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ABSTRACT

We develop a theory of various kinds of large-scale clustering of inertial particles in a rotating density stratified or inhomogeneous turbulent
fluid flows. The large-scale particle clustering occurs in scales that are much larger than the integral scale of turbulence, and it is described in
terms of the effective pumping velocity in a turbulent flux of particles. We show that for a fast rotating strongly anisotropic turbulence, the
large-scale clustering occurs in the plane perpendicular to rotation axis in the direction of the fluid density stratification. We apply the theory
of the large-scale particle clustering for explanation of the formation of planetesimals (progenitors of planets) in accretion protoplanetary
disks. We determine the radial profiles of the radial and azimuthal components of the effective pumping velocity of particles which have two
maxima corresponding to different regimes of the particle–fluid interactions: at the small radius it is the Stokes regime, while at the larger
radius it is the Epstein regime. With the decrease in the particle radius, the distance between the maxima increases. This implies that smaller-
size particles are concentrated near the central body of the accretion disk, while larger-size particles are accumulated far from the central
body. The dynamic time of the particle clustering is about sdyn � 105–106 years, while the turbulent diffusion time is about 107 years, which
is much larger than the characteristic formation time of large-scale particle clusters (�sdyn).

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0270977

I. INTRODUCTION

Turbulent transport of particles has been investigated in a num-
ber of publications due to various applications in geophysics, astro-
physics, as well as in turbulent industrial flows.1–8 Particular interest
is related to transport of particles by rotating turbulence in astro-
physical flows (e.g., formation of planetesimals as progenitors of
planets in protoplanetary disks9–14) as well as in geophysical flows
(e.g., dynamics of particles in the atmospheric tornado and
duststorms15).

The key phenomena in particle turbulent transport include
small-scale particle clustering and large-scale particle clustering. Small-
scale clustering arises in scales that are much smaller than the integral
turbulence scale. On the other hand, the large-scale particle clustering
(i.e., formation of large-scale inhomogeneous spatial distributions in
particle number density) occurs in scales that are much larger than the
integral scale of turbulence.

Typical examples of the large-scale particle clustering are turbo-
phoresis due to particle inertia and inhomogeneity of turbulence16–19

and turbulent thermal diffusion in temperature stratified turbu-
lence.20,21 Turbophoresis results in the accumulation of inertial par-
ticles in the vicinity of the minimum of the turbulent intensity, while
turbulent thermal diffusion causes the formation of large-scale particle
clusters in the vicinity of the mean temperature minimum.

Turbulent thermal diffusion has been intensively investigated
analytically20–27 using different theoretical approaches. This effect has
been found in direct numerical simulations,28–30 detected in various
laboratory experiments,31–35 studied in geophysical,36 and planetary37

turbulence as well as in astrophysical turbulence.12

In the present theoretical study, we show that the rotation results
in various types of large-scale clustering of inertial particles in density
stratified or inhomogeneous turbulent fluid flows. For fast rotating
strongly anisotropic turbulence, the dominant contribution to the
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large-scale clustering occurs in the plane perpendicular to rotation axis
in the direction of the fluid density stratification. The developed theory
of large-scale particle clustering is applied for an explanation of the for-
mation of planetesimals (progenitors of planets) in accretion proto-
planetary disks.

This paper is organized as follows. In Sec. II, we discuss general
ideas for developing a mean-field theory describing the turbulent
transport of inertial particles in a rotating turbulence. Here, we present
a general expression for effective pumping velocity of particles in den-
sity stratified and inhomogeneous rotating turbulence. In Sec. III, we
outline the method of derivations and approximations made to deter-
mine the rotational contributions to the Reynolds stress and the tur-
bulent heat flux. This allows us to derive expressions for various
contributions to the effective pumping velocity of particles describing
different kinds of large-scale particle clustering in small-scale density
stratified and inhomogeneous rotating turbulence. In Sec. IV, we dis-
cuss applications of the analyzed effects for formation of planetesimals
in protoplanetary disks. Finally, conclusions and discussions are given
in Sec. V. In Appendix A, we derive expression for the total effective
pumping velocity of inertial particles, while in Appendix B we obtain
the rotational contributions to the Reynolds stress and the turbulent
heat flux. In Appendix C, we give the identities used for the derivation
of the total effective pumping velocity of inertial particles.

II. PARTICLES IN A ROTATING TURBULENCE

Equation for the number density npðt; rÞ of small particles
advected by a random fluid flow reads

@np
@t

þ divðnpVÞ ¼ DDnp; (1)

where D is the coefficient of molecular (Brownian) diffusion, V is a
random velocity field of particles which they acquire in a turbulent
fluid velocity u in a low-Mach-number flow. Note that divV 6¼ 0 is
due to particle inertia and inhomogeneity of the fluid density.10,20,38

Now, we consider the large-scale dynamics of inertial particles in
a fast rotating turbulent fluid flow. The equation for the mean field
n ¼ hnpi derived using different analytical approaches8,20,21 reads

@n
@t

þ div n Veff � D̂
T
$n

� �
¼ DDn; (2)

where the first term in the squared brackets of Eq. (2), n Veff , deter-
mines the contribution to the turbulent flux of particles caused by the
effective pumping velocity. This effective pumping velocity is given by

V eff ¼ �hsV divVi; (3)

where s is the turbulent correlation time of the fluid flow. The second
term, �D̂

T
$n ¼ �DT

ij rjn, in the squared brackets of Eq. (2) deter-
mines the contribution to the flux of particles caused by turbulent dif-
fusion, and

DT
ij ¼ hsViVji (4)

is the turbulent diffusion tensor. We consider particles advected by a
rotating turbulent fluid flow for large P�eclet numbers and large
Reynolds numbers. The equation of motion for particles is given by

dV
dt

¼ u� V
sp

þ 2V �X; (5)

where V is the random velocity field of particles caused by fluctuations
of the fluid velocity u, which are determined by equation

du
dt

¼ �$P
q

þ �Duþ 2u�Xþ f
q
: (6)

Here,X is the angular velocity, P is fluid pressure fluctuations, q is the
mean fluid of the density, � is the kinematic velocity, f is the external
random force, and sp is the stopping time describing particle and fluid
interaction. The notion “stopping” time is originated in astrophysics.

When the mean-free path of the gas molecules is much smaller
than the particle radius, the particle and fluid interaction is described
by the Stokes regime with sp ¼ mp=ð6pq �apÞ ¼ 2qp a

2
p=ð9q �Þ,

where qp is the material density of particles, and mp and ap are the
particle mass and the particle radius, respectively. In the opposite case,
when the mean-free path of the gas molecules is larger than the particle
radius, the stopping time sp is determined by the Epstein regime with
sp ¼ qp ap=ðq csÞ,9,11,13,14 where cs is the sound speed.

Equation (5) can be rewritten as

Aij Vj ¼ ui � sp
dVi

dt
; (7)

where Aij ¼ dij � x eijqX̂q, X̂ ¼ X=X is the unit vector, eijk is the fully
anti-symmetric Levi-Civita unit tensor, dij is the symmetric Kronecker
unit tensor andx ¼ 2sp X. Multiplying Eq. (7) by the inverse matrix

A�1
mi ¼

1
1þ x2

dmi þ Bmið Þ; (8)

we obtain

Vm ¼ 1
1þ x2

dmi þ Bmið Þ ui � sp
dVi

dt

� �
; (9)

where Bmi ¼ xðemisX̂s þ x X̂m X̂iÞ and A�1
mi Ain ¼ dmn. By means of

Eq. (9), we determine divV which characterizes a compressibility of
particle velocity field caused by the particle inertia, inhomogeneous
fluid density, and rotation

divV ¼ div uþ 1
1þ x2

"
x X̂ � rot u� x div u?
� �

� div sp
dV
dt

� 	
�rm sp Bmi

dVi

dt

� 	#
; (10)

where the fluid velocity u? is in a plane perpendicular toX. To derive
Eq. (10), we use the identity Bmi rm ¼ x ðX̂ � $Þi þ x2 X̂i ðX̂ � $Þ.

There are three characteristic times in the system: the stopping
time describing particle–fluid interaction sp, the correlation turbulent
time s0 in the integral scale ‘0, and the period of rotation tX ¼ 2p=X.
These three times are independent of each other. In the developed the-
ory, there are two independent parameters: x ¼ 2spX and
X� ¼ 4Xs0. The stopping time sp is the smallest time in the system.
The case sp � s0 � X�1 corresponds to a slow rotation ðXs0 � 1Þ,
while the case sp < X�1 � s0 corresponds to a fast rotation
ðXs0 � 1Þ. For small time sp (in comparison with s0), we apply a
method of iterations.

Using expression for the tensor Bmi and applying a method of
iterations for small time sp, Eqs. (9) and (10) are transformed to
Eqs. (A3) and (A11) (see for details Appendix A). Using Eqs. (A3) and
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(A11), we determine the total effective pumping velocity:
V ðeffÞ ¼ �hsV divVi, which is given by

V ðeffÞ ¼ V ðAÞ þ X̂ � V ðBÞ þ X̂ X̂ � V ðCÞð Þ; (11)

where

V ðAÞ ¼ 1þ 3x2

ð1þ x2Þ4 ð1þ 3x2ÞV ð1Þ þ ð1� x2Þ
h

� ðx2 V ð2Þ þ V ð3ÞÞ � x2 ð3þ x2ÞV ð4Þ þ 2x3 V ð5Þ
i
; (12)

V ðBÞ ¼ � 2x3

ð1þ x2Þ4 ð1þ 3x2ÞV ð1Þ � x2 ð1� x2ÞV ð2Þ
h

þ ð1þ 5x2 þ 2x4ÞV ð3Þ � x2 ð3þ x2ÞV ð4Þ þ 2x3 V ð5Þ
i
;

(13)

V ðCÞ ¼ �x2 ð1� x2Þ
ð1þ x2Þ4 ð1þ 3x2Þ ðV ð1Þ þ V ð3ÞÞ

h

� x2 ðV ð2Þ þ V ð4ÞÞ þ 2x3 V ð5Þ
i
; (14)

and the effective velocities V ðkÞ describing various kinds of large-scale
particle clustering are given by

V ð1Þ ¼ �hs u div ui; (15)

V ð2Þ ¼ �
D
s u X̂ � $ð Þ X̂ � uð Þ

E
; (16)

V ð3Þ ¼ � sp
q

hs uDPi; (17)

V ð4Þ ¼ � sp
q

hs u X̂ � $ð Þ2Pi; (18)

V ð5Þ ¼ �
D
s u X̂ � rot uð Þ

E
: (19)

III. LARGE-SCALE EFFECTS

In this section, we derive the expressions for the effective veloci-
ties V ðkÞ defined by Eqs. (15)–(19). We take into account the effect
of rotation on turbulence. In particular, to derive equation for the
rotational contributions to the Reynolds stress and the turbulent
heat flux, we follow the approach developed in Refs. 39 and 40.
We use equations for fluctuations of velocity u0 and entropy
s0 ¼ h=T � ð1� c�1ÞP=P

@u0

@t
¼ �$

P
q

� 	
� g s0 þ 2u0 �Xþ uN ; (20)

@s0

@t
¼ �ðu0 � $ÞS þ SN ; (21)

where P and h are fluctuations of fluid pressure and temperature,
respectively, c is the ratio of specific heats, and g is the acceleration due
to the gravity. The hydrostatic nearly isentropic basic reference state is
defined by$P ¼ qg , where T , P , S, and q are the mean fluid tempera-
ture, pressure, entropy, and density, respectively, in the basic reference
state. In Eqs. (20) and (21), uN ¼ hðu0 � $Þu0i � ðu0 � $Þu0 and SN ¼
hðu0 � $Þs0i � ðu0 � $Þs0 are the nonlinear terms, and the angular brack-
ets imply ensemble averaging. In Eqs. (20) and (21), we neglect small
molecular viscosity and heat conductivity terms. Equation (20) is writ-
ten in the reference frame rotating with the constant angular velocity

X. The equations for fluctuations of velocity and entropy are obtained
by subtracting equations for the mean fields from the corresponding
equations for the total velocity and entropy fields. The fluid velocity for
a low Mach number flows with strong inhomogeneity of the fluid den-
sity q is assumed to be satisfied with the continuity equation written in
the anelastic approximation div ðq u0Þ ¼ 0.

To study the effects of rotation on developed density stratified
inhomogeneous turbulence, we perform the derivations that include
the following steps.

• Using new variables for fluctuations of velocity U ¼ ffiffiffi
q

p
u0 and

entropy s ¼ ffiffiffi
q

p
s0;

• Derivation of the equations for the second-order moments of the
velocity fluctuations hUi Uji and the entropy fluctuations hs2i in
the k space;

• Application of the multi-scale approach41 that allows us to sepa-
rate turbulent scales from large scales;

• Adopting the spectral s approximation42–44 (see Appendix B);
• Solution of the derived second-order moment equations in the k
space; and

• Returning to the physical space to obtain expression for the
Reynolds stress and turbulent heat flux as the functions of the rota-
tion rateX. The details of derivations are discussed in Appendix B.

This procedure allows us to determine the rotational contribu-
tions to the Reynolds stress and the turbulent heat flux and to derive
expressions for the effective pumping velocities V ðkÞ of inertial par-
ticles in rotating inhomogeneous or density stratified turbulence. The
latter describes various kinds of the large-scale particle clustering.

To introduce anisotropy of turbulent velocity field in the back-
ground turbulence caused by a fast rotation, we consider an aniso-
tropic turbulence as a combination of a three-dimensional isotropic
turbulence and two-dimensional turbulence in the plane perpendicular
to the rotational axis. The degree of anisotropy eu is defined as the ratio
of turbulent kinetic energies of two-dimensional to three-dimensional
motions [see Eq. (B19) in Appendix B].

The anisotropy parameter eu appeared in the model of the back-
ground turbulence depends on the Coriolis number Co¼2Xs0
¼ X�=2, where s0 is the correlation time in the integral scale of turbu-
lence. For a slow rotation (small Coriolis numbers), the parameter
eu ! 0. For a fast rotation (large Coriolis numbers), the parameter
eu � 1. In this case, the background turbulence is a highly anisotropic
nearly two-dimensional turbulence, and the main rotational contribu-
tions to the Reynolds stress are from the two-dimensional part of tur-
bulence. Formally, in the present study when we consider a fast
rotating turbulence, the parameter eu is not specified (it is a free
parameter), but it should satisfy the conditions eu � 1 for a fast rota-
tion. This phenomenological parameter can be determined, e.g., from
DNS or laboratory experiments.

A. The effective pumping velocity V ð1Þ in
inhomogeneous and density stratified turbulence

We determine the effective pumping velocity V ð1Þ ¼ �hs u div ui
that is given by Eq. (A14) in Appendix A. For slow rotation (X2

� � 1),
the effective velocityV ð1Þ is given by

V ð1Þ ¼ �kDT þ 1
3
X� X̂ � k? � 1

2
$?

� 	� �
DT ; (22)
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and for fast rotation (X2
� � 1), it is given by

V ð1Þ ¼ � 3DT

4
k?; (23)

where DT ¼ s0 hu2i=3 is the coefficient of turbulent diffusion,
$? ¼ $� X̂ � $, k ¼ �q�1 $q, k? ¼ k� X̂ � k, andX� ¼ 4X s0.

It follows from Eqs. (22) and (23) that in a density stratified tur-
bulence there is a pumping effect of non-inertial particles to the turbu-
lent region with maximum mean fluid density. This effect results in
the accumulation of non-inertial particles in the vicinity of the maxi-
mum of the mean fluid density. For a non-rotating turbulence, this
phenomenon was studied in Ref. 21. The increase in the rotation rate
increases the anisotropy of turbulence, and fast rotation causes the
effective pumping velocity to be directed in the plane perpendicular to
the rotation axis.

The physics of the accumulation of non-inertial particles in the
vicinity of the maximum of the mean fluid density can be explained as
follows (see, e.g., book8). Let us assume that the mean fluid density q2
at point 2 is larger than the mean fluid density q1 at point 1. Consider
two small control volumes “a” and “b” located between these two
points, and let the direction of the local turbulent velocity in volume
“a” at some instant be the same as the direction of the mean fluid den-
sity gradient $ q (i.e., along the x-axis toward point 2). Let the local
turbulent velocity in volume “b” at this instant be directed opposite to
the mean fluid density gradient (i.e., toward point 1).

In a fluid flow with a non-zero mean fluid density gradient, one of
the sources of particle number density fluctuations, n0 / �s0 n ð$ � uÞ,
is caused by a non-zero $ � u 	 �u � $ ln q 6¼ 0. Since fluctuations of
the fluid velocity u are positive in volume “a” and negative in volume
“b,” we have the negative divergence of the fluid velocity, $ � u < 0,
in volume “a,” and the positive divergence of the fluid velocity,
$ � u > 0, in volume “b.” Therefore, fluctuations of the particle num-
ber density n0 / �s0 n ð$ � uÞ are positive in volume “a” and negative
in volume “b.” However, the flux of particles n0 ux is positive in vol-
ume “a” (i.e., it is directed toward point 2), and it is also positive in
volume “b” (because both fluctuations of fluid velocity and number
density of particles are negative in volume “b”). Therefore, the mean
flux of particles hn0ui is directed, as is the mean fluid density gradient
$ q, toward point 2. This results in formation large-scale heteroge-
neous structures of non-inertial particles in regions with a mean fluid
density maximum.

B. The effective pumping velocity V(2)

We determine the effective pumping velocity V ð2Þ ¼ �hs uðX̂ � $Þ
�ðX̂ � uÞi that is given by Eq. (A15) in Appendix A. For slow rotation
(X2

� � 1), the effective velocity V ð2Þ is given by

V ð2Þ ¼ 1
4

2k? þ X̂ðX̂ � $Þ þ 16
15

X� X̂ � k? � 1
2
$?

� 	� �� �
DT ;

(24)

and for fast rotation (X2
� � 1), it is given by

V ð2Þ ¼ � 3p
8eu

X̂ � k? � 1
2
$?

� 	� �
DT ; (25)

where eu is the degree of anisotropy of turbulent velocity field which is
large ðeu � 1Þ for fast rotation X� � 1, and it is small for slow

rotation (X2
� � 1). Since for fast rotation X� � 1, the degree of

anisotropy eu of turbulent velocity field is large ðeu � 1Þ, the effective
pumping velocity V ð2Þ vanishes.

C. The effective pumping velocity V ð3Þ

We determine the effective pumping velocity V ð3Þ ¼ �ðsp=qÞ
� hs uDPi for inertial particles. We consider a low-Mach-number
flow, Ma ¼ u=cs � 1, where cs is the sound speed. For a low-Mach-
number fluid flow, the turbulent fluid mass flux hq0 ui is very small,
i.e., it is of the order of Ma2, and fluctuations of the fluid density q0

and velocity u are weakly correlated. We use the equation of state for a
perfect gas, which yields

P

P
¼ q0

q
þ h

T
þ Oðq0 hÞ; (26)

and hP ui=P ¼ hh ui=T , where we neglect very small turbulent
fluid mass flux hq0 ui for a low-Mach-number flow. Here, P , T ,
and q are the mean fluid pressure, temperature, and density,
respectively. Therefore, the effective pumping velocity for inertial
particles is

V ð3Þ ¼ � sp
q

hs uDPi 	 � sp P

q T

D
suðxÞ $2hðxÞ

� �E
: (27)

Let us determine the correlation function hsuðxÞ ½$2hðxÞ
i
hsuðxÞ $2hðxÞ� �i ¼ lim

x!y
hsuðxÞ $2hðyÞ� �i

¼ �
ð
sðkÞ k2 huðkÞ hð�kÞiðXÞ dk; (28)

where the correlation function huiðkÞ hð�kÞiðXÞ in the k space follows
from Eq. (B24). Using Eqs. (B24) and (B25) given in Appendix B and
Eqs. (27) and (28), we determine the effective pumping velocity V ð3Þ,
that is given by Eq. (A16) in Appendix A. For slow rotation, X2

� � 1,
the effective pumping velocity V ð3Þ is given by

V ð3Þ ¼ � 2l0 DT

3
ln Re $� eu $� 3

4
$?

� 	� �
ln T P

1=c�1
� �

; (29)

and for fast rotation, X2
� � 1, the effective pumping velocity V ð3Þ is

given by

V ð3Þ ¼ � l0 DT

2
ln Re$? � pX�

eu

� 	
X̂ � $?

� �
ln T P

1=c�1
� �

;

(30)

where l0 ¼ 2Vg LP=ð3DTÞ with Vg ¼ sp g being the terminal fall

velocity of particles and LP ¼ j$P=Pj�1 being the height scale of the
mean pressure. Here, we use the equation of state for the ideal gas,
P ¼ R q T , with R ¼ kB=ml being the gas constant, ml is the mass of
a molecule of the surrounding fluid and kB is the Boltzmann constant.
We also take into account that in the basic reference state for the fluid
(i.e., in the hydrostatic equilibrium with a zero mean fluid velocity),
$P 	 qg and sp kB=ml ¼ Vg LP=T . The latter expression follows
from the identity of the Stokes time for particles sp ¼ q Vg LP=P .

The effective pumping velocity V ð3Þ is related to the phenomenon
of turbulent thermal diffusion for inertial particles. The mechanism of
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this effect is as follows. The inertia causes particles inside the turbulent
eddies to drift out to the boundary regions between eddies due to the
centrifugal inertial force. Indeed, for large P�eclet numbers, when
molecular diffusion of particles can be neglected in the equation for
particle number density, it follows that

$ � V 	 �n�1
p

@np
@t

þ ðV � $Þnp
� �

� �n�1
p

dnp
dt

: (31)

On the other hand, for inertial particles, $ � V ¼ ðsp=qÞ$2P.
Therefore, in regions with maximum fluid pressure fluctuations
(where $2P < 0Þ, there is an accumulation of inertial particles, i.e.,
dn0=dt / �n ðsp=qÞ$2P > 0. These regions have low vorticity and
high strain rate. Similarly, there is an outflow of inertial particles from
regions with minimum fluid pressure.

In homogeneous and isotropic turbulence with a zero gradient
of the mean temperature, there is no preferential direction, so that
there is no large-scale effect of particle accumulation, and the pres-
sure (temperature) of the surrounding fluid is not correlated with
the turbulent velocity field. The only non-zero correlation is
hðu � $ÞPi, which contributes to the flux of the turbulent kinetic
energy density.

In temperature-stratified turbulence, fluctuations of fluid temper-
ature h and velocity u are correlated due to a non-zero turbulent heat
flux, hh ui 6¼ 0. Fluctuations in temperature cause pressure fluctua-
tions, which result in fluctuations in the number density of particles.
Increase of the pressure of the surrounding fluid is accompanied by an
accumulation of particles, and the direction of the mean flux of par-
ticles coincides with that of the turbulent heat flux. The mean flux of
particles is directed toward the minimum of the mean temperature,
and the particles tend to accumulate in this region.

To demonstrate that the directions of the mean flux of particles
and the turbulent heat flux coincide, we assume that the mean temper-
ature T 2 at point 2 is larger than the mean temperature T 1 at point 1.
We consider two small control volumes “a” and “b” located between
these two points. Let the direction of the local turbulent velocity in vol-
ume “a” at some instant be the same as the direction of the turbulent
heat flux hh ui (i.e., along the x-axis toward point 1) and let the local
turbulent velocity in volume “b,” at the same instant, be directed oppo-
site to the turbulent heat flux (i.e., toward point 2).

In temperature stratified turbulence with a non-zero turbulent
heat flux hh ui, fluctuations of pressure p and velocity u are correlated,
and regions with a higher level of pressure fluctuations have higher tem-
perature and velocity fluctuations. Fluctuations of temperature h and
pressure P in volume “a” are positive because h ux > 0, and negative in
volume “b.” Fluctuations of particle number density n0 are positive in
volume “a” (because particles are locally accumulated in the vicinity of
the maximum of pressure fluctuations, dn0=dt / �n ðsp=qÞ$2P > 0),
and they are negative in volume “b” (because there is an outflow of
particles from regions with low pressure fluctuations). The flux of par-
ticles n0 V is positive in volume “a” (i.e., it is directed toward point 1),
and it is also positive in volume “b” (because both fluctuations of
velocity and number density of particles are negative in volume “b”),
where V is the particle velocity along the x-axis. Therefore, the mean
flux of particles hn0 Vi is directed, as is the turbulent heat flux hh ui,
toward point 1. This causes the formation of large-scale inhomoge-
neous structures in the spatial distribution of inertial particles in the
vicinity of the mean temperature minimum.

The increase in the rotation rate increases the anisotropy of tur-
bulence, and fast rotation results in the effective pumping velocity is in
the plane perpendicular to the rotation axis.

D. The effective pumping velocity V ð4Þ

Now, we determine the effective pumping velocity V ð4Þ

¼ �ðsp=qÞ hs u ðX̂ � $Þ2Pi, that is given by Eq. (A17) in Appendix A.
For slow rotation, X2

� � 1, the effective pumping velocity V ð4Þ is
given by

V ð4Þ ¼ � l0 DT

3
ln Re$ ln T P

1=c�1
� �

; (32)

and for fast rotation, 1 � X2
� � Re, the effective pumping velocity

V ð4Þ is given by

V ð4Þ ¼ � l0 DT

3eu
ln

Re

X2
�

� 	
þ 2
3

� �
$ ln T P

1=c�1
� �

: (33)

Since for fast rotation X� � 1, the degree of anisotropy eu of turbulent
velocity field is large ðeu � 1Þ, the effective pumping velocity V ð4Þ

vanishes.

E. The effective pumping velocity V ð5Þ

Now, we determine the effective pumping velocity V ð5Þ

¼ �hs u ðX̂ � rot uÞi, that is given by Eq. (A18) in Appendix A. For
slow rotation,X2

� � 1, the effective pumping velocityV ð5Þ is given by

V ð5Þ ¼ � 1
4

X̂ � k? þ 3
2
X̂ � $? � 4

9
X̂ ðX̂ � kÞ

� �
DT ; (34)

and for fast rotation, X2
� � 1, the effective pumping velocity V ð5Þ is

given by

V ð5Þ ¼ DT X�k? � 3
2
X̂ � k?

� �
: (35)

The mechanism for the appearance of an additional mean turbu-
lent flux of particles for fast rotation in the plane perpendicular to the
rotation axis is as follows. There are particle containing eddies with the
vorticity $� u which is parallel (the left-handed eddies) and antipar-
allel (the right-handed eddies) to the global rotation X. The fluid den-
sity stratification in the plane perpendicular to the rotation axis breaks
a symmetry between number of the left-handed and right-handed
eddies. This results in the appearance of a non-zero effective pumping
velocity V ð5Þ ¼ �hs u ðX̂ � rot uÞi of particles in the direction of the
density stratification.

For fast rotation ðX2
� � 1Þ, the total effective pumping velocity is

given by

V ðeffÞ ¼ f1ðxÞDT k? þ f2ðxÞDT X̂ � k?; (36)

where

f1ðxÞ ¼ 2X� x3 ð1þ 3x2Þ ð1þ x2Þ�4; (37)

f2ðxÞ ¼ �4X� x6 ð1þ x2Þ�4: (38)

In Fig. 1, we show the functions f1ðxÞ and f2ðxÞ entering to the
total effective pumping velocity (36) for fast rotating turbulence
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(X� ¼ 60). In the next section, we analyze the behavior of the total
effective pumping velocity (36) for a fast rotating turbulence.

IV. APPLICATIONS TO FORMATION
OF PLANETESIMALS IN ACCRETION
PROTOPLANETARY DISCS

The analyzed effects are important in astrophysical turbulence,
e.g., formation of planetesimals (progenitors of planets) in accretion
protoplanetary disks.9–14 Small-scale planetesimals are formed from
grains and dust in the gaseous protostellar disks or the solar nebula
due to coagulation. Inertia of particles advected by turbulent rotating
fluid flow causes formation of large-scale inhomogeneities of particles
distribution.

The typical parameters of the protosolar nebula are9,11,13,14: the

angular velocity X � 2� 10�7 r�3=2
AU s�1 (where rAU is the radial coor-

dinate measured in the astronomical units LAU ¼ 1:5� 1013 cm); the

sound speed cs ¼ 6:4� 104 r�3=14
AU cm/s; the integral scale of turbu-

lence ‘0 ¼
ffiffiffi
a

p
cs=X; the turbulent velocity u0 ¼ a cs; the turbulent

time s0 ¼ ‘0=u0 ¼ ð ffiffiffi
a

p
XÞ�1; and the turbulent diffusion coefficient

DT ¼ ‘0 u0=3 varies from 2� 1011 r15=14AU to 1013 r15=14AU cm2/s. The

kinematic viscosity � ¼ cs kmfp=2 ¼ 1:6� 105 r18=7AU cm2/s, so the

Reynolds number Re ¼ ‘0 u0=� varies from 3� 106 r�3=2
AU to

108 r�3=2
AU . Here, kmfp ¼ 5 r39=14AU cm is the mean-free path of the

gas molecules, a varies from 10�3 to 10�2. Therefore, the parameter
X� ¼ 4Xs0 ¼ 4=

ffiffiffi
a

p
varies from 40 to 120. This implies that turbu-

lence in the protosolar nebula is a fast rotating turbulence.
The stopping time sp describing particle and fluid interaction

depends on the ratio of the mean-free path kmfp of the gas molecules to
the particle radius ap. In the Epstein regime (kmfp > ap), the stopping

time is sp ¼ qp ap=ðq csÞ ¼ 2� 104 r18=7AU ap, where the particle radius
ap is measured in cm and sp is measured in s. Therefore, the parameter

x ¼ 2Xsp is x ¼ 10�2r15=14AU ap. In the Stokes regime (kmfp � ap), the

stopping time is sp ¼ 2qp a
2
p=ð9q �Þ ¼ 2� 103 r3=14AU a2p. Therefore, the

parameterx ¼ 10�3r�9=7
AU a2p.

In Fig. 2, we show the radial profiles of the parameter xðrAUÞ for
different particle radii: ap ¼ 5 cm (solid), 10 cm (dashed), and 50 cm
(dashed-dotted). The decreased function xðrAUÞ corresponds to the
Stokes regime, while the increased function xðrAUÞ corresponds to the

Epstein regime. To plot Fig. 2, we use Eq. (1) from14 for sp with
the smooth transition between the Stokes and the Epstein regimes.
In particular, the case ap � 9kmfp=4 corresponds to the Epstein
regime, while for ap > 9kmfp=4 the Stokes regime describes sp, where

kmfp ¼ 5 r39=14AU cm.
The mean fluid density is q¼2�10�9 r�11=4

AU g/cm3, the mean

fluid temperature is T ¼280r�1=2
AU K, the parameter l0DT¼ð2=3cÞspc2s ,

the scale Hg¼cs=X¼3�1011r9=7AU cm. Note that in the radial direction,
the gravity force acting on the particles is compensated by the centrifugal
force. This is the reason why these forces are not included in Eqs. (5)

and (6). In Fig. 3, we plot the radial profiles of the azimuthal VðeffÞ
u ðrAUÞ

and radial V ðeffÞ
r ðrAUÞ components of the total effective velocity for dif-

ferent particle radii ap from 5 to 50cm for fast rotating turbulence
(X�¼60). The effective pumping velocity components for fast rotating
turbulence are determined by Eq. (36), where k? is directed in the radial
direction. These radial profiles have two maxima corresponding to dif-
ferent regimes of the particle–fluid interactions: at the small radius it is
the Stokes regime, while at the larger radius it is the Epstein regime.
With the decrease in the particle radius, the distance between the

FIG. 1. Functions f1ðxÞ (solid) and f2ðxÞ (dashed) for X� ¼ 60. FIG. 2. Radial profiles of the parameter xðrAUÞ for different particle radii: ap ¼ 5 cm
(solid), 10 cm (dashed), and 50 cm (dashed-dotted). Here, rAU is the radial coordi-
nate measured in the astronomical units LAU ¼ 1:5� 1013 cm.

FIG. 3. Radial profiles of the azimuthal V ðeffÞ
u ðrAUÞ component of the effective veloc-

ity for different particle radii: ap ¼ 5 cm (solid), 10 cm (dashed-dotted), and 50 cm
(solid blue); and of the radial component VðeffÞ

r ðrAUÞ of the effective velocity for dif-
ferent particle sizes ap ¼ 5 cm (dashed), 10 cm (dotted), 50 cm (dashed blue) for
X� ¼ 60 (that corresponds to a ¼ 1=225). The velocity is measured in cm/s.
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maxima increases. This implies that smaller-size particles are concen-
trated near the central body of the accretion disk, while larger-size par-
ticles are accumulated far from the central body.

In Fig. 4, we plot the equilibrium radial profile of the mean parti-
cle number density nðrAUÞ for different particle radii ap from 5 to
50 cm for fast rotating turbulence (X� ¼ 60). The equilibrium radial
profile of the mean particle number density nðrAUÞ is determined by
the steady-state solution of Eq. (2)

nðrAUÞ ¼ n� exp �
ðrAU
rmin

VðeffÞ
r ðr0Þ
DTðr0Þ dr0

 !
: (39)

It follows from Fig. 4 that the size of particle cluster increases with the
particle radius. Note that the material density of particles qp as well as
their radius ap affect the particle stopping time. With increase in qp and
ap the particle stopping time increases. The characteristic formation time

of large-scale particle clusters is about sdyn ¼ r=V ðeffÞ
r � 105–106 years,

where rAU ¼ 1–10 (measured in the astronomical units LAU) and

VðeffÞ
r � 5 cm/s. Note that the turbulent diffusion time is about

sdiff ¼ r2=DT � ð0:4–3Þ � 107 years. The turbulent diffusion affects
the lifetime of the large-scale clusters, and sdiff is much larger than the
characteristic formation time of large-scale particle cluster (�sdyn).

V. DISCUSSION AND CONCLUSIONS

A theory of large-scale clustering of inertial particles (in scales
which are much larger than the turbulent integral scale) in a rotating
density stratified or inhomogeneous turbulence is developed. The
large-scale particle clustering is characterized by the effective pumping
velocity in a turbulent flux of particles, which for a fast rotation is
localized in the plane perpendicular to rotation axis along the fluid
density stratification. This causes the formation of large-scale inhomo-
geneities in particle spatial distribution. The developed theory of the
large-scale particle clustering has been applied for explanation of the
formation of planetesimals (progenitors of planets) in accretion proto-
planetary disks.

We apply mean-field theory to describe large-scale clustering
phenomena in rotating and stratified turbulence. The mean-field the-
ory is valid when the characteristic spatial (and/or temporal) scales of
the mean-field variations are much larger than the integral turbulence

scale (and/or turbulence correlation time). The applicability of a
mean-field theory in fast rotating and stratified turbulence based on
the s approach has been discussed in Ref. 40, where comparison with
results of direct numerical simulations (see Refs. 45 and 46) has been
performed. In these papers, a generation of a large-scale vorticity in a
fast rotating density stratified turbulent convection has been studied.

The theory40 predicts the threshold in the Coriolis number
requires for the generation of the large-scale vorticity observed in
DNS.45,46 The critical Coriolis number should be much larger than 1.
The derived mean-field equations describe formations of both,
cyclonic and anticyclonic large-scale vortices in the kinematic (linear)
stage of the instability. As in the DNS, the theory40 predicts the similar
behavior of the mean entropy or temperature inside cyclonic and anti-
cyclonic vortices: for the mode with the dominant vertical mean vortic-
ity, the mean entropy is decreased inside the cyclonic vortices and
increased inside the anticyclonic vortices in agreement with DNS.
Detailed validation of the developed mean-field theory of large-scale
clustering in rotating density-stratified turbulence in numerical simu-
lations is a subject of future separate studies.

To derive equations for the rotational contribution to the
Reynolds stress and the turbulent heat flux in rotating density strati-
fied turbulence, we apply the spectral s approach (see Sec. II and
Appendix B). The s approach is valid for large fluid and magnetic
Reynolds numbers and for large P�eclet numbers. In this case, turbu-
lence is strong, and the relaxation time sr in Eq. (B8) can be identified
with the scale-dependent turbulent time sðkÞ (see the Appendix B).
However, the s approach does not work to study intermittency of sca-
lar and magnetic fluctuations.

The s approach reproduces many well-known phenomena found
by other methods in turbulent transport of particles, temperature and
magnetic fields, in turbulent convection and stably stratified turbulent
flows (see detailed discussion in Ref. 8, and references therein). In par-
ticular, in turbulent transport of particles, the s approximation yields
correct formulas for turbulent diffusion, turbulent thermal diffusion,
and turbulent barodiffusion obtained by other methods. The phenom-
enon of turbulent thermal diffusion (a nondiffusive streaming of par-
ticles in the direction of the turbulent heat flux), has been studied
using the stochastic calculus (the path integral approach), the quasi-
linear approach, the direct interaction approximation (DIA) and the s
approach (see Ref. 8, and references therein). The phenomenon of tur-
bulent thermal diffusion and large-scale particle clustering has been
already detected in laboratory experiments in non-rotating stably
and unstably temperature stratified turbulence,31–35 and in direct
numerical simulations (DNS) in non-rotating density-stratified turbu-
lence.28–30 The numerical and experimental results are in good agree-
ment with the theoretical studies performed by means of different
approaches, including the s approach.

The detailed verification of the s approach in DNS of turbulent
transport of passive scalar has been performed in.47 In particular, the
results on turbulent transport of passive scalar obtained using DNS
have been compared with that obtained using a closure model based
on the s approach. The numerical and analytical results are in a good
agreement.

The s approach reproduces the well-known k�7=3-spectrum of
anisotropic velocity fluctuations in a sheared turbulence.48,49 This
spectrum was previously found in analytical,50 numerical,51 and labo-
ratory studies52 and was observed in the atmospheric turbulence.53 In

FIG. 4. Equilibrium radial profile of the normalized mean particle number density
nðrAUÞ for different particle radii: ap ¼ 5 cm (dashed-dotted), 10 cm (dashed), and
50 cm (solid); and for X� ¼ 60.
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the turbulent boundary layer problems, the s approach yields cor-
rect expressions for turbulent viscosity, turbulent thermal conduc-
tivity, and the classical turbulent heat flux. This approach also
describes the counter-wind heat flux and the Deardorff’s heat flux
in convective turbulence.48,49 These phenomena have been previ-
ously studied using different analytical approaches (see Ref. 8, and
references therein).

In magnetohydrodynamics, the s approach reproduces many
well-known phenomena found by different methods, e.g., the s
approach yields correct formulas for the a-effect, the effective pumping
velocities, and the turbulent magnetic diffusion in rotating and density
stratified turbulence (see Ref. 8, and references therein). These results
also have been confirmed using DNS in forced turbulence as well as in
rotating density-stratified turbulence.29,54 In high-energy physics, e.g.,
in chiral magnetohydrodynamics, DNS reproduces many results pre-
dicted using the s approach.55–59

Comparisons of theoretical predictions and DNS performed for
various turbulence problems (where large-scale effects are caused by
turbulence) show that often the separation of scales characterized by
the ratio of typical scale of mean-field variations to the integral scale of
turbulence should be in DNS in the interval from 3 to 5. This allows us
to observe in DNS the large-scale effects caused by turbulence.
However, there is a case when the scale separation ratio should be
much larger. For instance, the negative effective magnetic pressure
instability (NEMPI),60,61 which results in the formation of the large-
scale magnetic flux tubes, requires the scale separation ratio in
the interval from 15 to 30. This allows us to observe this instability
in DNS.60,61

In the present study, we consider large-scale clustering in a
low-Mach-number turbulence. These conditions are relevant for
applications to the formation of planetesimals in accretion proto-
planetary disks. The weak correlation between fluid density and
velocity fluctuations at low-Mach-number turbulence is discussed in
Ref. 62. The effects of compressibility (not small Mach numbers) on
the turbulent diffusivity and the effective pumping velocity of par-
ticles for non-rotating density stratified or inhomogeneous turbu-
lence are discussed in Sec. 2.5 in Ref. 8, see references therein. The
theoretical predictions of the compressibility effects on turbulent
transport of particles are in agreement with DNS results for non-
rotating density stratified or inhomogeneous turbulence.29,30 The
effects of compressibility on the large-scale particle clustering in a
rotating density stratified and inhomogeneous turbulence is the sub-
ject of future separate studies.

In the developed theory of large-scale particle clustering, the stop-
ping time sp which describes the fluid–particle interaction regimes,
inters only in the parameter x ¼ 2Xsp, and the theory is developed
for arbitrary parameter x. In the applications of the analyzed effects
for an explanation of the formation of planetesimals in protoplanetary
disks, we consider two different fluid–particle interaction regimes. In
particular, the stopping time sp depends on the ratio of the mean-free
path kmfp of the gas molecules to the particle radius ap. When
kmfp=ap > 1, the Epstein regime of the fluid–particle interaction
describes sp, while for kmfp=ap � 1, the Stokes regime describes sp.
When the ratio kmfp=ap < 1, and it is not small, there is a smooth
transition between these regimes. For instance, to plot Fig. 2 for the
radial profiles of the parameter xðrAUÞ, we use Eq. (1) from Ref. 14 for
sp with the smooth transition between the Stokes and the Epstein

regimes (see Sec. IV). Another way is to use Eq. (10) from Ref. 63 for
sp with the smooth transition between different regimes. However,
this only affects the parameter x.

In this paper we analyze the reasons for large-scale clustering
caused by the turbulent effects, which are described in terms of the
effective pumping velocity in the mean-field equation for the mean
particle number density. The derived pumping velocities are inde-
pendent of boundary conditions. These pumping velocities arise due
to small-scale turbulence in the presence of rotation and
stratification.

To determine the characteristics of the large-scale clusters, like
dimensions (the characteristic length and width) and shape (aspect
ratio) of the large-scale clusters, and time evolution of clusters, one
needs to solve the derived nonlinear mean-field equations which
include the derived effective pumping velocities. This can be done by
the mean-field numerical simulations (MFS) which is the subject of
future separate comprehensive studies. The subsequent particle distri-
butions in the clusters obtained in MFS may depend on boundary con-
ditions. Note also that a mean-field theory is able to take into account
the back-reactions of particles on turbulence which are important
when the mass-loading parameter mpn=q inside the cluster is of
the order of or larger than 1. These nonlinear effects can be studied
in MFS.

In the developed theory there are two key parameters: x ¼ 2spX
and X� ¼ 4Xs0. The stopping time of particles sp � s0 is the smallest
time in the system, and the theory is valid for large Reynolds numbers
and for large P�eclet numbers. The developed theory can be also applied
to large-scale clustering of dust in accretion disks in binary stellar sys-
tem and in young galactic rotating accretion disks.
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APPENDIX A: TOTAL EFFECTIVE PUMPING VELOCITY
OF PARTICLES

In this appendix, we derive the total effective pumping velocity
V ðeffÞ ¼ �hsV divVi for arbitrary values of parameter x. To deter-
mine divV [given by Eq. (10)], we assume that the parameterx and the
Stokes time sp are independent parameters. Using Eq. (9), we find
dV=dt for small Stokes time applying amethod of iterations. This yields

�sp
dV
dt

¼ x
1þ x2

�
X̂ � uþ x ðu� X̂ ðX̂ � uÞÞ

þ sp
q

ðx�1 $þ x X̂ ðX̂ � $Þ � X̂ � $ÞP
�
þ O s2p

� �
;

(A1)

and

�sp Bmi
dVi

dt
¼ x2

1þ x2

�
u� x X̂ � u� X̂ ðX̂ � uÞ

� sp
q

ð$� ð2þ x2Þ X̂ ðX̂ � $Þ

þ x�1 X̂ � $ÞP
�
m

þ O s2p
� �

; (A2)

where X̂ ¼ X=X is the unit vector and we use Eq. (6) for large
Reynolds numbers (which allows us to neglect small term proportional
to the kinematic viscosity). Equations (10) and (A1)–(A2) allow us to
find the compressibility of particle velocity field characterized by divV

divV ¼ div uþ sp
q

ðDþ k � $ÞP þ x2

ð1þ x2Þ2

�


2x X̂ � rot uþ ð1� x2Þ div u? � sp

q

h
ð3þ x2Þ

� ðD? þ k? � $Þ þ 2x�1 ðX̂ � k?Þ � $
i
P

�
þ O s2p

� �
;

(A3)

where k ¼ �q�1 $q. For the derivation of Eqs. (A1)–(A3), we used
the following identities: Bmi ri ¼ x2 ½X̂ðX̂ � $Þ � x�1 X̂ � $
m

�sp div
dV
dt

� 	
¼ 1

1þ x2
dmi þ Bmið Þ

h sp
q
ðrm þ kmÞriP

� x eipqX̂q rmup
i
þ O s2p

� �
; (A4)

Bmi rirmP ¼ x2 X̂ � $ð Þ2P; (A5)

Bmi ðriPÞ km ¼ x X̂ � ðk? � $Þ þ x ðX̂ � kÞ ðX̂ � $Þ
h i

P; (A6)

Bmi eipqX̂q up ¼ x X̂m X̂ � uð Þ � um
� �

; (A7)

Bmi eipqX̂q rmup ¼ �x div u?: (A8)

This yields also

�sp div
dV
dt

� 	
¼ sp

q

�
Dþ k � $� x2

1þ x2
ðD? þ k? � $

� x�1 X̂ � ðk? � $ÞÞP � div u?

þ x�1 X̂ � rotu
�
þ O s2p

� �
; (A9)

and

�sprm Bmi
dVi

dt

� 	
¼ x2

1þx2



sp
q

h
ð1þx2Þ ðDþ k �$Þ

� ð2þx2Þ ðD? þ k? �$Þþx�1ðX̂� kÞ �$
i
P

þ divu? þxX̂ � rotu
�
þO s2p

� �
:

(A10)

Equations (9) and (A1)–(A2) yield the particle velocity field

V ¼ 1

ð1þ x2Þ2


ð1þ 3x2Þu� 2x3 ðX̂ � uÞ

� ð1� x2Þx2ðX̂ � uÞ X̂ þ sp
q

h
ð1� x2Þ$

þ ð3þ x2Þx2 X̂ ðX̂ � $Þ � 2xðX̂ � $Þ
i
P

�
: (A11)

Equations (A3) and (A11) for x2 � 1 read

divV ¼ ð1þ x2Þ div u� x2 X̂ � $ð Þ X̂ � uð Þ
þ sp

q

h
ð1� 3x2Þ ðDþ k � $Þ þ 3x2

h
X̂ � $ð Þ2

þ X̂ � kð Þ X̂ � $ð Þ
i
þ 2x X̂ � k?

� �
� $
i
P þ O s2p

� �
;

(A12)

and

V ¼ ð1þ x2Þ u� x2X̂ ðX̂ � uÞ þ sp
q

h
ð1� 3x2Þ$

þ 3x2 X̂ ðX̂ � $Þ � 2x ðX̂ � $Þ
i
P þ O s2p

� �
: (A13)

By means of Eqs. (A3) and (A11), we determine the total effective
pumping velocity: V ðeffÞ ¼ �hsV divVi, which is given by Eq. (11),
where the effective pumping velocity V ð1Þ ¼ �hs u div ui is

V ð1Þ ¼ � 1
1þ eu

(
2Að1Þ

1 ðX�Þ kþ
�
Að1Þ
2 ðX�Þ þ 3

4
eu

�
k?

� X� A
ð2Þ
3 ðX�Þ

"
X̂ � k? � 1

2
$?

� 	#)
DT : (A14)

The functions AðmÞ
n ðX�Þ are given in Appendix C. The effective

pumping velocity V ð2Þ ¼ �hs uðX̂ � $ÞðX̂ � uÞi is given by

V ð2Þ ¼ 1
2ð1þ euÞ

"
ðAð1Þ

1 ðX�Þ � Að1Þ
2 ðX�ÞÞX̂ðX̂ � $Þ

þ 2Að1Þ
3 ðX�Þ k? þ 2X� Að2Þ

2 ðX�Þ þ 4
5
Cð2Þ
1 ðX�Þ

� 	

�
�
X̂ � k? � 1

2
$?

� 	�#
DT : (A15)

The functions AðmÞ
n ðX�Þ and CðmÞ

n ðX�Þ are given in Appendix C.
The effective pumping velocity V ð3Þ ¼ �ðsp=qÞ hs uDPi is
given by
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V ð3Þ ¼ � 2l0 DT

3ð1þ euÞ


2Að�1Þ

1 ðX�Þ$þ
�
Að�1Þ
2 ðX�Þ

þ 3eu
4

ln Re

�
$? � X� A

ð0Þ
3 ðX�Þ X̂ � $?

�

� ln T P
1=c�1

� �
: (A16)

The effective pumping velocity V ð4Þ ¼ �ðsp=qÞ hs u ðX̂ � $Þ2Pi is
given by

V ð4Þ ¼ � 2l0 DT

15 ð1þ euÞ
�
ð5Að�1Þ

3 ðX�Þ � Cð0Þ
4 ðX�ÞÞ$

þ ðAð0Þ
2 ðX�Þ � 2Að0Þ

1 ðX�Þ þ 12Cð0Þ
1 ðX�ÞÞ X̂ðX̂ � $Þ

� X�
2
ðAð0Þ

2 ðX�Þ � Að0Þ
1 ðX�Þ þ 8Cð0Þ

1 ðX�ÞÞ X̂ � $?

�
:

� ln T P
1=c�1

� �
: (A17)

The effective pumping velocity V ð5Þ ¼ �hs u ðX̂ � rot uÞi is given by

V ð5Þ ¼ � X�
3ð1þ euÞ



X̂ � k?
� � �

X�1
�

�
9
2
eu þ Að1Þ

3 ðX�Þ
	

� 2X�ðAð3Þ
2 ð2X�Þ þ 4Cð3Þ

1 ð2X�Þ � Cð3Þ
4 ð2X�ÞÞ
 � 3euk?

þ k

�
1
6
� Að2Þ

1 ð2X�Þ þ 43
5

Cð2Þ
4 ðX�Þ � 4Cð2Þ

4 ð2X�Þ
�

þ X̂ ðX̂ � kÞ
�
5� X�1

� Að2Þ
1 ð2X�Þ þ 1

2
ð3Að2Þ

3 ð2X�Þ

� 8Cð2Þ
1 ð2X�Þ þ 13Cð2Þ

4 ð2X�ÞÞ � 54
5
Cð2Þ
4 ðX�Þ

�

þ
�
1
4
þ 37
10

Cð2Þ
4 ðX�Þ � 2Cð2Þ

4 ð2X�Þ
�
$þ 3

�
1þ 1

4
ðAð2Þ

3 ð2X�Þ

þ 3Cð2Þ
4 ð2X�ÞÞ � 6

5
Cð2Þ
4 ðX�Þ

�
X̂ðX̂ � $Þ

þ 1
2
X�1

� 3� Að1Þ
3 ðX�Þ

h i
X̂ � $?

�
DT :

(A18)

For x2 � 1, the total effective pumping velocity is given by

V ðeffÞ ¼ ð1þ 2x2ÞV ð1Þ þ ð1� 2x2ÞV ð3Þ

� x2 V ð2Þ � 3V ð4Þ þ X̂ X̂ � ðV ð1Þ þ V ð3ÞÞ
h i

:
h

(A19)

APPENDIX B: EFFECT OF ROTATION ON TURBULENCE

In this appendix, we derive equation for the rotational contri-
butions to the Reynolds stress and turbulent heat flux. We apply the
approach developed in Refs. 39 and 40. Equations for fluctuations
of velocity u0 and temperature h0 are rewritten in the k space using
new variables for fluctuations of velocity U ¼ ffiffiffi

q
p

u0 and entropy
s ¼ ffiffiffi

q
p

s0. Using these equations we derive equations for the follow-
ing correlation functions: fijðk;KÞ ¼ hUiðt; k1ÞUjðt; k2Þi,
Fiðk;KÞ ¼ hsðt; k1ÞUiðt; k2Þi, and Hiðk;KÞ ¼ hsðt; k1Þsðt; k2Þi. We
apply the multi-scale approach,41 where k1 ¼ k þ K=2,

k2 ¼ �k þ K=2, the wave vector K and the vector R ¼ ðx þ yÞ=2
correspond to the large-scale variables, while k and r ¼ y � x corre-
spond to the small-scale variables. Hereafter, we omit argument t in
the correlation functions. The equations for these correlation func-
tions are given by

@fijðk;KÞ
@t

¼ LXijmnfmn þMF
ij þ N̂ ~f ij; (B1)

@Fiðk;KÞ
@t

¼ DX
imFm þ gemPimðk1ÞHþ N̂ ~Fi; (B2)

@Hðk;KÞ
@t

¼ N̂H; (B3)

where DX
ij ðkÞ ¼ 2eijmXnkmn, LXijmn ¼ DX

imðk1Þ djn þ DX
jnðk2Þ dim, dij is

the Kronecker unit tensor, kij ¼ kikj=k2, eijk is the Levi-Civita fully
antisymmetric tensor, PijðkÞ ¼ dij � kij, and

MF
ij ¼ gem Pimðk1ÞFjðk;KÞ þ Pjmðk2ÞFið�k;KÞ� �

: (B4)

In Eqs. (B1)–(B3), N̂ ~f ij and N̂ ~Fi are the third-order moments
appearing due to the nonlinear terms UN

m and sN , which are given by

N̂ ~f ij ¼ hPimðk1ÞUN
m ðk1ÞUjðk2Þi þ hUiðk1ÞPjmðk2ÞUN

m ðk2Þi; (B5)

N̂ ~F i ¼ hsNðk1ÞUjðk2Þi þ hsðk1ÞPimðk2ÞUN
m ðk2Þi; (B6)

N̂H ¼ hsNðk1Þsðk2Þi þ hsðk1ÞsNðk2Þi: (B7)

The derived equations for the second-order moments of the
velocity fluctuations hUi Uji, the entropy fluctuations hs2i and the tur-
bulent flux of entropy hsUii, include the first-order spatial differential
operators N̂ applied to the third-order moments MðIIIÞ. A problem
arises how to close the system of the second-moment equations, i.e.,
how to express the set of the third-moment terms N̂MðIIIÞðkÞ through
the lower moments (see, e.g., Refs. 8 and 42). In the present study, we
use the spectral s approximation (see, e.g., Refs. 8 and 42–44), which
postulates that the deviations of the third-moment terms, N̂MðIIIÞðkÞ,
from the contributions to these terms afforded by the background
rotating turbulence, N̂MðIII;0ÞðkÞ, are expressed through the similar
deviations of the second-order moments, MðIIÞðkÞ �MðII;0ÞðkÞ in the
relaxation form

N̂MðIIIÞðkÞ � N̂MðIII;0ÞðkÞ ¼ �MðIIÞðkÞ �MðII;0ÞðkÞ
srðkÞ : (B8)

Here, the correlation functions with the superscript ð0Þ corre-
spond to the background non-rotating turbulence. The time srðkÞ is
the characteristic relaxation time of the statistical moments, which
can be identified with the correlation time sðkÞ of the turbulent
velocity field for large Reynolds numbers.

The rotational contributions to the Reynolds stress f ðXÞij �
hUiðk1ÞUjðk2Þi and turbulent heat flux FðXÞ

i � hsðk1ÞUiðk2Þi fol-
lows from Eqs. (B1)–(B8). We also take into account that the
characteristic time of variations of the second moments are much
larger than the correlation time sðkÞ of the turbulent velocity field.
Therefore, the rotational contributions to the Reynolds stress and
turbulent heat flux are given by39,40,64

f ðXÞij ðkÞ ¼ L�1
ijmn f ð0Þmn ðkÞ þ s ðLrmnpq þ Lkmnpq þ ~M

F
mnÞf ð0Þpq ðkÞ

h i
; (B9)
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FðXÞ
i ðkÞ ¼ D�1

ij Fð0Þ
j ðkÞ; (B10)

where

D�1
ij ¼ vðwÞ ðdij þ w eijm k̂m þ w2 kijÞ; (B11)

L�1
ijmnðXÞ ¼ 1

2

h
B1 dimdjn þ B2 kijmn þ B3 ðeimpdjn

þ ejnpdimÞk̂p þ B4 ðdimkjn þ djnkimÞ þ B5 eipmejqnkpq

þ B6 ðeimpkjpn þ ejnpkipmÞ
i
;

(B12)

~M
F
ij ¼ gem ðPimðkÞ þ kkimÞ~F jðkÞ þ ðPjmðkÞ � kkjmÞ~Fið�kÞ

h i
; (B13)

~Fi ¼ Fi � FX¼0
i . Here, k̂i ¼ ki=k, vðwÞ ¼ 1=ð1þ w2Þ, w ¼ 2sðkÞ

� ðk �XÞ=k, B1 ¼ 1þ vð2wÞ; B2 ¼ B1 þ 2� 4vðwÞ; B3 ¼ 2wvð2wÞ;
B4 ¼ 2vðwÞ�B1; B5 ¼ 2�B1, and B6 ¼ 2w ½vðwÞ� vð2wÞ
, see
Ref. 64. In Eqs. (B9) and (B10), the operator D�1

ij is the inverse of
dij � s~Dij and the operator L�1

ijmnðXÞ is the inverse of dimdjn
�s~Lijmn, where ~Dij ¼ 2eijpXqkpq and

~Lijmn ¼ 2Xq ðeimp djn þ ejnp dimÞ kpq: (B14)

In Eq. (B9), the operators Lrijmn and Lkijmn are given by

Lrijmn ¼ �2Xq ðeimp djn � ejnp dimÞ krpq; (B15)

Lkijmn ¼�2Xq ðeimp djn� ejnp dimÞkkpqþ
2i
k2
ðeilqdjn km� ejlq dim knÞkl

� �
;

(B16)

where

krij ¼ i
2k2

kirj þ kjri � 2kijðk � $Þ
� �

; (B17)

kkij ¼
i

2k2
kikj þ kjki � 2kijðk � kÞ
� �

: (B18)

In Eqs. (B9) and (B10), we neglected effects Oðk2;K2Þ, i.e., they are
quadratic in fluid density stratification (described by k) and inho-
mogeneity of turbulence (described by K ¼ $hu2i=hu2i). We also
take into account that L�1

ijmn PmnðkÞ ¼ PijðkÞ.
We use the following model of the background inhomogeneous

and density stratified turbulence f ð0Þij ðkÞ � hUiðk1ÞUjðk2Þið0Þ, which
takes into account an anisotropy of turbulence with appearance of
rotation

f ð0Þij ðkÞ ¼
EðkÞ 1þ 2k eu dðk̂ � X̂Þ dðX̂ � $̂Þ

h i
8p k2 ð1þ euÞ

� PijðkÞ þ i
k2

ð~ki kj � ~k j kiÞ
� �

hU2i; (B19)

and the correlation function Fð0Þ
i

�
k
�
¼ hsðk1ÞUiðk2Þið0Þ is

Fð0Þ
i ðkÞ ¼ �sðkÞ~f ð0Þij ðkÞrjS; (B20)

where the function ~f
ð0Þ
ij ðkÞ is given by Eq. (B19) without the terms

proportional to ~k ¼ ðk� $Þ=2. Here, we take into account that in

the anelastic approximation the velocity fluctuations U ¼ ffiffiffi
q

p
u0

satisfy the equation $ � U ¼ U � k, where k � k=2 ¼ �ð$qÞ=2q.
Equation (B19) is derived using symmetry arguments. For

instance, density stratification is taken into account in anelastic
approximation div ðquÞ ¼ 0 for low-Mach number turbulence. In
this case, the derivation of the Reynolds stress in the Fourier space

f ð0Þij � hUiðk1ÞUjðk2Þi for a density-stratified turbulence is

described in Sec. 2.2.3 in Ref. 8. The derivation of the Reynolds
stress in the Fourier space for an inhomogeneous turbulence is
described in Sec. 3.4.3 in Ref. 8. In particular, the large-scale effects
caused by stratification k and inhomogeneous turbulence $hu2i,
satisfy the conditions ‘0 � Hq and ‘0 � Lu, where Hq and Lu is the
characteristic scales of the density stratification and inhomogeneity
of turbulence, respectively. Therefore, we consider only linear effects

in k and $hu2i in Eq. (B19) so that the second-rank tensor f ð0Þij is

constructed as a linear combination of symmetric tensors, dij and
kij, with respect to the indexes i and j, and non-symmetric tensors,
kikj, kjki, and kirjhu2i, kjrihu2i. To determine unknown coeffi-
cients multiplying by these tensors, we use the following conditions
in the derivation of Eq. (B19):

hu2i ¼
ð
f ð0Þii ðk;KÞ expðiK � RÞ dk dK; (B21)

h div uð Þ2i ¼
ð
ki kj f

ð0Þ
ij ðk;KÞ expðiK � RÞ dk dK: (B22)

The anisotropy of turbulence is caused by a fast rotation. The aniso-
tropic turbulence can be described as a combination of a three-
dimensional isotropic turbulence and two-dimensional turbulence
in the plane perpendicular to the rotational axis. The degree of
anisotropy eu is defined as the ratio of turbulent kinetic energies of
two-dimensional to three-dimensional motions. The parameter eu is
non-zero only for a fast rotation X� � 1.

In Eq. (B19), dðxÞ is the Dirac delta function. For a fast rota-
tion k is perpendicular to X. The turbulent correlation time in the k
space is sðkÞ ¼ 2s0 ~sðkÞ, where ~sðkÞ ¼ ðk=k0Þ1�q. We assume that
the background turbulence is of Kolmogorov type with constant
flux of energy over the spectrum, i.e., the kinetic energy spectrum
function for the range of wave numbers k0 < k < k� is
EðkÞ ¼ �d~sðkÞ=dk, the function ~sðkÞ ¼ ðk=k0Þ1�q with 1 < q < 3
being the exponent of the kinetic energy spectrum (q ¼ 5=3 for a
Kolmogorov spectrum). Here, k� ¼ 1=‘� is the wave number based
on the viscous scale ‘� , and k0 ¼ 1=‘0 � k� , where ‘0 is the integral
(energy containing) scale of turbulent motions.

Note that a direct effect of rotation on turbulence is described
self-consistently by Eqs. (B1) and (B2). The kinetic helicity is pro-
duced by the natural way due to the combined effect of uniform
rotation and density stratification or inhomogeneity of turbulence.
The fast rotation is included in the background turbulence only via
the term proportional to eu to take into account appearance of
strong anisotropy of background turbulence caused by the fast rota-
tion. This is “indirect” effect of transition from three-dimensional
nearly isotropic turbulence for slow rotation to a strongly aniso-
tropic nearly two-dimensional turbulence.

Using Eqs. (B9) and (B10), we obtain f ðX;aÞij ðkÞ ¼ L�1
ijmn f

ð0Þ
mn ðkÞ

and FðXÞ
i ðkÞ ¼ D�1

ij Fð0Þ
j ðkÞ as
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f ðX;aÞij ðkÞ ¼
EðkÞ 1þ 2k eu dðk̂ � X̂Þ dðX̂ � $̂Þ

h i
8p k2 ð1þ euÞ

�
PijðkÞ

þ i
k
vðwÞ

h
~ki k̂j � ~k j k̂i þ w~kn ðeinp kjp � ejnpkipÞ

i�
hU2i;
(B23)

FðXÞ
i ðkÞ ¼ �

sðkÞ EðkÞ 1þ 2k eu dðk̂ � X̂Þ
h i

8p k2 ð1þ euÞ rjS
� �

� vðwÞ PijðkÞ þ w eijs k̂s
h i

hU2i: (B24)

Using Eqs. (B24) and (27)–(28), we determine hsuiðxÞ ½$2hðxÞ
i as

hsuiðxÞ $2hðxÞ� �i ¼ 1
1þ eu

�
2Að�1Þ

1 ðX�Þdij

þ ðAð�1Þ
2 ðX�Þ þ eu

2
ln ReÞðdij � X̂ijÞ

þ X̂m eijmX�A
ð0Þ
3 ðX�Þ

�
rj ln T P

1=c�1
� �

: (B25)

The functions AðmÞ
n ðX�Þ are given in Appendix C.

APPENDIX C: THE IDENTITIES USED FOR THE
INTEGRATION IN THE k SPACE

To integrate over the angles in the k space we used the follow-
ing identities:

I ijðaÞ ¼
ð

kij sin h

1þ a cos2h
dh du ¼ A1ðaÞdij þ A2ðaÞXij; (C1)

I ijmnðaÞ ¼
ð

kijmn sin h

1þ a cos2 h
dh du ¼ C1Dijmn þ C2 Xijmn þ C3 D

ðXÞ
ijmn;

(C2)

where Xij ¼ X̂iX̂ j, and Xijmn ¼ Xij Xmn,

Dijmn ¼ dij dmn þ dim djn þ din djm; (C3)

DðXÞ
ijmn ¼ dijXmn þ dimXjn þ dinXjm þ djmXin þ djnXim þ dmnXij;

(C4)

and the functions AkðaÞ and CkðaÞ are given by

A1ðaÞ ¼ 2p
a

ðaþ 1Þ arctan
ffiffiffi
a

p� �
ffiffiffi
a

p � 1

" #
; (C5)

A2ðaÞ ¼ � 2p
a

ðaþ 3Þ arctan
ffiffiffi
a

p� �
ffiffiffi
a

p � 3

" #
; (C6)

C1ðaÞ ¼ p
2a2

ðaþ 1Þ2 arctan
ffiffiffi
a

p� �
ffiffiffi
a

p � 5a
3
� 1

" #
; (C7)

C2ðaÞ ¼ p
2a2

ð3a2 þ 30aþ 35Þ arctan
ffiffiffi
a

p� �
ffiffiffi
a

p � 55a
3

� 35

" #
; (C8)

C3ðaÞ ¼ � p
2a2

ða2 þ 6aþ 5Þ arctan
ffiffiffi
a

p� �
ffiffiffi
a

p � 13a
3

� 5

" #
: (C9)

Note that A1 ¼ 5C1 þ C3 and A2 ¼ C2 þ 7C3.
We introduce also the function A3ðaÞ ¼ A1ðaÞ þ A2ðaÞ and

C4ðaÞ ¼ C1ðaÞ þ C3ðaÞ

A3ðaÞ ¼ 4p
a

1� arctan
ffiffiffi
a

p� �
ffiffiffi
a

p
" #

: (C10)

C4ðaÞ ¼ 2p
a2

1þ 2a
3
� ðaþ 1Þ arctan

ffiffiffi
a

p� �
ffiffiffi
a

p
" #

: (C11)

These functions for a � 1 are given by

A1ðaÞ ¼ 4p
3

1� a
5

� 	
; A2ðaÞ � � 8p

15
a; (C12)

C1ðaÞ � 4p
15

1� a
7

� 	
; C2ðaÞ � 32p

315
a2; (C13)

C3ðaÞ � � 8p
105

a; C4ðaÞ � 4p
15

1� 3a
7

� 	
: (C14)

These functions for a � 1 are given by

A1ðaÞ � p2ffiffiffi
a

p ; A2ðaÞ � � p2ffiffiffi
a

p ; (C15)

C1ðaÞ � p2

4
ffiffiffi
a

p � 4p
3a

; C2ðaÞ � 3p2

4
ffiffiffi
a

p ; (C16)

C3ðaÞ � � p2

4
ffiffiffi
a

p þ 8p
3a

; C4ðaÞ � 4p
3a

� p2

a3=2
: (C17)

Now, we calculate the following functions:

AðpÞ
k ðX�Þ ¼ 3

4pXpþ1
�

ðX�

0
Yp AkðY2Þ dY; (C18)

CðpÞ
k ðX�Þ ¼ 15

4pXpþ1
�

ðX�

0
Yp CkðY2Þ dY; (C19)

where p 
 0, and

Að�1Þ
k ðX�Þ ¼ 3

4p

ðX�

X�Re�1=2
Y�1 AkðY2Þ dY; (C20)

where X� ¼ 4X s0, a ¼ ½X� sðkÞ
2 ¼ Y2 and s� ¼ Re�1=2. The inte-
gration yields

Að1Þ
1 ðZÞ ¼ 3

2
arctanZ

Z
1� 1

Z2

� 	
þ 1
Z2

1� lnð1þ Z2Þ� �� �
; (C21)

Að1Þ
2 ðZÞ ¼ � 3

2
arctanZ

Z
1� 3

Z2

� 	
þ 1
Z2

3� 2 lnð1þ Z2Þ� �� �
;

(C22)

Að2Þ
1 ðZÞ ¼ 3

4
arctanZ

Z
1þ 1

Z2

� 	
� 3
Z2

þ 2
Z3

SðZÞ
� �

; (C23)

Að2Þ
2 ðZÞ ¼ � 3

4
arctanZ

Z
1þ 1

Z2

� 	
� 7
Z2

þ 6
Z3

SðZÞ
� �

; (C24)

Að2Þ
3 ðZÞ ¼ 3

Z3
Z � SðZÞ½ 
; (C25)
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Að0Þ
1 ðZÞ ¼ � 3

4
arctanZ 1þ 1

Z2

� 	
� 1
Z
� 2SðZÞ

� �
; (C26)

Að0Þ
2 ðZÞ ¼ 9

4
arctanZ 1þ 1

Z2

� 	
� 1
Z
� 2
3
SðZÞ

� �
; (C27)

Að0Þ
3 ðZÞ ¼ 3

2
1þ 1

Z2

� 	
arctanZ � 1

Z

� �
; (C28)

Að�1Þ
1 ðZÞ ¼ 1

2
8
3
� arctanZ

Z
3þ 1

Z2

� 	
þ 1
Z2

þ ln
Re

1þ Z2

� 	" #
;

(C29)

Að�1Þ
2 ðZÞ ¼ 3

2
arctanZ

Z
1þ 1

Z2

� 	
� 1
Z2

� 2
3

� �
; (C30)

Að�1Þ
3 ðZÞ ¼ 1

3
1þ 3

Z2

arctanZ
Z

� 1

� 	� �
þ 1
2
ln

Re
1þ Z2

� 	
; (C31)

Cð2Þ
1 ðZÞ ¼ 15

16
arctanZ

Z
1� 1

Z4

� 	
� 13
3Z2

þ 1
Z4

þ 4SðZÞ
Z3

� �
; (C32)

Cð2Þ
4 ðZÞ ¼ 15

4Z3
arctanZ 1þ 1

Z2

� 	
� 1
Z
þ 4Z

3
� 2SðZÞ

� �
; (C33)

Cð3Þ
1 ðZÞ ¼ 15

8Z4

arctanZ
Z

Z4

3
þ 2Z2 � 1

� 	
�Z2 þ 1� 4

3
ln 1þZ2ð Þ

� �
;

(C34)

Cð0Þ
1 ðZÞ¼�15

32
arctanZ 3þ 4

Z2
þ 1
Z4

� 	
� 11
3Z

� 1
Z3

�4SðZÞ
� �

; (C35)

Cð0Þ
4 ðZÞ ¼ 15

8
arctanZ 1þ 1

Z2

� 	2

� 5
3Z

� 1
Z3

" #
; (C36)

where SðZÞ ¼ Ð Z0 ½arctanðYÞ=Y
 dY . These functions for Z � 1 are
given by

Að1Þ
1 ðZÞ � 1

2
1� Z2

10

� 	
; Að1Þ

2 ðZÞ � �Z2

10
þ 2Z4

35
;

Að1Þ
3 ðZÞ � 1

2
1� 3Z2

10

� 	
; Að2Þ

3 ðZÞ � 1
3

1� 9Z2

25

� 	
;

Að2Þ
1 ðZÞ � 1

3
1� 3Z2

25

� 	
; Að0Þ

1 ðZÞ � Z 1� Z2

15

� 	
;

Að2Þ
2 ðZÞ � � 3Z2

20
1� 4Z2

7

� 	
; Að0Þ

2 ðZÞ � � 2Z3

15
;

Að0Þ
3 ðZÞ � Z 1� Z2

5

� 	
; Að�1Þ

2 ðZÞ � �Z2

5
;

Að�1Þ
1 ðZÞ � 1

2
ln Re� Z2

5

� 	
;

Að�1Þ
3 ðZÞ � 1

2
ln Reþ Z2

5

� 	
;

Cð2Þ
1 ðZÞ � 1

3
1� 3Z2

35

� 	
; Cð2Þ

4 ðZÞ � 1
3

1� 9Z2

35

� 	
;

Cð3Þ
1 ðZÞ � 1

4
1� 2Z2

21

� 	
; Cð0Þ

1 ðZÞ � Z;

Cð0Þ
4 ðZÞ � Z 1� Z2

7

� 	
:

These functions for Z � 1 are given by

Að1Þ
1 ðZÞ � 3p

4Z
� 3 lnZ

Z2
; Að1Þ

2 ðZÞ � � 3p
4Z

þ 6 lnZ
Z2

;

Að1Þ
3 ðZÞ � 3 lnZ

Z2
; Að2Þ

3 ðZÞ � 3
Z2

;

Að2Þ
1 ðZÞ � 3p

8Z
1� 6

pZ

� 	
; Að2Þ

2 ðZÞ � � 3p
8Z

1� 14
pZ

� 	
;

Að0Þ
1 ðZÞ � 3p

4
lnZ � 1

2

� 	
; Að0Þ

2 ðZÞ � � 3p
4

lnZ;

Að0Þ
3 ðZÞ � 3

4
p� 2

Z

� 	
; Að�1Þ

2 ðZÞ � 3
4

p
Z
� 4
3

� 	
;

Cð2Þ
1 ðZÞ � 15p

32Z
; Cð3Þ

1 ðZÞ � 5p
16Z

; Cð2Þ
4 ðZÞ � 5

Z2
;

Cð0Þ
1 ðZÞ � 15p

16
lnZ � 3

4

� 	
; Cð0Þ

4 ðZÞ � � 5
Z
þ 15p

16
:

and when 1 � Z2 � Re, the function

Að�1Þ
1 ðZÞ � 1

2
ln

Re
Z2

� 	
þ 8
3

� �
;

Að�1Þ
3 ðZÞ � 1

2
ln

Re
Z2

� 	
þ 2
3

� �
:

To integrate over the angles in k-space for anisotropic part of
turbulence, we use the following integrals:ð

k?ij du ¼ pdð2Þij ;

ð
k?ijmn du ¼ p

4
Dð2Þ
ijmn; (C37)

where dð2Þij � PijðXÞ ¼ dij � Xij and Dð2Þ
ijmn ¼ PijðXÞPmnðXÞ

þ PimðXÞPjnðXÞ þ PinðXÞPjmðXÞ.
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