reynolds stress and the tur-
bulent heat flux. This allows us to derive expressions for various
contributions to the effective pumping velocity of particles describing
different kinds of large-scale particle clustering in small-scale density
stratified and inhomogeneous rotating turbulence. In Sec. IV, we dis-
cuss applications of the analyzed effects for formation of planetesimals
in protoplanetary disks. Finally, conclusions and discussions are given
in Sec. V. In Appendix A, we derive expression for the total effective
pumping velocity of inertial particles, while in Appendix B we obtain
the rotational contributions to the Reynolds stress and the turbulent
heat flux. In Appendix C, we give the identities used for the derivation
of the total effective pumping velocity of inertial particles.

Il. PARTICLES IN A ROTATING TURBULENCE

Equation for the number density np(¢,7) of small particles
advected by a random fluid flow reads
on
0—;’ +div(n, V) = DAn, (1)
where D is the coefficient of molecular (Brownian) diffusion, V is a
random velocity field of particles which they acquire in a turbulent
fluid velocity u in a low-Mach-number flow. Note that div'V # 0 is
due to particle inertia and inhomogeneity of the fluid density.'*****
Now, we consider the large-scale dynamics of inertial particles in
a fast rotating turbulent fluid flow. The equation for the mean field

71 = (n,) derived using different analytical approaches™*”' reads
on .
a—': +div[r Ve — D" val = DAR, )

where the first term in the squared brackets of Eq. (2), 7@ V<!, deter-
mines the contribution to the turbulent flux of particles caused by the
effective pumping velocity. This effective pumping velocity is given by
vt — _(z v divy), (3)
where 7 is Tthe turbulent correlation time of the fluid flow. The second
term, —D Vn = —Dg Vjﬁ, in the squared brackets of Eq. (2) deter-

mines the contribution to the flux of particles caused by turbulent dif-
fusion, and

D = (tViV)) (4)

is the turbulent diffusion tensor. We consider particles advected by a

rotating turbulent fluid flow for large Péclet numbers and large

Reynolds numbers. The equation of motion for particles is given by
av._u-V
dt

+2VxQ, (5)
Tp
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where V is the random velocity field of particles caused by fluctuations
of the fluid velocity u, which are determined by equation

@:—Q—kvAu—i-ZuxQ—i-]:c. (6)
dt P p
Here, Q is the angular velocity, P is fluid pressure fluctuations, p is the
mean fluid of the density, v is the kinematic velocity, f is the external
random force, and 7, is the stopping time describing particle and fluid
interaction. The notion “stopping” time is originated in astrophysics.

When the mean-free path of the gas molecules is much smaller
than the particle radius, the particle and fluid interaction is described
by the Stokes regime with t, = m,/(6npva,) =2p, aé/(9ﬁ v),
where p,, is the material density of particles, and m,, and a,, are the
particle mass and the particle radius, respectively. In the opposite case,
when the mean-free path of the gas molecules is larger than the particle
radius, the stopping time 7, is determined by the Epstein regime with
= ppap/(P c), ' where ¢ is the sound speed.

Equation (5) can be rewritten as

B dv,
AijVj*ui_TpE7 (7)

where Ajj = §;; — w sijqflq, Q=0 /€ is the unit vector, & is the fully
anti-symmetric Levi-Civita unit tensor, J;; is the symmetric Kronecker
unit tensor and w = 27, Q. Multiplying Eq. (7) by the inverse matrix

1
ALl =——= (0mi + Bumi), 8
mi =T (Omi T Bmi) (8)
we obtain
1 dv;
Vi = Tro? (Omi + Bumi) l:ui —Tp W} ) )

where B,,; = w(am,-sﬂs +wh, Q,) and A} Ajy = ,y. By means of
Eq. (9), we determine div V' which characterizes a compressibility of
particle velocity field caused by the particle inertia, inhomogeneous
fluid density, and rotation

2

— div (‘L'p Z—‘t/) -V (‘CP B, L?:’)] , (10)

where the fluid velocity u, is in a plane perpendicular to €2. To derive
Eq. (10), we use the identity B,; V,, = @ ( X V), + 0 Q; (Q - V).

There are three characteristic times in the system: the stopping
time describing particle-fluid interaction Tps the correlation turbulent
time 7y in the integral scale £, and the period of rotation tq = 271/Q.
These three times are independent of each other. In the developed the-
ory, there are two independent parameters: = 27,2 and
Q. = 4Qr. The stopping time 7, is the smallest time in the system.
The case 7, < 79 < Q' corresponds to a slow rotation (Qtg < 1),
while the case 7, <Q ' < 1y corresponds to a fast rotation
(Qto > 1). For small time 7, (in comparison with 14), we apply a
method of iterations.

Using expression for the tensor B,,; and applying a method of
iterations for small time 7,, Eqs. (9) and (10) are transformed to
Egs. (A3) and (A11) (see for details Appendix A). Using Eqs. (A3) and

1 .
divV =divu + —— {a) (Q-rotu—a)divuL)
14+ w
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(A11), we determine the total effective pumping velocity:
VD — _ (¢ V div V), which is given by

Ve — v L O x v® 1 Q (6. vO), (an
where
1+3w?
v = ﬁ [(1 +30”) VW 4 (1= 0?)
% (@2 VO £ V)~ 0? (3 4+ ) VI 4 20 V(S)}, (12)
W ___ 20 [(1 +30?) VD — ? (1 — ?) VO
(1+w?)!
+ (14507 +20%) V) — 0 (3 4+ o) VI 4 207 VO,
(13)
2 2
© — w(l—w)[1+3w2 v 4+ v
__wi-o) +V
(1+w?)? ( a !
— 0 (VO 4 V) 4208 V<5>} : (14)

and the effective velocities V) describing various kinds of large-scale
particle clustering are given by

v = —(tudivu), (15)

Vo = 7<ru(f2 V(G- u)>, (16)
Ve = —%" (tuAP), (17)
v = _ Ty (@ V)P, (18)
VO = —(cu(@ - rotw) ). (19)

Il. LARGE-SCALE EFFECTS

In this section, we derive the expressions for the effective veloci-
ties V(%) defined by Egs. (15)-(19). We take into account the effect
of rotation on turbulence. In particular, to derive equation for the
rotational contributions to the Reynolds stress and the turbulent
heat flux, we follow the approach developed in Refs. 39 and 40.
We use equations for fluctuations of velocity #' and entropy
§$=0/T—-(1—-y1P/P

ou' p
%:_V(g)—gs’+2u’><9+uN, (20)
/
%: —( - V)S+ 8V, 21

where P and 0 are fluctuations of fluid pressure and temperature,
respectively, y is the ratio of specific heats, and g is the acceleration due
to the gravity. The hydrostatic nearly isentropic basic reference state is
defined by VP = pg, where T, P, S, and p are the mean fluid tempera-
ture, pressure, entropy, and density, respectively, in the basic reference
state. In Egs. (20) and (21), uN = (' - V)u/') — (#/ - V)u/' and SN =
((t - V)s') — (4 - V)¢ are the nonlinear terms, and the angular brack-
ets imply ensemble averaging. In Eqgs. (20) and (21), we neglect small
molecular viscosity and heat conductivity terms. Equation (20) is writ-
ten in the reference frame rotating with the constant angular velocity

pubs.aip.org/aip/pof

Q. The equations for fluctuations of velocity and entropy are obtained
by subtracting equations for the mean fields from the corresponding
equations for the total velocity and entropy fields. The fluid velocity for
a low Mach number flows with strong inhomogeneity of the fluid den-
sity p is assumed to be satisfied with the continuity equation written in
the anelastic approximation div (p #') = 0.

To study the effects of rotation on developed density stratified
inhomogeneous turbulence, we perform the derivations that include
the following steps.

* Using new variables for fluctuations of velocity U = /p u’ and
entropy s = /p §’;

* Derivation of the equations for the second-order moments of the
velocity fluctuations (U; Uj) and the entropy fluctuations (s?) in
the k space;

* Application of the multi-scale approach”’ that allows us to sepa-
rate turbulent scales from large scales;

* Adopting the spectral t approximation’” ** (see Appendix B);

* Solution of the derived second-order moment equations in the k
space; and

* Returning to the physical space to obtain expression for the
Reynolds stress and turbulent heat flux as the functions of the rota-
tion rate Q. The details of derivations are discussed in Appendix B.

This procedure allows us to determine the rotational contribu-
tions to the Reynolds stress and the turbulent heat flux and to derive
expressions for the effective pumping velocities V¥ of inertial par-
ticles in rotating inhomogeneous or density stratified turbulence. The
latter describes various kinds of the large-scale particle clustering.

To introduce anisotropy of turbulent velocity field in the back-
ground turbulence caused by a fast rotation, we consider an aniso-
tropic turbulence as a combination of a three-dimensional isotropic
turbulence and two-dimensional turbulence in the plane perpendicular
to the rotational axis. The degree of anisotropy ¢, is defined as the ratio
of turbulent kinetic energies of two-dimensional to three-dimensional
motions [see Eq. (B19) in Appendix BJ.

The anisotropy parameter &, appeared in the model of the back-
ground turbulence depends on the Coriolis number Co=2Qt,
= Q, /2, where 1, is the correlation time in the integral scale of turbu-
lence. For a slow rotation (small Coriolis numbers), the parameter
&, — 0. For a fast rotation (large Coriolis numbers), the parameter
&, > 1. In this case, the background turbulence is a highly anisotropic
nearly two-dimensional turbulence, and the main rotational contribu-
tions to the Reynolds stress are from the two-dimensional part of tur-
bulence. Formally, in the present study when we consider a fast
rotating turbulence, the parameter ¢, is not specified (it is a free
parameter), but it should satisfy the conditions ¢, > 1 for a fast rota-
tion. This phenomenological parameter can be determined, e.g., from
DNS or laboratory experiments.

A. The effective pumping velocity vV in
inhomogeneous and density stratified turbulence

We determine the effective pumping velocity V(") = — (1 u div u)
that is given by Eq. (A14) in Appendix A. For slow rotation (Q? < 1),
the effective velocity V(! is given by

1 N 1
V(l) = —}«DT +§ Q* [Q X (}\.L —EVL):|DT, (22)
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and for fast rotation (Q > 1), it is given by

v ==, (23)
4
where Dr = 19 (#?)/3 is the coefficient of turbulent diffusion,
Vi=V-Q -V,i=-p"'Vp, i, =4—Q 4 and Q, = 4Q1,.

It follows from Eqs. (22) and (23) that in a density stratified tur-
bulence there is a pumping effect of non-inertial particles to the turbu-
lent region with maximum mean fluid density. This effect results in
the accumulation of non-inertial particles in the vicinity of the maxi-
mum of the mean fluid density. For a non-rotating turbulence, this
phenomenon was studied in Ref. 21. The increase in the rotation rate
increases the anisotropy of turbulence, and fast rotation causes the
effective pumping velocity to be directed in the plane perpendicular to
the rotation axis.

The physics of the accumulation of non-inertial particles in the
vicinity of the maximum of the mean fluid density can be explained as
follows (see, e.g., book®). Let us assume that the mean fluid density p,
at point 2 is larger than the mean fluid density p, at point 1. Consider
two small control volumes “a” and “b” located between these two
points, and let the direction of the local turbulent velocity in volume
“a” at some instant be the same as the direction of the mean fluid den-
sity gradient Vp (i.e., along the x-axis toward point 2). Let the local
turbulent velocity in volume “b” at this instant be directed opposite to
the mean fluid density gradient (i.e., toward point 1).

In a fluid flow with a non-zero mean fluid density gradient, one of
the sources of particle number density fluctuations, n’ < —7¢7 (V - u),
is caused by a non-zero V- u ~ —u - VInp # 0. Since fluctuations of
the fluid velocity u are positive in volume “a” and negative in volume
“b,” we have the negative divergence of the fluid velocity, V- u < 0,
in volume “a,” and the positive divergence of the fluid velocity,
V- u > 0, in volume “b.” Therefore, fluctuations of the particle num-
ber density n’ oc —7o 7 (V - u) are positive in volume “a” and negative
in volume “b.” However, the flux of particles n’ u, is positive in vol-
ume “a” (i.e., it is directed toward point 2), and it is also positive in
volume “b” (because both fluctuations of fluid velocity and number
density of particles are negative in volume “b”). Therefore, the mean
flux of particles (n'u) is directed, as is the mean fluid density gradient
VD, toward point 2. This results in formation large-scale heteroge-
neous structures of non-inertial particles in regions with a mean fluid
density maximum.

B. The effective pumping velocity V@

_ We determine the effective pumping velocity V®) = —(t u(Q V)
x (€ - u)) that is given by Eq. (A15) in Appendix A. For slow rotation
(Q* < 1), the effective velocity V) is given by

1 A 16 . 1
v = {ZAL+Q(Q~V)+EQ* [sz X (h —EVL)”DT,

(24)
and for fast rotation (Q2 > 1), it is given by
3 A 1
yo - % {Qx (M——VL)}DT, (25)
8¢y, 2

where ¢, is the degree of anisotropy of turbulent velocity field which is
large (¢, > 1) for fast rotation Q, > 1, and it is small for slow

pubs.aip.org/aip/pof

rotation (Qi < 1). Since for fast rotation Q. > 1, the degree of
anisotropy &, of turbulent velocity field is large (&, > 1), the effective
pumping velocity V? vanishes.

C. The effective pumping velocity v
We determine the effective pumping velocity V©®) = —(,/p)

X (tuAP) for inertial particles. We consider a low-Mach-number
flow, Ma = u/¢; < 1, where c; is the sound speed. For a low-Mach-
number fluid flow, the turbulent fluid mass flux (p’ u) is very small,
i.e., it is of the order of Ma?, and fluctuations of the fluid density p’
and velocity u are weakly correlated. We use the equation of state for a
perfect gas, which yields

P o 0 ,

=5 7000 (26)

and (Pu)/P = (0u)/T, where we neglect very small turbulent
fluid mass flux {p'u) for a low-Mach-number flow. Here, P, T,
and p are the mean fluid pressure, temperature, and density,
respectively. Therefore, the effective pumping velocity for inertial

particles is

D

Let us determine the correlation function (tu(x) [V20(x)])
(tu(x) [V20(x)]) = lim (ru(x) [V20)))

_ Jr(k) K (u(k) 0(—k) @ dk,  (28)

Ve = —%’ (ruAP) ~ — g <w(x) [V20(x)] > 27)

where the correlation function (u;(k) 0(—k))® in the k space follows
from Eq. (B24). Using Eqgs. (B24) and (B25) given in Appendix B and
Egs. (27) and (28), we determine the effective pumping velocity Ve,
that is given by Eq. (A16) in Appendix A. For slow rotation, Q* < 1,
the effective pumping velocity V) is given by

vG = —@ lnRe[V —¢, <V fZVl)} ln(Tﬁl/q’y_l), (29)

and for fast rotation, Q > 1, the effective pumping velocity V() is
given by

D Q.\ - S
V<3>:J‘°TT [InReVLf (” )QxVL} n(FpY/71),

Eu

(30)

where iy =2V, Lp/(3Dr) with V, = 1, g being the terminal fall
velocity of particles and Lp = |[VP/P|™" being the height scale of the
mean pressure. Here, we use the equation of state for the ideal gas,
P =Rp T, with R = ky/m, being the gas constant, m, is the mass of
a molecule of the surrounding fluid and kg is the Boltzmann constant.
We also take into account that in the basic reference state for the fluid
(i.e., in the hydrostatic equilibrium with a zero mean fluid velocity),
VP ~ pg and 1, ks/my, = V4 Lp/T. The latter expression follows
from the identity of the Stokes time for particles 7, = p Vy Lp/P.

The effective pumping velocity V{®) is related to the phenomenon
of turbulent thermal diffusion for inertial particles. The mechanism of
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this effect is as follows. The inertia causes particles inside the turbulent
eddies to drift out to the boundary regions between eddies due to the
centrifugal inertial force. Indeed, for large Péclet numbers, when
molecular diffusion of particles can be neglected in the equation for
particle number density, it follows that

d
V.V on! {%JF(V-V);«[,} et BN E 9

PoLot "o ar
On the other hand, for inertial particles, V- V = (t,/p)V?P.
Therefore, in regions with maximum fluid pressure fluctuations
(where V2P < 0), there is an accumulation of inertial particles, i.e.,
dn'/dt o —7 (1,/p) V*P > 0. These regions have low vorticity and
high strain rate. Similarly, there is an outflow of inertial particles from
regions with minimum fluid pressure.

In homogeneous and isotropic turbulence with a zero gradient
of the mean temperature, there is no preferential direction, so that
there is no large-scale effect of particle accumulation, and the pres-
sure (temperature) of the surrounding fluid is not correlated with
the turbulent velocity field. The only non-zero correlation is
((u - V)P), which contributes to the flux of the turbulent kinetic
energy density.

In temperature-stratified turbulence, fluctuations of fluid temper-
ature 0 and velocity u are correlated due to a non-zero turbulent heat
flux, (0u) # 0. Fluctuations in temperature cause pressure fluctua-
tions, which result in fluctuations in the number density of particles.
Increase of the pressure of the surrounding fluid is accompanied by an
accumulation of particles, and the direction of the mean flux of par-
ticles coincides with that of the turbulent heat flux. The mean flux of
particles is directed toward the minimum of the mean temperature,
and the particles tend to accumulate in this region.

To demonstrate that the directions of the mean flux of particles
and the turbulent heat flux coincide, we assume that the mean temper-
ature T', at point 2 is larger than the mean temperature T at point 1.
We consider two small control volumes “a” and “b” located between
these two points. Let the direction of the local turbulent velocity in vol-
ume “a” at some instant be the same as the direction of the turbulent
heat flux (0u) (i.e., along the x-axis toward point 1) and let the local
turbulent velocity in volume “b,” at the same instant, be directed oppo-
site to the turbulent heat flux (i.e., toward point 2).

In temperature stratified turbulence with a non-zero turbulent
heat flux (0 u), fluctuations of pressure p and velocity u are correlated,
and regions with a higher level of pressure fluctuations have higher tem-
perature and velocity fluctuations. Fluctuations of temperature 0 and
pressure P in volume “a” are positive because 0 u, > 0, and negative in
volume “b.” Fluctuations of particle number density #’ are positive in
volume “a” (because particles are locally accumulated in the vicinity of
the maximum of pressure fluctuations, dn’ /dt < —7 (1,/p) V*P > 0),
and they are negative in volume “b” (because there is an outflow of
particles from regions with low pressure fluctuations). The flux of par-
ticles n’ V is positive in volume “a” (i.e., it is directed toward point 1),
and it is also positive in volume “b” (because both fluctuations of
velocity and number density of particles are negative in volume “b”),
where V is the particle velocity along the x-axis. Therefore, the mean
flux of particles (n' V) is directed, as is the turbulent heat flux (0 u),
toward point 1. This causes the formation of large-scale inhomoge-
neous structures in the spatial distribution of inertial particles in the
vicinity of the mean temperature minimum.

pubs.aip.org/aip/pof

The increase in the rotation rate increases the anisotropy of tur-
bulence, and fast rotation results in the effective pumping velocity is in
the plane perpendicular to the rotation axis.

D. The effective pumping velocity V*

Now, we determine the effective pumping velocity V®
= —(1,/P) (tu (- V)*P), that is given by Eq. (A17) in Appendix A.
For slow rotation, Q* < 1, the effective pumping velocity V) is
given by

D SRRy
v — _% InReVIn(T5/71), (32)

and for fast rotation, 1 < Q < Re, the effective pumping velocity
V# is given by

D Re\ 2 S
v — _“gs T {111(9—‘;) +§} vin(TP/7Y). (33

Since for fast rotation Q. >> 1, the degree of anisotropy ¢, of turbulent
velocity field is large (¢, >> 1), the effective pumping velocity V®
vanishes.

E. The effective pumping velocity v

Now, we determine the effective pumping velocity Ve
= —(tu (Q - rotu)), that is given by Eq. (A18) in Appendix A. For
slow rotation, Q* < 1, the effective pumping velocity V®) is given by

) 1[x 3. 4

\4 :_4_1 QX1L+EQXVL—§Q(9}.) DT7 (34)
and for fast rotation, Q? > 1, the effective pumping velocity V) is
given by

3 .
v® = Dy {Q*Al —EQ x AL}. (35)

The mechanism for the appearance of an additional mean turbu-
lent flux of particles for fast rotation in the plane perpendicular to the
rotation axis is as follows. There are particle containing eddies with the
vorticity V x u which is parallel (the left-handed eddies) and antipar-
allel (the right-handed eddies) to the global rotation . The fluid den-
sity stratification in the plane perpendicular to the rotation axis breaks
a symmetry between number of the left-handed and right-handed
eddies. This results in the appearance of a non-zero effective pumping
velocity V®) = —(tu (Q - rotu)) of particles in the direction of the
density stratification.

For fast rotation (Q2 > 1), the total effective pumping velocity is
given by

VD — fi(w)Dr Ay + fo(0) Dr Q x 4, (36)

where
filw) =29, o (1 4+ 30%) (1 + ?) 7, 37)
flw) = —4Q, 0° (1 + 0?) ™. (38)

In Fig. 1, we show the functions f; (@) and f,(w) entering to the
total effective pumping velocity (36) for fast rotating turbulence
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FIG. 1. Functions f; () (solid) and f,(w) (dashed) for Q.. = 60.

(Q. = 60). In the next section, we analyze the behavior of the total
effective pumping velocity (36) for a fast rotating turbulence.

IV. APPLICATIONS TO FORMATION
OF PLANETESIMALS IN ACCRETION
PROTOPLANETARY DISCS

The analyzed effects are important in astrophysical turbulence,
e.g., formation of planetesimals (progenitors of planets) in accretion
protoplanetary disks.”'* Small-scale planetesimals are formed from
grains and dust in the gaseous protostellar disks or the solar nebula
due to coagulation. Inertia of particles advected by turbulent rotating
fluid flow causes formation of large-scale inhomogeneities of particles
distribution.

The typical parameters of the protosolar nebula are™'"'*': the
angular velocity Q ~ 2 x 1077 rgé/ 2g-1 (where ray is the radial coor-
dinate measured in the astronomical units Lyy = 1.5 x 10" cm); the
sound speed ¢, = 6.4 x 10* rgé/ " cm/s; the integral scale of turbu-
lence 4y = \/2c,/€Q; the turbulent velocity uy = o cy; the turbulent
time 79 = £o/up = (v/2Q)'; and the turbulent diffusion coefficient

Dy = lyup/3 varies from 2 x 101 r}fé” to 10" r}féM cm?/s. The

kinematic viscosity v = ¢s Amgy/2 = 1.6 X 10° r[l\%7 cm’/s, so the
Reynolds number Re = {yu/v varies from 3 x 10° r;é/ > to

108 r;é/ ®. Here, Jmfp = Srf\géM cm is the mean-free path of the

gas molecules, o varies from 1073 to 1072. Therefore, the parameter
Q. = 4Q1y = 4//x varies from 40 to 120. This implies that turbu-
lence in the protosolar nebula is a fast rotating turbulence.

The stopping time 7, describing particle and fluid interaction
depends on the ratio of the mean-free path /5, of the gas molecules to

the particle radius a,,. In the Epstein regime (4mg > ap), the stopping

time is 7, = p, ap/(p ¢;) =2 x 10* ri?ap, where the particle radius

ap is measured in cm and Tp is measured in s. Therefore, the parameter
5 15/14

® = 2Q1, is @ = 1071, ap. In the Stokes regime (Anp < ap), the
stopping time is 7, = 2p, a>/(9p v) = 2 x 10° ri{}“aé. Therefore, the

— 103,97 2
parameter ® = 1071,/ " ag.

In Fig. 2, we show the radial profiles of the parameter w(ray) for
different particle radii: @, =5cm (solid), 10 cm (dashed), and 50 cm
(dashed-dotted). The decreased function w(ray) corresponds to the
Stokes regime, while the increased function w(rsy) corresponds to the

ARTICLE pubs.aip.org/aip/pof

0.0

AU

FIG. 2. Radial profiles of the parameter w(ray) for different particle radii: a, =5cm
(solid), 10 cm (dashed), and 50 cm (dashed-dotted). Here, ray is the radial coordi-
nate measured in the astronomical units Lay = 1.5 x 10™ cm.

Epstein regime. To plot Fig. 2, we use Eq. (1) from'" for 7, with
the smooth transition between the Stokes and the Epstein regimes.
In particular, the case a, < 9/y5/4 corresponds to the Epstein
regime, while for a, > 94, /4 the Stokes regime describes 7, where

39/14
Amfp = 5Ty cm.

The mean fluid density is p=2x 107" rglljl/ ¢
fluid temperature is T =280 r;é/ *K, the parameter zoDy=(2/ 3p)1pcl,
the scale Hy=c,/Q=3x 10""+3/7 cm. Note that in the radial direction,
the gravity force acting on the particles is compensated by the centrifugal

force. This is the reason why these forces are not included in Eqs. (5)
and (6). In Fig. 3, we plot the radial profiles of the azimuthal Véfﬁ) (rav)

and radial V" (rau) components of the total effective velocity for dif-
ferent particle radii a, from 5 to 50cm for fast rotating turbulence
(€©,=60). The effective pumping velocity components for fast rotating
turbulence are determined by Eq. (36), where 4, is directed in the radial
direction. These radial profiles have two maxima corresponding to dif-
ferent regimes of the particle—fluid interactions: at the small radius it is
the Stokes regime, while at the larger radius it is the Epstein regime.
With the decrease in the particle radius, the distance between the

g/cm’, the mean

(eff)

(eff) ]

6.0 V

3.0r

&
o
T

FIG. 3. Radial profiles of the azimuthal Vq(,,eﬁ) (rau) component of the effective veloc-
ity for different particle radii: a, =5cm (solid)), 10 cm (dashed-dotted), and 50 cm
(solid blue); and of the radial component V™ (1) of the effective velocity for dif-
ferent particle sizes a, =5cm (dashed), 10cm (dotted), 50 cm (dashed blue) for
Q. = 60 (that corresponds to o = 1,/225). The velocity is measured in cm/s.
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maxima increases. This implies that smaller-size particles are concen-
trated near the central body of the accretion disk, while larger-size par-
ticles are accumulated far from the central body.

In Fig. 4, we plot the equilibrium radial profile of the mean parti-
cle number density 7(ray) for different particle radii a, from 5 to
50 cm for fast rotating turbulence (Q. = 60). The equilibrium radial
profile of the mean particle number density 7 (ray) is determined by
the steady-state solution of Eq. (2)

(eff)

7i(ray) = . exp (— J " ‘;Ti(fzr)) dr') . (39)

Tmin
1t follows from Fig. 4 that the size of particle cluster increases with the
particle radius. Note that the material density of particles p, as well as
their radius a,, affect the particle stopping time. With increase in p, and
a, the particle stopping time increases. The characteristic formation time

of large-scale particle clusters is about T4y, = r/ v < 105-10° years,

where ray = 1-10 (measured in the astronomical units Lay) and

V,(Eff) ~ 5 cm/s. Note that the turbulent diffusion time is about

tai = r*/Dr ~ (0.4-3) x 107 years. The turbulent diffusion affects
the lifetime of the large-scale clusters, and 74; is much larger than the
characteristic formation time of large-scale particle cluster (~ Tqyn).

V. DISCUSSION AND CONCLUSIONS

A theory of large-scale clustering of inertial particles (in scales
which are much larger than the turbulent integral scale) in a rotating
density stratified or inhomogeneous turbulence is developed. The
large-scale particle clustering is characterized by the effective pumping
velocity in a turbulent flux of particles, which for a fast rotation is
localized in the plane perpendicular to rotation axis along the fluid
density stratification. This causes the formation of large-scale inhomo-
geneities in particle spatial distribution. The developed theory of the
large-scale particle clustering has been applied for explanation of the
formation of planetesimals (progenitors of planets) in accretion proto-
planetary disks.

We apply mean-field theory to describe large-scale clustering
phenomena in rotating and stratified turbulence. The mean-field the-
ory is valid when the characteristic spatial (and/or temporal) scales of
the mean-field variations are much larger than the integral turbulence

0.6

0.4

0.2

0.0

0.1 1.0 10 7,y

FIG. 4. Equilibrium radial profile of the normalized mean particle number density
n(ray) for different particle radii: a, =5cm (dashed-dotted), 10 cm (dashed), and
50 cm (solid); and for Q, = 60.
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scale (and/or turbulence correlation time). The applicability of a
mean-field theory in fast rotating and stratified turbulence based on
the 7 approach has been discussed in Ref. 40, where comparison with
results of direct numerical simulations (see Refs. 45 and 46) has been
performed. In these papers, a generation of a large-scale vorticity in a
fast rotating density stratified turbulent convection has been studied.

The theory"’ predicts the threshold in the Coriolis number
requires for the generation of the large-scale vorticity observed in
DNS."* The critical Coriolis number should be much larger than 1.
The derived mean-field equations describe formations of both,
cyclonic and anticyclonic large-scale vortices in the kinematic (linear)
stage of the instability. As in the DNS, the theory’ predicts the similar
behavior of the mean entropy or temperature inside cyclonic and anti-
cyclonic vortices: for the mode with the dominant vertical mean vortic-
ity, the mean entropy is decreased inside the cyclonic vortices and
increased inside the anticyclonic vortices in agreement with DNS.
Detailed validation of the developed mean-field theory of large-scale
clustering in rotating density-stratified turbulence in numerical simu-
lations is a subject of future separate studies.

To derive equations for the rotational contribution to the
Reynolds stress and the turbulent heat flux in rotating density strati-
fied turbulence, we apply the spectral t approach (see Sec. II and
Appendix B). The t approach is valid for large fluid and magnetic
Reynolds numbers and for large Péclet numbers. In this case, turbu-
lence is strong, and the relaxation time 7, in Eq. (B8) can be identified
with the scale-dependent turbulent time (k) (see the Appendix B).
However, the 7 approach does not work to study intermittency of sca-
lar and magnetic fluctuations.

The t approach reproduces many well-known phenomena found
by other methods in turbulent transport of particles, temperature and
magnetic fields, in turbulent convection and stably stratified turbulent
flows (see detailed discussion in Ref. 8, and references therein). In par-
ticular, in turbulent transport of particles, the T approximation yields
correct formulas for turbulent diffusion, turbulent thermal diffusion,
and turbulent barodiffusion obtained by other methods. The phenom-
enon of turbulent thermal diffusion (a nondiffusive streaming of par-
ticles in the direction of the turbulent heat flux), has been studied
using the stochastic calculus (the path integral approach), the quasi-
linear approach, the direct interaction approximation (DIA) and the t
approach (see Ref. 8, and references therein). The phenomenon of tur-
bulent thermal diffusion and large-scale particle clustering has been
already detected in laboratory experiments in non-rotating stably
and unstably temperature stratified turbulence,” *” and in direct
numerical simulations (DNS) in non-rotating density-stratified turbu-
lence.”* " The numerical and experimental results are in good agree-
ment with the theoretical studies performed by means of different
approaches, including the 7 approach.

The detailed verification of the t approach in DNS of turbulent
transport of passive scalar has been performed in."’ In particular, the
results on turbulent transport of passive scalar obtained using DNS
have been compared with that obtained using a closure model based
on the 7 approach. The numerical and analytical results are in a good
agreement.

The 7 approach reproduces the well-known k~7/3-spectrum of
anisotropic velocity fluctuations in a sheared turbulence.**’ This
spectrum was previously found in analytical,”’ numerical,”’ and labo-
ratory studies”” and was observed in the atmospheric turbulence.” In
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the turbulent boundary layer problems, the t approach yields cor-
rect expressions for turbulent viscosity, turbulent thermal conduc-
tivity, and the classical turbulent heat flux. This approach also
describes the counter-wind heat flux and the Deardorff’s heat flux
in convective turbulence.”*’ These phenomena have been previ-
ously studied using different analytical approaches (see Ref. 8, and
references therein).

In magnetohydrodynamics, the 7 approach reproduces many
well-known phenomena found by different methods, e.g, the t
approach yields correct formulas for the a-effect, the effective pumping
velocities, and the turbulent magnetic diffusion in rotating and density
stratified turbulence (see Ref. 8, and references therein). These results
also have been confirmed using DNS in forced turbulence as well as in
rotating density-stratified turbulence.”””* In high-energy physics, e.g.,
in chiral magnetohydrodynamics, DNS reproduces many results pre-
dicted using the T approach.” ™’

Comparisons of theoretical predictions and DNS performed for
various turbulence problems (where large-scale effects are caused by
turbulence) show that often the separation of scales characterized by
the ratio of typical scale of mean-field variations to the integral scale of
turbulence should be in DNS in the interval from 3 to 5. This allows us
to observe in DNS the large-scale effects caused by turbulence.
However, there is a case when the scale separation ratio should be
much larger. For instance, the negative effective magnetic pressure
instability (NEMPI),"”°" which results in the formation of the large-
scale magnetic flux tubes, requires the scale separation ratio in
the interval from 15 to 30. This allows us to observe this instability
in DNS.%%!

In the present study, we consider large-scale clustering in a
low-Mach-number turbulence. These conditions are relevant for
applications to the formation of planetesimals in accretion proto-
planetary disks. The weak correlation between fluid density and
velocity fluctuations at low-Mach-number turbulence is discussed in
Ref. 62. The effects of compressibility (not small Mach numbers) on
the turbulent diffusivity and the effective pumping velocity of par-
ticles for non-rotating density stratified or inhomogeneous turbu-
lence are discussed in Sec. 2.5 in Ref. 8, see references therein. The
theoretical predictions of the compressibility effects on turbulent
transport of particles are in agreement with DNS results for non-
rotating density stratified or inhomogeneous turbulence.”””’ The
effects of compressibility on the large-scale particle clustering in a
rotating density stratified and inhomogeneous turbulence is the sub-
ject of future separate studies.

In the developed theory of large-scale particle clustering, the stop-
ping time 7, which describes the fluid-particle interaction regimes,
inters only in the parameter » = 2Q1,, and the theory is developed
for arbitrary parameter . In the applications of the analyzed effects
for an explanation of the formation of planetesimals in protoplanetary
disks, we consider two different fluid—particle interaction regimes. In
particular, the stopping time 7, depends on the ratio of the mean-free
path Jng of the gas molecules to the particle radius a,. When
Jmfp/ap > 1, the Epstein regime of the fluid-particle interaction
describes Tps while for /lmfp / ap, < 1, the Stokes regime describes Tp.
When the ratio }..m_fp / a, <1, and it is not small, there is a smooth
transition between these regimes. For instance, to plot Fig. 2 for the
radial profiles of the parameter w(r5y ), we use Eq. (1) from Ref. 14 for
7, with the smooth transition between the Stokes and the Epstein

pubs.aip.org/aip/pof

regimes (see Sec. V). Another way is to use Eq. (10) from Ref. 63 for
7, with the smooth transition between different regimes. However,
this only affects the parameter w.

In this paper we analyze the reasons for large-scale clustering
caused by the turbulent effects, which are described in terms of the
effective pumping velocity in the mean-field equation for the mean
particle number density. The derived pumping velocities are inde-
pendent of boundary conditions. These pumping velocities arise due
to small-scale turbulence in the presence of rotation and
stratification.

To determine the characteristics of the large-scale clusters, like
dimensions (the characteristic length and width) and shape (aspect
ratio) of the large-scale clusters, and time evolution of clusters, one
needs to solve the derived nonlinear mean-field equations which
include the derived effective pumping velocities. This can be done by
the mean-field numerical simulations (MFS) which is the subject of
future separate comprehensive studies. The subsequent particle distri-
butions in the clusters obtained in MFS may depend on boundary con-
ditions. Note also that a mean-field theory is able to take into account
the back-reactions of particles on turbulence which are important
when the mass-loading parameter m,7/p inside the cluster is of
the order of or larger than 1. These nonlinear effects can be studied
in MES.

In the developed theory there are two key parameters: » = 27,Q
and Q, = 4Qty. The stopping time of particles 7, < 1o is the smallest
time in the system, and the theory is valid for large Reynolds numbers
and for large Péclet numbers. The developed theory can be also applied
to large-scale clustering of dust in accretion disks in binary stellar sys-
tem and in young galactic rotating accretion disks.
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APPENDIX A: TOTAL EFFECTIVE PUMPING VELOCITY
OF PARTICLES

In this appendix, we derive the total effective pumping velocity
VD — (¢ Vdiv V) for arbitrary values of parameter . To deter-
mine div V' [given by Eq. (10)], we assume that the parameter  and the
Stokes time 7, are independent parameters. Using Eq. (9), we find
dV /dt for small Stokes time applying a method of iterations. This yields

dV w
L P

{qu+w(u—ﬂ(9~u))

+;—p(w’lV+a)Q(Q-V)—QxV)P] +O<r§),

(A1)
and
v 2 . .
_TPBMi?ZIwa {u—wﬂxu—ﬂ(ﬂw)
~ RV 2+0)Q (@)
0
+w—1QxV)P} +0(z). (A2)

where Q = Q/Q is the unit vector and we use Eq. (6) for large
Reynolds numbers (which allows us to neglect small term proportional
to the kinematic viscosity). Equations (10) and (A1)-(A2) allow us to
find the compressibility of particle velocity field characterized by div V

CL)2

(A+4-V)P+ Tror

divv = d1vu+
p
X {wal-rotqu(lf )leuL*; [(3+w)

X (AL 44 -V) 420 (Qx4p)- v}p} +o<fg),
(A3)

where 2 = —p~' Vp. For the derivation of Egs. (A1)-(A3), we used
the following identities: B,; V; = 0? [Q(Q - V) — 0 ' Q x V],

dv 1
G ) T Tv e

—w awf!q Vmup] + O(ré), (A4)

(i + Bi) [;" (Vo + 2m)ViP

By ViV,P = 0* (Q - V)’P, (A5)
Bt (ViP) by = 0 [ Q- (21 x V) + 0 (@ 1) (©-V)| P, (A6)
B, Eiqulq Uy = [Qm Q- u) - um}, (A7)
B,.i siqulq Vit = —odivu, . (A8)
This yields also

—1, div (c;‘t/)

ki { AV =T (A AV
p w?
—w’IQ-(lLXV))P—divuL

+o Q- rot u] + O(ré), (A9)
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and

dV-) ?

i ’L'
1,V (B,,,iW o { [(1+w )(A+i-V)

2+ 0?) (AL AL -V) o (X nv]p
+divu, +0Q- rotu} + O(Tf,
(A10)
Equations (9) and (A1)-(A2) yield the particle velocity field

(14 30%)u —20° (Q x u)

1
- (14 w?)? {
—a —wz)wz(f2~u)f2+% [(1 — W)V

LG+’ Q(Q-V) - 200 x V)]p}. (A11)

Equations (A3) and (A11) for »* < 1 read
divV =(1+o?)dive—o? (Q-V)(Q . u)
+%’ [(1=30) (A+2V) + 302 [(@ V)

+@x G- V)] +20 (@ x4,) AV]P+O(‘C§>,
(A12)
and
V= (1-i—wz)u—a)zfl(f.".-u)—l—%P [(1—3(92)V
13020 (Q-V) — 20 (Q x V)]P+ o(ﬁa). (A13)

By means of Egs. (A3) and (A11), we determine the total effective
pumping velocity: V") = —(z V div V), which is given by Eq. (11),
where the effective pumping velocity V() = —(t udiv u) is

1 3
v = _ {ZASI)(Q*) it [Aél)(Q*) +5 su} A

1+4+¢,
(AL —%VL):| }DT. (A14)

The functions A\ ( .) are given in Appendix C. The effective
pumping velocity V) = —(zu(€Q - V)(Q - u)) is given by

—0.4%(Q.)|Q x

1

v — _
2(1+ &)

AP (Q.) - AV (©)Q(Q V)

4
+240(Q,) 4, +20, (Ag2> @)+ c? (Q*))

x {Q x (h f%wﬂ

The functions AY"(Q,) and C"(Q,) are given in Appendix C.
The effective pumping velocity V©® = —(1,/p) (tuAP) is
given by

Dr. (A15)

Phys. Fluids 37, 065152 (2025); doi: 10.1063/5.0270977
© Author(s) 2025

37, 065152-9

GE€11€60 G20z dunr L


pubs.aip.org/aip/phf

Physics of Fluids ARTICLE

24y Dr ~1 ~1

VO = - 247 @ )V + (A V(.

( +8“) 1 ( ) + 2 ( )
36, .

+i In Re}VL—Q Al (Q*)val}

% In(TP/"1), (A16)

The effective pumping velocity V) = —(t,/p) (tu (Q-V)’P) is

given by
241y Dr -1 0
v — 2R 5400 — Q) v
15(1+s”)( 3 (Q) -G (Q)
+(AY@Q,) - 24Q,) + 12¢(Q,) Q(Q - V)
Q*
2

AV, - A9@Q,) +8c”(Q,) @ x vl}

x In(TP"). (A17)
—(tu(Q - rotu)) is given by
Q.
Ve — m {(Q X AL) |Q { . (gsﬁAé‘)(ﬁ*))
~20,(AY(20,) +4c 20.) - ¢V (2
43

The effective pumping velocity V®) =

Q)] - 3euhs

1
+ [g — AP0, + c< )(Q*) —4c¥? (29*)}

LQ@- ) {5 - Q;IA?)(zQ*) + % (34220,

— 8¢ (20,) + 13¢P (20,)) — 5—54cf) (Q*)]

+ F + 7 D@, - 20?20, )} V43 {1 +%(A§2>(2Q*)
+3¢?(29,)) —g c? (Q*)} QQ-V)

+-0Q; [3 —Ag”(g*)} O x VL}DT
(A18)

For w? <« 1, the total effective pumping velocity is given by
VED — (1420 VY + (1 —20?) VP
—? |V —3v® L O [Q (v 4 vOh [ (A19)

APPENDIX B: EFFECT OF ROTATION ON TURBULENCE

In this appendix, we derive equation for the rotational contri-
butions to the Reynolds stress and turbulent heat flux. We apply the
approach developed in Refs. 39 and 40. Equations for fluctuations
of velocity #' and temperature 0 are rewritten in the k space using
new variables for fluctuations of velocity U = \/p #' and entropy
s = +/p §. Using these equations we derive equations for the follow-
ing  correlation  functions:  fj;(k,K) = (Ui(t, k) Uj(t, kz))
Fi(k,K) = (s(t,k1)Ui(t, k2)), and ©;(k, K) = (s(t, k1)s(t, kz))
apply the multi-scale approach,”’  where k, =k -+ K/ 2,

pubs.aip.org/aip/pof

k, = —k + K /2, the wave vector K and the vector R = (x + y)/2
correspond to the large-scale variables, while k and r = y — x corre-
spond to the small-scale variables. Hereafter, we omit argument ¢ in
the correlation functions. The equations for these correlation func-
tions are given by

(kK)o FLNT
5 = Limnfon + My + N, BV
%’?M_DQF +gem zm(k1)®+NF” (BZ)
00(k,K) -
T_N& (B3)

where DQ(k) = 28ijmQukmn, L Umn = DQ o (k1) 04 + DQ -+ (k2) Oim» O is
the Kronecker unit tensor, k; = kik;/ k » &ijk is the Lev1 Civita fully
antisymmetric tensor, Pj;(k) = 0; — k,], and

ME = geu [Pan(k0)E (K, K) + P (k) Fi(~k,K)].  (B4)

In Egs. (B1)-(B3) Nf and N'F; are the thlrd order moments
appearing due to the nonhnear terms UY and sV, which are given by

Nf = (Pun (ki) UN (k1) Uy (k2)) + (Ui (ky) Py (k2 UN (k2)),  (B5)

NE; = (Y (kn)Uj(ka)) + (k1) Pan (ko)UY (ko). (B6)

NO = (N (ky)s(ky)) + (s(k1)sV (K»)). (B7)

The derived equations for the second-order moments of the
velocity fluctuations (U; U;), the entropy fluctuations (s*) and the tur-
bulent flux of entropy (sU;), include the first-order spatial differential
operators N applied to the third-order moments M. A problem
arises how to close the system of the second-moment equations, i.e.,
how to express the set of the third-moment terms A" M (k) through
the lower moments (see, e.g., Refs. 8 and 42). In the present study, we
use the spectral 7 approximation (see, e.g., Refs. 8 and 42-44), which
postulates that the deviations of the third-moment terms, A" M (k),
from the contributions to these terms afforded by the background
rotating turbulence, N” MU0 (k), are expressed through the similar
deviations of the second-order moments, M (k) — M%) (k) in the
relaxation form

M(H) (k) _ M(H,O) (k)
7, (k)

Here, the correlation functions with the superscript (0) corre-
spond to the background non-rotating turbulence. The time 7, (k) is
the characteristic relaxation time of the statistical moments, which
can be identified with the correlation time 7(k) of the turbulent
velocity field for large Reynolds numbers.

The rotational contributions to the Re (ynolds stress fi@) =
(Ui(ky) Uj(ky)) and turbulent heat flux F; (s(ky) Ui(ky)) fol-
lows from Egs. (B1)-(B8). We also take into account that the
characteristic time of variations of the second moments are much
larger than the correlation time t(k) of the turbulent velocity field.
Therefore, the rotational contributions to the Reynolds stress and
turbulent heat flux are given by ”****

£ (k) =

NM(III) (k) — NM(HI,O) (k) = — (BS)

~ F
L [0 (K) 4+ 2 (LS + L + M )8 ()], (BO)
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E? (k) = D;' F* (k), (B10)
where
Dyt = (W) (S5 + W i km + ¥ k), (B11)

_ 1
L~1 (9) = E By 6im6jn + B, kijmn + Bs (Simpéjn

ijmn
+ Bjnpaim)i(p + By (5imkjn + 5jnkim) +Bs gipmgjq"kpq
+ Bg (gimpkjpn + gjnpkipm)} )
(B12)

= gem | (Pin (k) + K}, ) Fj(k) + (P (k) — ki, )Ei(—K) |, (B13)

F; = F, — F2=°_ Here, k; = ki/k, z() = 1/(1 +y?), ¢ = 2t(k)

X (k-Q)/k, Bi=1+yx(2), By =B +2—4y(}), Bs =2y 7(2y),

By=2y({) —B1,Bs=2—B;, and B =2y [x()—z(2¥)], see

Ref. 64. In Egs. (B9) and (B10), the operator Di]‘- ! is the inverse of

5,1 - rD,] and the operator szmn (@) is the inverse of 0;ndj,
—7 Lijmn, where D,} = 2¢;;pQukpq and

Lijmn = 29 (imp Sjn + &jnp Oim) Kpg- (B14)
In Eq. (BY), the operators Ll]mn and L,]mn are given by
L = =2 (8imp On — Ejnp Sim) ey (B15)
Lgmn 2Qq (Simp 5jn Einp ozm) k + K2 ( &ilg 5jn ;Lm — &jlg 5im ;vn) kl )
(B16)
where
vV _
k; 2k2 [kV + KV — 2k (k- V)], (B17)
ki = 2k2 [kiZj + kjdi — 2k;i(k - 4)]. (B18)

In Egs. (B9) and (B10), we neglected effects 042, A%), ie, they are
quadratic in fluid density stratification (described by 4) and inho-
mogeneity of turbulence (described by A = V(u?)/(u?)). We also
take into account that Ly, on Pon (k) = Pyi(K).

We use the followmg model of the background mhomogeneous
and density stratified turbulence f ( ) = (Ui(ky) U (k2)> , which
takes into account an anisotropy ‘of turbulence w1th appearance of

rotation
E(k) [1 +2ke, O(k - ©)5(Q - @)}
- 8nk? (1+¢,)

X{P i(k) + k2 (z,k iji)}<uz>, (B19)

and the correlation function F,.(O) (k) = (s(ky) Ui(k )V is

EY (k) = —<(b)fy (k) VS, (B20)

1

where the function f ( ) is given by Eq. (B19) without the terms
proportional to i=(A— V) /2. Here, we take into account that in

pubs.aip.org/aip/pof

the anelastic approximation the velocity fluctuations U = \/p '
satisfy the equation V- U = U - 4, where 2 = 4/2 = —(Vp)/2p.
Equation (B19) is derived using symmetry arguments. For
instance, density stratification is taken into account in anelastic
approximation div (pu) = 0 for low-Mach number turbulence. In
this case, the derivation of the Reynolds stress in the Fourier space

f;o) = (Ui(k,) Uj(ky)) for a density-stratified turbulence is
described in Sec. 2.2.3 in Ref. 8. The derivation of the Reynolds
stress in the Fourier space for an inhomogeneous turbulence is
described in Sec. 3.4.3 in Ref. 8. In particular, the large-scale effects
caused by stratification A and inhomogeneous turbulence V{(u?),
satisfy the conditions ¢y < H, and ¢y < L,, where H, and L, is the
characteristic scales of the density stratification and inhomogeneity
of turbulence, respectively. Therefore, we consider only linear effects
in 2 and V{u?) in Eq. (B19) so that the second-rank tensor f;o) is
constructed as a linear combination of symmetric tensors, d; and
k,-j, with respect to the indexes i and j, and non-symmetric tensors,
kilj, kiZi, and k;V;(u*), kjV;{u*). To determine unknown coeffi-
cients multiplying by these tensors, we use the following conditions
in the derivation of Eq. (B19):

() = J 9k, K) exp(iK - R) dk dK, (B21)
((diva)’) = J kikify" (k,K) exp(iK - R) dk dK. (B22)

The anisotropy of turbulence is caused by a fast rotation. The aniso-
tropic turbulence can be described as a combination of a three-
dimensional isotropic turbulence and two-dimensional turbulence
in the plane perpendicular to the rotational axis. The degree of
anisotropy ¢, is defined as the ratio of turbulent kinetic energies of
two-dimensional to three-dimensional motions. The parameter ¢, is
non-zero only for a fast rotation Q. >> 1.

In Eq. (B19), d(x) is the Dirac delta function. For a fast rota-
tion 4 is perpendicular to Q. The turbulent correlation time in the k
space is t(k) = 210 7(k), where 7(k) = (k/ko)' . We assume that
the background turbulence is of Kolmogorov type with constant
flux of energy over the spectrum, i.e., the kinetic energy spectrum
function for the range of wave numbers k) <k <k, is
E(k) = —dt(k)/dk, the function 7 (k) = (k/ke)"~? with 1 < q < 3
being the exponent of the kinetic energy spectrum (g = 5/3 for a
Kolmogorov spectrum). Here, k, = 1/¢, is the wave number based
on the viscous scale ¢, and kg = 1/4y < k,,, where {; is the integral
(energy containing) scale of turbulent motions.

Note that a direct effect of rotation on turbulence is described
self-consistently by Egs. (B1) and (B2). The kinetic helicity is pro-
duced by the natural way due to the combined effect of uniform
rotation and density stratification or inhomogeneity of turbulence.
The fast rotation is included in the background turbulence only via
the term proportional to ¢, to take into account appearance of
strong anisotropy of background turbulence caused by the fast rota-
tion. This is “indirect” effect of transition from three-dimensional
nearly isotropic turbulence for slow rotation to a strongly aniso-
tropic nearly two-dimensional turbulence.

Us1ng Egs. (B9) and (B10), we obtalnf, ( )= Lz;mnfm”( )
and F{ (k) = D;' K" (k) as
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E(K) [1 4+ 2ke, ok - ) 5@ V)]

(Qa)
fy k) = 8nk?(1+¢,) {Pij(k)
+ %/{(lﬁ) |:}v, i(} — :1] i(,‘ + lp;ln (sinp kjp — Sjnpkip)]:| <U2>’

(B23)

w(k) E(R) |1+ 2ke, o0k - )]

(Q) _

(k) = - 8nk?(1+¢,) (V$)

X 1) [Py + v ks (02). (824)

Using Egs. (B24) and (27)-(28), we determine (tu;(x) [V*0(x)]) as

(el) [V20)]) = 1

+aV @)

[ZAYI)(Q*) 9
&y A
+Q, 8, QAL (Q*)} v,In(TP""™"). (B25)

The functions AY" (Q.) are given in Appendix C.

APPENDIX C: THE IDENTITIES USED FOR THE
INTEGRATION IN THE k SPACE

To integrate over the angles in the k space we used the follow-
ing identities:

) ki sin 0 f _
Tj(a) = JL d0de = A,(a)d; + Ax(a) Q5 (C1)

1+ acos?0

Ty(a) = [ oS0 g 4 A; Q; A
Lijmn(a) = ( T+ acos 0 »=C ijmn 1 C, ijmn Cs ijmn>
(C2)

where Q; = Q,Q;, and Qjjn = Qj Qs

z'jmn = 51] Omn + Oim 5jn + Oin 5jm7 (C3)

Umyl = 5 an + 5imgjn + 5ingjm + 5ijin + 5anim + 5mngij7
(C4)

and the functions Ag(a) and Ci(a) are given by
— 2 arctan(+/a
Al(a):a[(qul)\/é\/_)l], (C5)
— 2n arctan(+/a
— T sarctan(y/a)  5a
= 1 S 7
Cl(a) 2a2 |:( ) \/a 3 ) (C )
_ n arctan(y/a)  55a
- arcaniva) >4 cs8
Cs(a) e (3a° + 30a + 35) NG 3 35} , (C8)
L P arctan(y/a) 132

Cs(a) Y (a® +6a+5) Ja 3 (C9)
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Note that Zl = 561 + 63 and Az C2 + 7C3 N
_ We introduce also the function As(a) = A,(a) + A;(a) and
Ci(a) = Ci(a) + Cs(a)

_ 4 t
A3(a) — j |:1 _ arcan(\/a):| . (CIO)
a Va
— 2n 2a arctan(,/a)
14+—— 1) ———=|. 11
C4(a) u2 + 3 (ﬂ + ) \/a :| (C )
These functions for a < 1 are given by
_ 4n a — 8n
A 1—- A ~—— 12
@=-F(1-5). ma~-Fa €0
— 4n a — 32n 2
Cl(a) ~ E <1 — ;)7 Cz(a) 315 s (C13)
_ 8n — 4n 3a
C3(ﬂ) ~ —ﬁa7 C4(El) NE<1 —7> (C14)
These functions for a >> 1 are given by
_ 2 _ 2
Al(a) Nja, Az(a) 7757 (CIS)
_ 4 31
C ~————, C — Cl16
1([1) 4\/5 36!7 2(“) 4\/57 ( )
_ 2 87r — Ar 7
Cs(a) ~ “aa Cala) ~ 5= (C17)
Now, we calculate the following functions:
Q,
(p) T (2
AP Q) =—2 | YPA(Y?)dy, C18
P@) = o | A c18)
Oy ——— JQ* Y2 Ci(Y?) dY, (C19)
A Q{:‘Fl o
where p > 0, and
1 3 (* —
ANy == [ Y AR(Y?) dY, (C20)
4in Q,Re™ /2
where Q, = 4Q1, a = [Q, f(k)}2 = Y? and 7, = Re /2. The inte-
gration yields
(1), _ 3 |arctanZ 1 1 2
Al (Z)fz[ - 1= +?[1—1n(1+z)} , (C21)
Mz =3[ () L -2+ 2]
(C22)
) 3 |arctanZ 1 ) 3 }
A7 (Z - 1+—= ) —= —S C23
P =3 [ (14 ) ()
AP(z)=-> {ar“anz <1 4o ) % S5 )} (C24)
@ 3
A(2) = 2 12— 8(2), (C25)

Phys. Fluids 37, 065152 (2025); doi: 10.1063/5.0270977
© Author(s) 2025

37, 065152-12

GE€11€60 G20z dunr L


pubs.aip.org/aip/phf

Physics of Fluids

AV (z) = 72 [arctanZ(l + ZZ) - % - 23(2)] . (C26)
Ago) (2) = ?—1 [arctanZ (1 + %) - % —% S(Z)} , (C27)
A<30) (2)= ; Kl + %) arctanZ — %} , (C28)

AN (z) :% E - arCtZanZ (3 + le) +zz +In (1 fezz)
(C29)
AV (z) = ; [amzanz (1 + %) - % - ﬂ , (C30)

(1) 1 3 (arctanZ 1 Re
5

@), 15 |arctanZ 1 13 1 48(2)
=g " (- z)

} , (C32)

15 1 1 4z
CiZ) (2) = v {arctanZ <1 + ?> ~3 + 3 25(2)} . (C33)

arctanZ 4
27% — )fzz 1—-In(1 zz}
824{ ( + +1-3In(1+2%)],
(C34)
1 11 1
arctanZ (3+ +Z4>f§fif45(2)}7 (C35)
2
(0) 15 5 1
C, ' (2) =% |:arctanZ (1 +Z2) ~37" 7 (C36)
where $(Z) = fOZ [arctan(Y)/Y] dY. These functions for Z < 1 are
given by
1) 1 ZZ) 1) VARV A
AV~ 12 ), AV~
Vo~ (1-2), W~ -E
(1) 1 322) @) 1 ( 922)
A(Z)~ |1 —— Ay (Z) ~<|1—
Vit (1-22) e (-
@) 1 3Z2) (0) ( Z2)
AV (Z)~< |1 AV(Z)~Z (1 ——
2@~ (1-2), A =
@ 372 ( 422) ) 27}
A2y~ (1-2), A ~
2 ( ) 20 7 ’ 2 ( ) 151
z? _ z?
A§°><Z>~Z(1——), a2~ =
5 5
_ 1 z?
ATY(Z) ~ = (1n Re——),
2 5
_ 1 z?
A (2) o (ln Re—i—?),
@ 1( 3ZZ> @ 1( 922)
Az~ (1-2), Pz~ (1-2
Pz ~(1-2), Po~i(1-2),
() 1( 222) )
czy~>(1- cz)~z
1 ( ) 4 21 ) 1 ( ) )

ZZ
c\z)~z (1 - 7).

These functions for Z > 1 are given by
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(1) 3_77:_3an (1) _3_7'[ 6InZ
AR ~Z -8, @~ -+,
1 3lnZ 2 3
A~ @)~
(2) 3n 6 (2) 3n 14
Ay~ (1= DH~—f1-=
P~ (i-5) Wa~-2(1-2),

V@)~ @~ @)~
157 3 5 15¢
EO)(Z)NE (1 Z*Z)y Cio)(Z)N*Z 16

and when 1 < Z? < Re, the function

- 1 Re 8

AV () ~ L {1 @f) +ﬂ

To integrate over the angles in k-space for anisotropic part of
turbulence, we use the following integrals:

Jk; do = nél(jZ)’ Jk;mn do = —AU,,)W (C37)
where 5’( N j ) N 5 Qij and Al(,lzrzln = PU(Q)Pmn (Q)

+ P,-m(Q)P”(Q) + Pin(Q)P; m(Q)
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