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ABSTRACT

The energy and flux budget (EFB) closure theory for a passive scalar (non-buoyant and non-inertial particles or gaseous admixtures) is devel-
oped for stably stratified turbulence. The physical background of the EFB turbulence closures is based on the budget equations for the turbu-
lent kinetic and potential energies and turbulent fluxes of momentum and buoyancy as well as the turbulent flux of particles. The EFB
turbulence closure is designed for stratified geophysical flows from neutral to very stable stratification, and it implies that turbulence is main-
tained by the velocity shear at any stratification. In a steady-state, expressions for the turbulent flux of the passive scalar and the anisotropic
non-symmetric turbulent diffusion tensor are derived, and universal flux Richardson number dependencies of the components of this tensor
are obtained. The diagonal component in the vertical direction of the turbulent diffusion tensor is suppressed by strong stratification, while
the diagonal components in the horizontal directions are not suppressed, but they are dominant in comparison with the other components
of the turbulent diffusion tensor. This implies that any initially created strongly inhomogeneous particle cloud is evolved into a thin pancake
in a horizontal plane with very slow increase in its thickness in the vertical direction. The turbulent Schmidt number (the ratio of the eddy
viscosity and the vertical turbulent diffusivity of the passive scalar) linearly increases with the gradient Richardson number. The physics of
such a behavior is related to the buoyancy force that causes a correlation between fluctuations of the potential temperature and the particle
number density. This correlation that is proportional to the product of the vertical turbulent particle flux and the vertical gradient of the
mean potential temperature reduces the vertical turbulent particle flux. Considering the applications of these results to the atmospheric
boundary-layer turbulence, the theoretical relationships are derived, which allows us to determine the turbulent diffusion tensor as a function
of the vertical coordinate measured in the units of the local Obukhov length scale. The obtained relations are potentially useful in modeling
applications of particle dispersion in the atmospheric boundary-layer turbulence and free atmosphere turbulence.
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I. INTRODUCTION

Turbulence and the associated turbulent transport of the passive
scalar have been systematically investigated for more than a hundred
years in theoretical, experimental, and numerical studies.' * However,
some fundamental questions remain. This is particularly true in appli-
cations such as geophysics and astrophysics, where the governing
parameter values are too large to be modeled either experimentally or
numerically.

The classical theory of atmospheric turbulence implies that the
turbulent flux of any quantity is a product of a mean gradient of the
quantity and a turbulent-exchange coefficient (e.g., eddy viscosity,
eddy diffusivity, etc.)."””'" This corresponds to a down-gradient

transport where the turbulent-exchange coefficients are proportional
to the density of the turbulent kinetic energy multiplied by the turbu-
lent timescale. This has been originally formulated for neutrally strati-
fied turbulence.”"”

Many turbulence closure models of stratified turbulence in mete-
orological applications"*'" have been based only on the density of the
turbulent kinetic energy equation, not considering an evolution of the
density of the turbulent potential energy proportional to the second
moment of potential temperature fluctuations. In stable stratification,
such turbulence closure models have resulted in the erroneous conclu-
sion that shear-generated turbulence inevitably decays and that the
flow becomes laminar in “supercritical” stratifications (at the gradient
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Richardson number exceeding some critical values),'”"” where the

gradient Richardson number is the ratio of the squared Brunt-Viisala
frequency (proportional to the gradient of the mean potential temper-
ature) to the squared mean velocity shear.

Contradictions of this conclusion via the well-documented uni-
versal existence of turbulence under strongly supercritical conditions
typical of the free atmosphere and the deep ocean'’ ** have been
attributed to some unknown mechanisms and, in practical applica-
tions, mastered heuristically.”' >’ Numerous alternative turbulence
closures in stratified turbulence have been formulated using the budget
equations for various turbulent parameters (in addition to the density
of the turbulent kinetic energy) together with heuristic hypotheses and
empirical relationships.'"**

As an alternative, the energy and flux budget (EFB) theory of tur-
bulence closure for stably stratified dry atmospheric flows has been
recently developed.”” " In agreement with the wide experimental evi-
dence, the EFB theory shows that high-Reynolds-number turbulence
is maintained by shear in any stratification, and the “critical
Richardson number,” treated many years as a threshold between the
turbulent and laminar regimes, actually separates two turbulent
regimes, namely, the strong turbulence typical of atmospheric bound-
ary layers and the weak three-dimensional turbulence typical of the
free atmosphere or deep ocean, characterized by a strong decrease in
the heat transfer in comparison to the momentum transfer. The EFB
theory has been verified against scarce data from the atmospheric
experiments, direct numerical simulations (DNYS), large-eddy simula-
tions (LES), and laboratory experiments relevant to the steady-state
turbulence regime.””***’ Following the EFB closure, other turbulent
closure models also do not imply a critical Richardson number.”"*’

In stably stratified turbulence, large-scale internal gravity waves
result in additional vertical turbulent flux of momentum and addi-
tional productions of the densities of the turbulent kinetic energy
(TKE), turbulent potential energy (TPE), and turbulent flux of poten-
tial temperature.”””’ For the stationary, homogeneous regime, the EFB
theory in the absence of the large-scale internal gravity waves (IGW)
yields universal dependencies of the flux Richardson number, the tur-
bulent Prandtl number, the ratio of TKE to TPE, and the normalized
vertical turbulent fluxes of momentum and heat on the gradient
Richardson number.”””’ Due to the large-scale IGW, these dependen-
cies lose their universality. The maximal value of the flux Richardson
number (universal constant 0.2-0.25 in the no-IGW regime) becomes
strongly variable in the turbulence with large-scale IGW. In the verti-
cally homogeneous stratification, the flux Richardson number
increases with the increasing wave energy. In addition, the large-scale
internal gravity waves reduce the anisotropy of turbulence. Predictions
from this theory are consistent with available data from atmospheric
and laboratory experiments, DNS and LES.”*

In the present study, we develop the energy and flux budget tur-
bulence closure theory for a passive scalar (non-buoyant, non-inertial
particles and gaseous admixtures) for stably stratified turbulence. We
find that the vertical turbulent diffusion coefficient of the passive scalar
is strongly reduced for large gradient Richardson numbers, and the
turbulent Schmidt number (the ratio of the eddy viscosity and the ver-
tical turbulent diffusivity of the passive scalar) linearly increases with
the gradient Richardson number.

For atmospheric boundary-layer turbulence, we derive the theo-
retical relationships for the vertical profiles of the turbulent diffusion
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tensor and the turbulent Schmidt number. This study can be useful in
modeling applications for atmospheric boundary-layer turbulence and
free atmosphere turbulence. For example, the transport of pollutants
in the atmospheric turbulent flows is an important environmental
problem (see Ref. 41-43 and references therein). In stratified flows, the
turbulent Schmidt number increases with the level of stratification.”*”
This is consistent with the observation that stratification acts more
effectively against mass diffusivity than against momentum diffusivity.
In spite of many studies, there is still controversy about the proper
parameterization of the turbulent Schmidt number for various envi-
ronmental flows. """

This paper is organized as follows: In Sec. II, we outline the EFB
theory for turbulence, where we formulate governing equations for the
energy and flux budget turbulence-closure theory for stably stratified
turbulence and consider the steady-state and homogeneous regime of
turbulence. In Sec. 111, we develop the EFB theory for passive scalars,
deriving the budget equation for the turbulent flux of particles, which
yields the expression for the turbulent diffusion tensor. In Sec. IV, we
consider the applications of the obtained results to the atmospheric
boundary-layer turbulence and discuss the theoretical relationships
potentially useful in modeling applications. Finally, conclusions are
drawn in Sec. V. In the Appendix, we derive the budget equation for
the correlation function for fluctuations of particle number density
and temperature.

Il. THE EFB THEORY FOR STABLY STRATIFIED
TURBULENCE

In this study, we consider fully developed stably stratified turbu-
lence for geophysical flows where typical vertical gradients of the
mean velocity, potential temperature, and other variables are much
larger than that of the horizontal gradients so that the direct effects of
the mean-flow horizontal gradients on turbulent statistics are negligi-
ble. In such flows, vertical scales of motions are much smaller than
horizontal scales, and the mean-flow vertical velocity is much smaller
than the horizontal velocities. This implies that vertical turbulent
transports are comparable with or even dominate the mean flow verti-
cal advection, whereas the stream-wise horizontal turbulent transport
is usually negligible compared to the horizontal advection.

In this section, we formulate the energy and flux budget (EFB)
closure theory for stably stratified turbulence based on the budget
equations for the densities of turbulent kinetic and potential energies
and turbulent fluxes of momentum and heat. In our analysis, we use
budget equations for the one-point second moments to develop a
mean-field theory. We do not study small-scale structures of turbu-
lence (i.e., higher moments for turbulent quantities and intermittency).
In particular, we study large-scale long-term dynamics, i.e., we con-
sider effects in the spatial scales, which are much larger than the inte-
gral scale of turbulence, and in timescales, which are much longer than
the turbulent timescales.

A. Budget equations for turbulence
In the framework of the energy and flux budget turbulence the-

ory,”” we use the budget equations for the density of turbulent
kinetic energy (TKE) Ex = (u?)/2, the intensity of potential tempera-
ture fluctuations Eg = (0%) /2, the turbulent flux F; = (u; 0) of poten-
tial temperature, and the off diagonal components of the Reynolds

stress T, = (u; u,) withi = x, y,
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where D/Dt = /0t + U - V, the fluid velocity U + u is character-
ized by the mean fluid velocity U(z) = (U, U,,0) and fluctuations
u = (uy, uy, u;), E; = (u2)/2 is the density of the vertical turbulent
kinetic energy, F, = (u, 0) is the vertical component of the turbulent
heat flux, 5,7 is the Kronecker unit tensor, the angular brackets imply
ensemble averaging, ® = T(P,/ P)lﬂ'il is the potential temperature,
T and P are the fluid temperature and pressure with their reference
values, T, and P,, respectively, y = 1o /¢y is the specific heat ratio, the
potential temperature ® = @ + 0 is characterized by the mean
potential temperature ©(z) and fluctuations 0, the fluid pressure
P = P + p is characterized by the mean pressure P and fluctuations p,
f = g/T. is the buoyancy parameter, g is the gravity acceleration,
and p, is the fluid density. We wuse here the Boussinesq
approximation.

The term g = —1;, V,U; = K$? is the rate of energy pro-
duction for the shear-produced turbulence, Ky; is the turbulent viscos-
ity,and $ = [(V.U,)* + (V. (f]y)z]l/2 is the large-scale velocity shear.
The terms @k, Oy, (DSF), and CI),(T) include the third-order moments.
In particular, Ox = py ' (u, p) + ((u, v?) — v V. (u?))/2 determines
the flux of Ex; @y = ((u; 0%) — 1 V.(0?))/2 describes the flux of Ey;
(I)I(F) = (uju, 0) —v(0(V.u)) — x{u; (V.0)) determines the flux
of F; and for) = (wiu) + py' (pu;) — vV.1;, describes the flux
of 7j,.

The term &g = v ((Vju,-)z) is the dissipation rate of the density
of the turbulent kinetic energy, &y = « ((V0)?) is the dissipation rate
of the intensity of potential temperature fluctuations Ep; and

&) = (v +x) ((Vju;) (V;0)) is the dissipation rate of the turbulent

1
heat flux F;, where v is the kinematic viscosity of the fluid, and « is the

temperature diffusivity. The term 8§T> = sg) — BF; — Q;, in Eq. (4) is
the “effective dissipation rate” of the off diagonal components of the
Reynolds stress 7, where Q; = py'((pViu;) + (pVju;)) and
e,(; J = ((Vju;) (Vju)) are the molecular-viscosity dissipation rate
(see below).”>*’

The first term, —1;, V,® &;3, in the right-hand side of Eq. (3)
contributes to the traditional vertical turbulent flux of the potential
temperature, which describes the classical gradient mechanism of the
turbulent heat transfer. On the other hand, the second and third terms
in the right-hand side of Eq. (3) describe a non-gradient contribution
to the vertical turbulent flux of the potential temperature. In stably
stratified flows, the gradient and non-gradient contributions to the
vertical turbulent flux of potential temperature have opposite signs
[see Eq. (7)]. This implies that the non-gradient contribution decreases
the traditional gradient turbulent flux.

scitation.org/journal/phf

The budget equations for the components of the turbulent kinetic
energies E, = (u2)/2 along the x, y, and z directions can be written as
follows:

DE,
Dt

_ 1
+vzq)a:_szszx+5a3ﬁFz+§onc_soc’ (5)

where o = x,y, z, the term ¢, = v ((Vjua()2 ) is the dissipation rate of
the turbulent kinetic energy components E,, and @, determines the
flux of E,. Here, ®, = py"Nu,p)+ ((2) — vV, (u2))/2 and
D, = ((u, uiy) — VVZ(uiy>)/2. The terms Quy = 2p,  {(pV,uy)
are the diagonal terms of the tensor Q;;. In Eq. (5), we do not apply the
summation convention for the double Greek indices. Different aspects
related to budget equations (1)-(5) have been discussed in a number
of publications.” ***%

The density of turbulent potential energy (TPE) is determined by
potential temperature fluctuations and is defined as Ep = (f3*/N?) Ej,
where N? = BV,® with N being the Brunt-Viisili frequency.
The budget equation for the density of turbulent potential energy
Ep = (B*/N?) Ey reads as follows:

%+VZ(DP:_ﬁFZ_8P7 (6)
ot
where —fF, is the rate of the production of the turbulent
potential energy density, ®p = (f>/N?) @y is the flux of Ep, and
ep = (f*/N?) gy is the dissipation rate of the density of the turbulent
potential energy. Using Eqs. (1) and (5), we obtain the budget equation
for the density of the total turbulent energy Et = Ex + Ep as”™?
%+qu)'l' = T szi —ér, (7)
ot
where Ot = O + Dp is the flux of Et and et = ex + ¢p is the dissi-
pation rate of the density of the total turbulent energy.

B. Steady-state and homogeneous regime
of turbulence

The discussed energy and flux budget turbulence closure theory
for stably stratified flows assumes the following:

* The characteristic times of variations of the densities of the tur-
bulent kinetic energy (TKE) Ex, the vertical and horizontal TKE
E,, the intensity of potential temperature fluctuations Ey (and the
turbulent potential energy Ep), the turbulent flux F; of the poten-
tial temperature, and the turbulent flux 7;, of momentum (i.e.,
the off diagonal components of the Reynolds stress) are much
larger than the turbulent timescale. This allows us to obtain
steady-state solutions of the budget equations (1)-(7) for TKE,
TPE, TTE, F;, E,, and 1, for stably stratified turbulence.

* We neglect the divergence of the fluxes of TKE, TPE, E,, F;, and
7, for a steady-state homogeneous regime of stably stratified tur-
bulence (i.e., we neglect the divergence of third-order moments).

* Dissipation rates of TKE, TPE, E,, and F; are expressed using the

Kolmogorov hypothesis, ie., ex = Ex/tr, ¢0 = Eo/(C, tr), a(fz)

= E,/3tr, and SSF) = F;/(Cg tr), where tr = &,/E11</2 is the turbu-
lent dissipation timescale, ¢, is the integral scale of turbulence,
and C, and C are dimensionless empirical constants." """
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e The term s,@ = sg) — BF; — Qi in Eq. (4) is the effective dissi-
pation rate of the off diagonal components of the Reynolds stress
T;» where g = 2v ((Vju,-)z) is the molecular-viscosity dissipa-
tion rate of 7,,, which is small because the smallest eddies associ-
ated with viscous dissipation are presumably isotropic.”’ In the
framework of EFB theory, the role of the dissipation of 7, is
assumed to be played by the combination of terms —f F; — Q,
and it is assumed that EET) =1;/(C, tr), where C, is the
effective-dissipation time-scale empirical constant.”””

* We assume that the term p,! (0V,p) in Eq. (3) for the vertical
turbulent flux of potential temperature is parameterized by
Cy B (0?) with Cy < 1, where Cy is the dimensionless empirical
constant. This implies that f(0%) — py' (0V.p) = Cy B (0°)
with the positive dimensionless empirical constant Cy = 1 — Cy,
which is less than 1. We also take into account that (0 V;p) van-
ishes, where i = x, y. The justification of these assumptions have
been discussed in different contexts.””*’

Note that the Kolmogorov hypothesis related to the dissipation
rates of the second moments in stably stratified turbulence implies
that the normalized dissipation time scale of TPE, ty/tr = GCps turbu-
lent heat flux, tg/tr = C, the components E,, of TKE, t,, /tt, and off
diagonal 7;, components of the Reynolds stress, 7;;/tr = C,, is empiri-
cal constants. These dissipation time scales are normalized by the dis-
sipation timescale of TKE. Generally, these ratios of the dissipation
time scales can be functions of the gradient Richardson number. For
instance, recent direct numerical simulations”>” of a shear produced
stably stratified turbulence in Couette flow performed for the gradient
Richardson number Ri < 0.17 have shown that these ratios of the dis-
sipation time scales are weakly decreasing functions of the gradient
Richardson number. In these DNS, the Reynolds numbers based on
the turbulent velocities and integral time scales are not larger than 10°,
while in atmospheric turbulence, the Reynolds numbers are about
10°-107. In addition, the size of the inertial subrange of scales where
the Kolmogorov spectrum for the turbulent kinetic energy has been
observed in these simulations is only one decade. Since for the gradient
Richardson number larger than 0.17, there are no available informa-
tion about these ratios of the dissipation time scales, and we do not
take into account these effects in the present study. The term
0o (0V,p) in Eq. (3) can also contribute to the classical gradient
term, o E, V.0, in the vertical turbulent flux of potential tempera-
ture.”” However, here we neglect this effect as well.

The EFB turbulence closure implies that turbulence is maintained
by the velocity shear at any stratification.””*’ Indeed, the buoyancy
flux, f§ F,, appears in Egs. (1) and (5) with opposite signs and describes
the energy exchange between the densities of the turbulent kinetic
energy and turbulent potential energy. Since in the budget equations
(1) and (5), the buoyancy fluxes, = f§ F,, enter with opposite signs, and
they cancel each other in budget equation (6) for the total turbulent
energy density. Therefore, as follows from Eq. (6), the density of the
total turbulent energy is independent of the buoyancy. This implies
that there are no grounds to consider the buoyancy-flux term in Eq.
(1) for the turbulent kinetic energy density as an ultimate “killer” of
turbulence. When the rates of the production and dissipation of the
density of the total turbulent energy are compensated, the total turbu-
lent energy is conserved. This implies that an increase in the vertical
gradient of the mean potential temperature increases the buoyancy
and decreases the density of turbulent kinetic energy, but it increases

ARTICLE scitation.org/journal/phf

the turbulent potential energy density so that the total turbulent energy
is conserved.

The main mechanism for the self-regulation of stably stratified
turbulence is as follows.””” In a steady-state and homogeneous
regime of turbulence, budget equation (5) for the vertical turbulent
flux F, of the potential temperature yields

E, = —Cpty (u*)V,0 +2Cy Cr tr BEy. (8)

Equation (8) implies that an increase in the vertical gradient of the
mean potential temperature increases the turbulent potential energy
Ep (and it increases Ey), but it also decreases the vertical flux of poten-
tial temperature. This is because two contributions to the vertical tur-
bulent flux F, (the classical gradient contribution, —C #r (u2) V.0,
and the non-gradient contribution, 2 Cy Cr tr f Ey) have opposite
signs. Therefore, this feedback closes a loop, i.e., this effect decreases
the buoyancy and maintains stably stratified turbulence for any gradi-
ent Richardson numbers.

Thus, the correct mechanism of self-existence of a stably stratified
turbulence includes two steps: (i) the conversion of turbulent kinetic
energy into turbulent potential energy with the increasing vertical gra-
dient of the mean potential temperature and (ii) self-control feedback
of the negative, down-gradient turbulent heat transfer through the effi-
cient generation of the counteracting, positive, non-gradient heat
transfer by the turbulent potential energy. Due to this feedback, stably
stratified turbulence is maintained up to strongly supercritical stratifi-
cations. This explains the absence of critical gradient Richardson num-
bers as a threshold for the existence of stably stratified turbulence.”””’
Actually the critical Richardson number, treated many years as a
threshold between the turbulent and laminar regimes, separates two
turbulent regimes: the strong turbulence typical of atmospheric
boundary layers and the weak three-dimensional turbulence typical of
the free atmosphere or deep ocean and characterized by a strong
decrease in the heat transfer in comparison to the momentum
transfer.

To quantify stably stratified turbulence, the following basic
dimensionless parameters are used:

* the gradient Richardson number:

. N?
Ri = ?7 (9)
¢ the flux Richardson number:
X —pF,
Rif = % (10)
¢ the turbulent Prandtl number:
Ky
Prp = — (11)
T K

where Ky is the turbulent viscosity, Ky is the turbulent diffusivity,
and $* = (V,U,)* + (V. (_J},)2 is the squared mean velocity shear.

25,29

In the framework of the EFB turbulence closure theory, we
use assumptions outlined at the beginning of Sec. 11 B for the budget
equations (1)-(5) for the density of TKE Eg, the intensity of potential
temperature fluctuations Ey, the vertical turbulent flux F, of potential
temperature, the horizontal turbulent flux F; of potential temperature,
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the off diagonal components of the Reynolds stress 7;,, and the vertical
density of TKE E,,

_ E
0=—1,V,U; + BF, — tK, (12)
T
_ E()
0=-FV,0 ——— 13
VO - (13)
_ F,
0=—2E,V,0 +2Cy fEy — , (14)
CptT
0= B V.0, i=x (15)
- z z 1 CFtT7 - 7y7
_ Ti .
0=—-2E,V.U; - C;ZtT’ I=XxY, (16)
1 Ex
0=pF, +~ - 17
ﬂ z+2sz 3tT ( )

Equation (16) yields expressions for the turbulent fluxes 7;, of the
momentum and the turbulent viscosity Ky,

Tiz = _KM VZ(]h i:x7)’7 (18)
Ky = 2C. tr E,. (19)

Equation (14) allows us to obtain the expression for the vertical turbu-
lent flux of potential temperature F, = —2C tr (E, —Cy Ep) V.0,
where we take into account that Ey = Ep Nz/ﬁ2 and N2 = fV,0.In
particular, the expression for the vertical turbulent flux F, can be
rewritten as

F, = —KyV,0, (20)

where the coefficient of the turbulent diffusion Ky reads

Ep
Ki=2CitrE (1-C 2 ). 1)
4

By means of Eq. (15), we find the horizontal turbulent flux F; of poten-
tial temperature,

Fi=—Cptr F, VZU,', i=x,y. (22)

Since in stably stratified turbulence, the vertical turbulent flux F, is
negative, and the horizontal turbulent flux F; of the potential tempera-
ture is directed along the wind velocity U, i.e., Eq. (22) describes the
co-wind horizontal turbulent flux.

In the following, we derive expressions for useful dimensionless
parameters as universal functions of the flux Richardson number. In
particular, the obtained expressions for the turbulent viscosity Ky and
the turbulent diffusivity Ky allow us to determine the turbulent
Prandtl number Prr = Ky/Ky as

-1
Prp = Pry (1 ~ Gy ﬁ) : (23)
E,
where Pr(TO) = C,/Cy is the turbulent Prandtl number at Ri = Ri¢
=0, i.e, for a non-stratified turbulence. Equations (10) and (12) yield
the expression for the density of TKE, Ex = Ky S t1 (1 — Rif), while
Eq. (13) allows us to find the intensity of potential temperature fluctu-
ations Eg = —C, i1 F, V.O. This equation can be rewritten in terms

scitation.org/journal/phf

of the density of turbulent potential energy (TPE) Ep = —f F, C, tr
so that the ratio Ex /Ep reads

Ex 1—Ri
Er  C,Rif

(24)

By means of Eq. (24), we also obtain the densities of TKE and TPE
normalized by the density of the total turbulent energy (TTE),
Er = Ex + Ep,

E 1 —Ri
X (25)
Er 1-(1—Gy)Ris
E C, Ri
L A e S (26)
Er 1-(1-G)Ris
Equations (12) and (19) allow us to obtain the dimensionless ratio
2 2C A
) = 27)
EK 1-— le
where A, =E,/Ex is the vertical share of TKE,

= (73, + T}Z,Z)l/z = Ky S, and 17 = (u; 4;) is the Reynolds stress. By
means of Egs. (19) and (27), we find the expression for another useful
dimensionless parameter

1

Strfl=—— .
(Str) 2C. A, (1 — Rif)

(28)

In addition, Eqgs. (19) and (28) allow us to obtain the dimensionless
ratio

P F, tr - Ri¢

— 29
Ex 1 — Ri’ (29)
while Eqgs. (13) and (20) yield the dimensionless ratio
F? 2C. A,
Z_ = . (30)
ExEy  C,Pry

Finally, applying Egs. (23) and (24), we arrive at the useful expression
for the turbulent Prandtl number Prr,

Cp Cp Rig \
Pry(Rif) = Prl”) (1—( 0 lf) .

(1~ Rin A; ey

Since the turbulent Prandtl number can be rewritten as Prr = Ri/Ris,
Eq. (31) yields the important expression that relates the gradient
Richardson number Ri and the flux Richardson number Ris,

(32)

CyC,Rip \ !
Ri(Ri¢) = Pr Ri¢ (1— 0 %p It )

(1 —Rif) A,

Expressions (27)-(28) and (30)-(32) contain the vertical share of TKE,
A, = E,/Ex, that will be determined below.

In shear-produced turbulence, the mean wind shear generates
the energy of longitudinal velocity fluctuations E,, which in turn feeds
the transverse E, and the vertical E. components of the turbulent
kinetic energy. The inter-component energy exchange term Q,, in Eq.
(5) is traditionally parameterized through the “return-to-isotropy”
hypothesis (see below).”* However, stratified turbulence is usually
anisotropic, and the inter-component energy exchange term Q.
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should depend on the flux Richardson number Ri¢. We adopt another
model for the inter-component energy exchange term Q,,, which gen-
eralizes the return-to-isotropy hypothesis to the case of stably stratified
turbulence. In this model, we use the normalized flux Richardson
number Ri¢ /R, varying from 0 for a non-stratified turbulence to 1 for
a strongly stratified turbulence, where the limiting value of the flux
Richardson number, R, = Ri|g;_..» is defined for very strong strati-
fications when the gradient Richardson number Ri — co. This model
for the inter-component energy exchange term Q,, is described by

21+ G
Qxx = - (TT) (3Ex - Eint)> (33)
2(1+C,)
Qy = BT (3Ey — Eint), (34)
201+ G,
Qu= 21T 5p 3p 1 oE,), (35)
3t
where
Ri, C;
Eine = EK+_f(1+C)[COEK_(1+CO) 2], (36)

Co and C; are the dimensionless empirical constants. When Rif = 0,
Egs. (33)-(36) describe the return-to-isotropy hypothesis.”* Thus, by
means of Egs. (17), (29), (35), and (36), we determine the vertical share
of TKE A, = E,/Ex as a function of the flux Richardson number Ris,

G (1 —2GRif/Ry) — 3 (Rig ' — 1)~

A, (Rig) = 34+ C[3—2(14 Cy)Rif/Ry]

(37)

According to Eq (37), the vertical share A, of TKE varies between
(AD)pio = AY = ¢ +/3(1 + C,) for a non-stratified turbulence and
(A2)Rio, = A for a strongly stratified turbulence, where

e G1-2G) —3 RZ-1)7"

= 3+ C(1-2C) (38)

When there is an isotropy in the horizontal plane, the shares of TKE
Ay = E,/Ex and A, = E,/Ex in horizontal directions are given by
1
Ac=4y =2 (1-4). (39)

Now, we derive the expression for the ratio of the vertical turbu-
lent dissipation length scale ¢, = tr EY? and the local Obukhov length
scale L defined as™
3/2
L=——. (40)

_ﬁ F z

To this end, we use Egs. (10) and (40), which yield
M = Rift'/2 L. (41)

By means of Egs. (19), (27), and (41), we obtain the ratio £,/L as the
function of the flux Richardson number,

Az Rig
(1 — Rig)'/*

¢

=)™ (42)

500

100

10

0.01 0.1 1 10 100 Ri

FIG. 1 The turbulent Prandtl number Pry vs the gradient Richardson number Ri for

( =103 (dotted line), 0.1 (dashed—dotted line), and 0.2 (solid Ilne)
Comparlson with data of meteorological observations: slanting black triangles®® and
snowflakes;”’ laboratory experiments: slanting crosses,” six-pointed stars,' and
black circles;'* DNS: five-pointed stars;*” and LES: triangles.”®

For illustration, in Figs. 1-4, we show the dependencies of the fol-
lowing parameters on the gradient Richardson number Ri for different
values of parameter A(ZOO)

* the turbulent Prandtl number Pry(Ri) given by Eq. (31) (see Fig. 1),

* the flux Richardson number Ri¢(Ri) given by Eq. (32) (see Fig. 2),

* the vertical share of TKE A, (Ri) = E,/Ex given by Eq. (37) (see
Fig. 3), and

* the ratio ¢, /L given by Eq. (42) (see Fig. 4).

The theoretical Ri-dependencies are compared with the data of
meteorological observations, laboratory experiments, DNS, and LES.
Figures 1-3 demonstrate reasonable agreement between theoretical
predictions based on the EFB turbulence theory and data obtained
from atmospheric and laboratory experiments, LES, and DNS.

Data for Prr(Ri) at a small gradient Richardson number Ri in
Fig. 1 are consistent with the commonly accepted empirical estimate

of Pr? =08 The flux Richardson number Rif in the

Ri ‘ N ‘
! X X tAvt = * %
. x 4
* X x
107 T
1072 ]
10° ' : : : i
0.01 0.1 1 10 100 Ri

FIG. 2 The flux Richardson number Ris vs the gradient Richardson number Ri for
AP =100 (dotted line), 0.1 (dashed—dotted line), and 0.2 (solid line).
Companson W|th data of meteorological observations: slantmg black triangles™® and
snowflakes;”’ Iaboratory experiments: slantlng crosses,” SIX pointed stars,"® and
black circles;'* DNS: five-pointed stars;”’ and LES: triangles.””
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FIG. 3. The vertical share of TKE A, = E,/Ex vs the gradient Richardson number
Ri for A *) —0.05 (dotted line), 0.1 (dashed-dotted line), and 0.2 (solid line).
Comparison with data of meteorological observations: squares,” circles,”” over-
turned triangles,'®®" and six-pointed stars;"” laboratory experiments: six-pointed
stars;'® and DNS: five-pointed stars.”’

steady-state regime can only increase with the increasing Ri, but obvi-
ously cannot exceed unity. Hence, it should tend to a finite asymptotic
limit (estimated as R, = 0.2), which corresponds to the asymptoti-
cally linear Ri-dependence of Prr. Thus, the turbulent Prandtl number
for strong stratifications is given by

prr = Pr¥ + Ri (43)

R’

Figure 2 shows that the flux Richardson number Ri¢ at the gradient
Richardson number Ri>1 levels off at the limiting value,
Rif = Ry, = 0.2. Figures 3 and 4 demonstrate that the vertical share
of TKE A, and the ratio £, /L level off at Ri > 1 as well.

Let us discuss the choice of the dimensionless empirical con-
stants.”” There are two well-known universal constants: the limiting
value of the flux Richardson number R,, = 0.2 for extremely strongly
stratified turbulence (i.e., for Ri — co) and the turbulent Prandtl
number Prj. % — 0.8 for nonstratified turbulence (i.e., for Ri — 0). The
constants CF C./ PrT), where C 1s the coefficient determining the
turbulent viscosity (Ky = 2C.A EK >{,) for non-stratified turbulence.

0. /L

z

0.01 0.1 1 10 100 Ri
FIG. 4. The normalized vertical turbulent d|SS|pat|on length scales ¢ /L vs the gra-
dient Rlchardson number Ri for A =103 (dotted line), 3.1 x 10~° (dashed
line), 102 (solid line), and 0.1 (dashed—dotted line).
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The constant C,, describes the deviation of the dissipation timescale of
Ey = (0%) /2 from the dissipation timescale of TKE. The constants
Ce, Gy, and A are determined from numerous meteorological
observations, laboratory experiments, direct numerical simulations
(DNS), and large eddy simulations (LES).'®!>*"2>77%20 29016871
The constant Cy is given by Cp = (R} — I)A(Oo)/Cp [see Eq. (31)],
and the constant C, is determined from Eq. (38) at given A, and C,.
We use here the following values of the non-dimensional empirical con-
stants: Cp = 0.125, C, = 0.417, C; = 3/2,and C; = 0.1. The vertical
anisotropy parameter for extremely strongly stratified turbulence AL
is mainly changing in the interval from 0.1 to 0.2 (see Fig. 3).

C. Boundary-layer turbulence

Considering the applications of the obtained results to atmo-
spheric stably stratified boundary-layer turbulence, we derive below
the theoretical relationships potentially useful in modeling applica-
tions. There are two well-known results for the wind shear:

e S=1!2/Kkz at ¢ < 1, which yields the log-profile for the mean
velocity, and

e S= rl/z/RooL when ¢ > 1, following Eq. (41). Here, ¢
= | dZ//L(2') is the dimensionless height based on the local
Obukhov length scale L(z) = 13/2(z) /[~ F.(2)], and x = 0.4 is
the von Karman constant.

The straightforward interpolation between these two asymptotic
results for the wind shear,

71/2 1
S(¢) =T R +K—§ ; (44)

yields the vertical profile of the eddy viscosity Ky = 7/ as

K¢

Ku(c) =¢/?L ——=—.
1+R ke

(45)

The vertical profile of the flux Richardson number Ri¢(z) is obtained
using Eqs. (41) and (45):

Ri(c) = = (46)

1+ RUke

Now, we determine the vertical profiles of the turbulent Prandtl num-
ber Prr(z) using Egs. (31) and (46):

) a1+ a ;2}
Prr(c) = Pri¥ |1+ L= 2= | 47
(o) = pe) 1 2 )
and the vertical share of TKE A, = E,/Ex by means of Egs. (37)
and (46):
CrROO—Q—K;[Cr(l—ZCO)—3(ROO+Kg) [H—zcg(R;ol—l)]_l}
3R, (14C) + K¢ 3+ G (1—2GCy)] '

Az(g):

(48)

Here, Pr(TO) = C,/Cy, and the coefficients ay are related to the empiri-
cal dimensionless constants:

a =3kA (1471 (RY] - 1), (49)

o0
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2 4 ()
a :Klfz (R} —1) (1-2GC +3C ), (50)
a3 =k 2R} (1-Cy) —3C ' — 1] —ay. (51)

Next, we find the vertical profile of the gradient Richardson number
applying Egs. (32) and (46):

(52)

(0)
cP
Ri(c) =~ t {1

_ a1 c+a ¢’
1+ Rk ’

1+asc
Finally, the vertical profile of the turbulent dissipation length scale

£,(z) normalized by the local Obukhov length scale L(z) is obtained
by means of Egs. (42) and (46):

AV k¢ (1= Rig/Ry)
(1 — Ri)"/*

b _

2c,) " (53)

Equations (45)-(53) for the surface layer (¢ < 1) have been derived in
Refs. 28 and 29. In the present study, we generalize these results for
the entire stably stratified boundary layer that are valid for arbitrary
values of ¢.

Equations  (45)-(53) are in agreement with the
Monin-Obukhov®® and Nieuwstadt®’ similarity theories, i.e., the con-
cept of similarity of turbulence in terms of the dimensionless height
¢=J; dZ/L(z)). The Monin-Obukhov similarity theory was
designed for the “surface layer” defined as the lower layer that is 10%
of the boundary layer, where the turbulent fluxes of momentum -,
heat F,, and other scalars, as well as the length scale L, are approxi-
mated by their surface values. Nieuwstadt” extended the similarity
theory to the entire stably stratified boundary layer employing local
z-dependent values of the turbulent fluxes t(z) and F,(z) and the
length L(z) instead of their surface values.

For illustration, in Figs. 5-9, we plot the vertical profiles of the
key turbulent parameters:

e the gradient Richardson number Ri(¢) given by Eq. (52) (see
Fig. 5),
e the flux Richardson number Ri¢(¢) given by Eq. (46) (see Fig. 6),

Ri
100 ; ]

10 ¢

0.01 : ‘ :

100 ¢

FIG. 5. The gradient Richardson number Rivs ¢ = [ dz /L(Z') for AL =107
(solid thin line), 102 (dotted line), 0.1 (dashed—dotted line), 0.15 (solid thick line),
and 0.2 (dashed line).
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Rig , , ,

0.01 0.1 1 10

100 €

FIG. 6. The flux Richardson number Ri; vs ¢ = [ dz//L(z') for AL =102
(dashed line), 0.1 (dashed—dotted line), 0.15 (solid line), and 0.2 (dotted line).

100 ¢

10+

0.1

0.01 0.1 1 10 100¢

FIG. 7. The turbulent Prandtl number Prr vs ¢ = |7 dz'/L(Z)) for AL =102
(dotted line), 0.1 (dashed line), 0.15 (solid line), and 0.2 (dashed-dotted line).

A

0.2
0.15
001 01 1 10 100 G

FIG. 8. The vertical share of TKE A, = E,/Ex vs ¢ = joz dz' /L(Z") for different
AP =01 (dotted line), 0.15 (solid line), 0.17 (dashed line), and 0.2 (dashed-
dotted line).
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0.01 0.1 1 10 100 €
FIG 9. The normalized vertlcal turbulent dissipation length scales ¢,/L vs

j dz'/L(Z") for different AP =041 (dotted line), 0.15 (solid line), 0.17
(dashed line), and 0.2 (dashed-dotted line).

* the turbulent Prandtl number Prr(c) given by Eq. (47) (see
Fig. 7),

e the vertical share of TKE A,(¢)
Fig. 8), and

* the normalized vertical turbulent dissipation length scales ¢,/L
vs ¢ given by Eq. (53) (see Fig. 9).

= E,/Ex given by Eq. (48) (see

Different lines in Figs. 5-9 correspond to different values of AEOC) (see
below). As follows from Fig. 5 for the vertical profile of Ri(z), the gra-
dient Richardson number increases with height, and the case ¢ < 1
corresponds to Ri < 0.3, while Ri > 1 when ¢ > 10. Similarly, Fig. 6
for the vertical profile of Ri¢(z) shows that the flux Richardson num-
ber increases with height and levels off at ¢ > 10. The turbulent
Prandtl number Pry is constant at ¢ < 0.1 and linearly increases at
¢ > 2 for Aiw) > 0.1 (and at ¢ > 20 for A§°°> < 0.1) (see Fig. 7).
The vertical share of TKE A, decreases with the increasing height (in
all cases except one shown by the dashed-dotted line, see below), and
at ¢ > 100, it levels off (see Fig. 8). It is clear that stable stratification,
suppressing the vertical component E, of TKE, facilitates the energy
exchange between the horizontal velocity energies E, and E, and,
thereby, causes a tendency toward isotropy in the horizontal plane.
Equation (52) for the vertical turbulent dissipation length scale £, has
quite expected asymptotes: ¢, o< z at ¢ < 1 and £, oc L when ¢ > 1
(see Fig. 9), where ¢ = [ dz//L(2'). In Secs. IIl A-III C, we develop
the energy and flux budget turbulence closure theory for passive
scalars.

Il THE EFB THEORY FOR PASSIVE SCALARS

In this section, we discuss energy and flux budget turbulence clo-
sure theory for passive scalars.

A. Budget equation for the turbulent flux of particles

We consider passive (non-buoyant, non-inertial) particles sus-
pended in the turbulent fluid flow with large Reynolds numbers. The
evolution of the particle number density ,(t, r) (measured in m ) is
determined by the following equation:

ony,

Bt + (v-V)n, =y Any, (54)

scitation.org/journal/phf

where v is an incompressible fluid velocity field and y is the coefficient
of molecular (Brownian) diffusion. Particle number density
n, = n + n is characterized by the mean value 7 and fluctuations #.
Averaging this equation over ensemble of velocity fluctuations, we
obtain the equation for the mean particle number density 7.
Subtracting this equation from Eq. (54), we obtain the equation for
particle number density fluctuations as

Dn

E:—(wV)ﬁ—(u

-Vin+{((u-V)n) + yAn.  (55)

For non-inertial particles, the main effect of turbulent transport is the

turbulent diffusion, ie., the turbulent particle flux is Fi(") = (u;n)
= —Kj; Vjn. This implies that the quadratic form K;; (Vin) (V;n)
should be positively defined. This means that on? /0t < 0, ie., the ten-
sor Kj; is indeed describes a dissipative process.

Multiplying Eq. (55) by u; and the Navier-Stokes equation by #,
taking the sum and averaging the obtained equation over an ensemble,
w(e)obtain the budget equation for the turbulent flux of particles
FE"Y = (u;n),

1

(n)
DF, ~ (n _
! z 1( ) :—(uiuj>an—

D90, 4 QY -, (50

where (i)gn) = (ujun)+ py ' (pn) 63 — y(u; Von) — v (nVou) is

the third-order moment that determines the turbulent flux of F,-(">, while

&V = (v+7) ((Vju;) (V;n)) is the molecular dissipation rate of F™,

The Kolmogorov closure hypothesis implies that 8,(") = Fi(n) /Catr,

where C, is an empirical dimensionless coefficient. The term Q,@
o (p Vin) + Bei (n 0) in Eq. (56) is derived in the Appendix as

QE"):f—ﬁtTe, V0 + BVi(nAT'V0),  (57)
where e is the vertical unit vector and Cp is an empirical dimensionless
constant. Thus, the budget equation for the turbulent flux of particles
can be rewritten as

(n)
DF; n _
Ziy vl = ﬁtT e F" V0 — 1,V;n
Dt
(n)
F;
U,——— 58
Y G (58)
where CD " = — Be;(nA™'V,0). Equatlon (58) yields the budget
equation for the Vertlcal particle flux F;"
(n) (n)
DE;" E;
Dr =+ Vv,0 :—ZEVn——CDﬁtTF VG)— ; . (59)
n T

In Eq. (59), we have taken into account that |[KyS; V7| < |2E, V. 7],
where §; =S, , =V, Ux,y. We will demonstrate that this condition
provides the positively defined quadratic form Kj (Vin) (V;n).
Equations (58) and (59) are complementary equations to the EFB tur-
bulence closure theory discussed in Sec. I1.”>*’ These equations allow us
to determine the turbulent flux of particles an) at a given gradient of
the mean particle number density 7 and the basic turbulent parameters
E]( and tr.
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B. Turbulent flux of particles and turbulent diffusion
tensors

In air pollution, modeling the particle number density 71 could be
strongly heterogeneous in all three directions. Limiting to the steady-
state, the homogeneous regime of turbulence, Eq. (59) reduces to the
turbulent diffusion formulation for the vertical turbulent flux of the
passive scalar (i.e., non-inertial particles),

FY = —K,.V, 7, (60)
where
. -1
(0) CpRi
K,, = K S _ 61
2z M(CT +4AZ(1—Rif)) 5 (61)

Sc(TO) =C,;/Cyand K, = K, = 0. Using Egs. (18) and (19), we deter-

mine the turbulent Schmidt number as

Ky _ g 0 Cp Ri

Scr=—= _ 62
T=R. 0T T4A(1-Ry) 62)
In derivation of Eq. (61), we take into account that
Ri
N = ‘ (63)

2C. A, (1 —Rif)’

which follows from the identities Ri = Ris Pry and Eq. (27).

The horizontal components of the turbulent flux of particles can
be determined through the steady-state version of Eq. (58) for homo-
geneous stably stratified turbulence,

F = Ky Vit — Ky, V, 10, (64)
F" = =Ky, V, i — K. V. 7, (65)
where
Ay
K =2Cytr Ex = —— &+ Ky, (66)
A; Scy
A
Ky =2Cytr By =— >+ Ky, (67)
Az Scy
sz = _Cn fr Sx KZZ7 (68)
Kyz =—Cytr Sy Kzu (69)

where S;, =V, Ux‘), and K, = K, = 0. In Egs. (64) and (65), we
have taken into account a condition that provides the positively
defined quadratic form Kj; (Vi) (V;i1). In particular, this condition
implies that

Y
C, {CT AZ(le)} (70)

A, >
4Scr(Rig) |2(1 — Rif)

Let us discuss the physics related to the off diagonal terms of the
turbulent diffusion tensor of particles. To this end, we rewrite the hori-
zontal turbulent flux of particles F;ff = —K,, V, 7 that describes the
off diagonal component K, of the turbulent diffusion tensor as

P = _C,ty FMV,U,, (71)

where F§"> = —K,, V. 7 is the vertical turbulent flux of particles [see
Eq. (60)]. The turbulent flux of particles F°* given by Eq. (71) can be
compared with the horizontal turbulent flux F, of potential

scitation.org/journal/phf

temperature F, = —Cptr F, V,U, [see Eq. (22)]. The latter flux
describes the co-wind horizontal turbulent flux of potential tempera-
ture. For simplicity, we consider here the case when the wind velocity
U, is directed along the x axis. We remind that in stably stratified tur-
bulence, the vertical turbulent flux F, of potential temperature is nega-
tive so that the horizontal turbulent flux F, of potential temperature is
directed along the wind velocity U,.

On the contrary, in convective turbulence, the vertical turbulent
flux F, of potential temperature is positive so that the horizontal turbu-
lent flux F, of potential temperature is a counterwind turbulent flux.
The physics of the counterwind turbulent flux is the following. Let us
consider horizontally homogeneous, sheared convective turbulence.
With the increasing height in convection, the mean shear velocity U
increases and mean potential temperature @ decreases. Thus, uprising
fluid particles produce positive fluctuations of potential temperature,
0 > 0 [since 90/t x —(u - V)O], and negative fluctuations of hori-
zontal velocity, u, < 0 [since du,/Ot < —(u-V)U,]. This causes
negative horizontal temperature flux: u, 0 < 0. Likewise, sinking fluid
particles produce negative fluctuations of potential temperature,
0 < 0, and positive fluctuations of horizontal velocity, u, > 0, also
causing negative horizontal temperature flux u, 0 < 0. This implies
that the net horizontal turbulent flux is negative, (1, 0) < 0, in spite
of a zero horizontal mean temperature gradient. Thus, the counter-
wind turbulent flux of potential temperature describes the modifica-
tion of the potential-temperature flux by the non-uniform velocity
field. The counterwind or co-wind turbulent fluxes are associated with
non-gradient turbulence transport of heat.

The comparison of two fluxes, F*% and F,, shows that the form
of the horizontal turbulent flux of particles F°7 is similar to that of the
horizontal turbulent flux of potential temperature F,. For instance,
when the vertical turbulent flux of particles F™ s positive (or nega-
tive), the horizontal turbulent flux of particles F° describes the coun-
terwind (or the co-wind) horizontal turbulent flux of particles. These
turbulent fluxes are associated with non-gradient turbulence transport
of particles.

For illustration, in Figs. 1012, we show the dependencies of the
key passive scalar parameters on the gradient Richardson number Ri:

e the turbulent Schmidt number Scr(Ri) given by Eq. (62) (see Fig. 10),

500 ‘ ' ‘ ]

Sc, P

100 ¢

10

L L L

0.01 0.1 1 10

100 Ri

FIG. 10. The turbulent Schmidt number Scr vs the gradient Richardson number Ri
for A = 0.15 and different values of Co = 0.5 (solid line); 1 (dashed line) and 2
(dashed-dotted line).
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100 Ri

FIG. 11. Diagonal components of the turbulent diffusion tensor: K, = K, (solid
line) and K, (dashed-dotted line) and the eddy viscosu)(/ K (dashed line) normal-
ized by u, L vs the gradient Richardson number Ri for A; =), 15, where Ch=2
and C, = 1.

0.01 0.1 1 10

* the diagonal components K. (Ri) and K..(Ri) = K, (Ri) of the
turbulent diffusion tensor normalized by u. L and given by Egs.
(61) and (66) (see Fig. 11), and

e the off diagonal component K,,(Ri) of the turbulent diffusion
tensor normalized by u. L and given by Eq. (68) (see Fig. 12).

Here, u, = 7'/2, and we consider for simplicity the cases S, =0
and A, = A,. The turbulent Schmidt number Scr(Ri) linearly increases
with the gradient Richardson number for Ri> 1 (see Fig. 10). As fol-
lows from Eq. (61) and Fig. 11, the vertical turbulent diffusion coeffi-
cient K, (Ri) of particles or gaseous admixtures is strongly suppressed
for large gradient Richardson numbers. The vertical turbulent diffu-
sion coefficient and the turbulent Schmidt number behave in the simi-
lar fashion as the turbulent diffusion coefficient Ky (Ri) of the mean
potential temperature and the turbulent Prandtl number Prr(Ri).

The physics of such a behavior of the vertical turbulent diffusion
coefficient K, (Ri) is related to the buoyancy force that causes a corre-
lation between the potential temperature and the particle number den-
sity fluctuations (0 n). This correlation is proportional to the product
of the vertical turbulent particle flux (1 u.) and the vertical gradient of
the mean potential temperature V.0, ie., (0n) o —(nu,)V,0.

0.1

0.05 ¢

-0.05

-0.1 : : :
0.01 0.1 1 10

100 Ri

FIG. 12. Off diagonal component of the turbulent diffusion tensor: K, (dashed line)
normalized by u. L vs the gradient Richardson number Ri for A = 0.15. For
comparison, the diagonal component K, (Ri) (solid line) is also shown here, where

Cph=2and C,=1.
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This correlation reduces a standard vertical turbulent particle flux
(nu,) that is proportional to the vertical gradient of the mean particle
number density, —V 7.

Let us consider for simplicity the case S,=0. The quadratic
form Kj (Vin)(Vjn) is positively defined if the determinant
Dy = K Ky K Py of the symmetric matrix K jj is positive, where

Pg=1-K iz /(4K Kz;) and the diagonal elements Ky, K,,,, and K,

are positive. In the symmetric matrix K, the off diagonal elements

Ky =K, =Ky, /2 and other off diagonal elements vanish. The
parameter Pg(Ri) = 1 — K% /(16K K;;) vs the gradient Richardson
number is shown in Fig. 13, where we use Egs. (61), (66), and (68).
Figure 13 shows that Pg and the determinant Dy are always positive
so that the quadratic form Kj; (V;n) (V;n) is the positively defined
quadratic form.

In view of the above analysis, the down-gradient formulation:
Fin) = —K, V i1, where K, are the turbulent diffusion coefficients
along o = x, y, z axes, widely used in operational models, can hardly
be considered as satisfactory. It is long ago understood that the linear
dependence between the vectors Fa((n) and V,# is characterized by an
eddy diffusivity tensor with non-zero off diagonal terms.”” Equations
(61) and (66)-(69) allow determining all components of this tensor.
The equations derived in this section are immediately applicable to
turbulent diffusion of gaseous admixtures. In this case, 77 and # denote
mean value and fluctuations of the admixture concentration (mea-
sured in kg/m?), respectively.

In temperature stratified fluids, there is an additional mechanism
of particle transport, namely, turbulent thermal diffusion, which
causes particle concentration in the vicinity of the mean temperature
minimum, ie., this effect results in the particle transport in the direc-
tion opposite to the temperature gradJent ~/° This effect has been
detected i in laboratory experiments,”” DNS,”® and atmospheric obser-
vations.”” In the present paper, this mechanism is not considered.

C. Application to boundary-layer turbulence

Let us consider the applications of the obtained results of particle
transport to the atmospheric stably stratified boundary-layer turbu-
lence. Equations (45)-(52) allow us to find the vertical profiles of the
turbulent Schmidt number and of the components of the turbulent
diffusion tensor Kj; in the atmospheric boundary-layer turbulence. For

P T T

Sl
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L L L

100 Ri

FIG. 13. The parameter Py = 1 — K2 -/ (Kxx Kz2) s the gradient Rlchardson num-
ber Ri for Cp = 1 (dashed line) and 2 (dashed—dotted line) and forA = 0.15.
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FIG. 14. The ratio Scr/Prr of the turbulent Schmidt number to turbulent Prandtl
number vs ¢ = joz dz'/L(Z') for Cp =2 and different values of ALY =0025
(dashed—dotted line), 0.15 (solid line), and 0.2 (dashed line).

illustration, in Figs. 14-16 we plot the vertical profiles of the key pas-
sive scalar parameters:

the ratio Scr(¢)/Prr(¢) of the turbulent Schmidt number to tur-

bulent Prandtl number given by Eqs. (47) and (62) (see Fig. 14),

* the diagonal components of the turbulent diffusion tensors:
K.2(¢) and Ky« (¢) = K, () normalized by . L and given by Eqs.
(61) and (66) (see Fig. 15), and

¢ the off diagonal component of the turbulent diffusion tensor:

K,.(¢) normalized by u, L and given by Eq. (68) (see Fig. 16),

where we also use Egs. (39) and (45)-(52).

Figure 14 demonstrates that the ratio Scr/Pry can be more or
less than 1 depending on the parameter Cp. This implies that the tur-
bulent Schmidt number Scr generally does not coincide with the tur-
bulent Prandtl number Pry. This is not surprising, since temperature
fluctuations cannot be considered as a passive scalar, because they
strongly affect velocity fluctuations when the gradient Richardson
number is not small.’® On the other hand, fluctuations of the number

_Ka:m = Kyy7 KMa Kzz

L L L

0.1 1 10 100 €
FIG. 15. Diagonal components of the turbulent diffusion tensor: K,, = K, (solid line)
and for different values of Cp = 1 (dotted) and 2 (dashed-dotted), and the eddy vis-
cosity: K (dashed line) normalized by u, L vs ¢ = [7 dz'/L(Z) for A" = 0.15.
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FIG. 16. Off diagonal component of the turbulent diffusion tensor: K,, normalized
by u, L vs ¢ = |5 dZ'/L(2') for C, =1 (dashed line), 2 (dashed—dotted line) and

for Aﬁ”) = 0.15. For comparison, the diagonal component K, (z/L) for Cp =1
(dotted line) and 2 (solid line) is also shown here.

density of non-inertial particles or gaseous admixtures behave as
passive scalars because they do not affect velocity fluctuations. Only
fluctuations of the number density of inertial particles when the mass-
loading parameter m;, n/p is not small (m, n/p > 1) can affect veloc-
ity fluctuations, where 1, is a particle mass.

Let us discuss the vertical profiles of the turbulent diffusion ten-
sor Kj; shown in Figs. 15 and 16. Figure 15 demonstrates that the verti-
cal turbulent diffusion coefficient K, of particles or gaseous
admixtures is strongly suppressed when ¢ >> 10. Equations (61) and
(66)-(69) and Figs. 11, 12, 15, and 16 show that the components
K= K,,, of the turbulent diffusion tensor in the horizontal direction
are dominant in comparison with the vertical component K. This
implies that any initially created strongly inhomogeneous distribution
of particles (i.e., a strong particle cluster or blob) is evolved into a thin
“pancake” in the horizontal plane with a very small increase in its
thickness in the vertical direction. For instance, when the vertical tur-
bulent heat flux |F,| = 0.3 K m/s, the friction velocity u. = 0.1 m/s,
at the height z=1km, the gradient Richardson number Ri = 3 (see
Fig. 5), the ratio K, /K., ~ 10* (see Fig. 15) so that the horizontal size
of the pancake of particles is 30 times larger than the vertical size.

IV. CONCLUSIONS

We discuss here the energy and flux budget turbulence closure
theory for a passive scalar (e.g., non-buoyant and non-inertial particles
or gaseous admixtures) in stably stratified turbulence. The EFB turbu-
lence closure theory is based on the budget equations for the turbulent
kinetic and potential energies and turbulent fluxes of momentum and
buoyancy and the turbulent flux of particles. The EFB closure theory
explains the existence of the shear produced turbulence even for very
strong stratifications.

In the framework of the EFB closure theory, we have found that
in a steady-state homogeneous regime of turbulence, there is a univer-
sal flux Richardson number dependence of the turbulent flux of the
passive scalar described in terms of an anisotropic non-symmetric tur-
bulent diffusion tensor. We have shown that the diagonal component
in the vertical direction of the turbulent diffusion tensor for particles
or gaseous admixtures is strongly suppressed for large gradient
Richardson numbers, but the diagonal components in the horizontal
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directions are not suppressed by strong stratification. We have deter-
mined the turbulent Schmidt number defined as the ratio of the eddy
viscosity and the vertical turbulent diffusivity of the passive scalar,
which linearly increases with the gradient Richardson number.

We explain these features by the effect of the buoyancy force,
which causes a correlation between fluctuations of the potential tem-
perature and the particle number density. In particular, this correlation
is proportional to the product of the vertical turbulent particle flux
and the vertical gradient of the mean potential temperature, which
reduces the vertical turbulent particle flux.

In view of applications to atmospheric stably stratified boundary-
layer turbulence, we derive the theoretical relationships for the vertical
profiles of the key parameters of stably stratified turbulence measured
in the units of the local Obukhov length scale. These relationships
allow us to determine the vertical profiles of the components of the
turbulent diffusion tensor and the turbulent Schmidt number. These
results are potentially useful in modeling applications of transport of
particles or gaseous admixtures in stably stratified atmospheric
boundary-layer turbulence and free atmosphere turbulence.
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APPENDIX: DERIVATION OF THE BUDGET
EQUATION FOR (n6) AND EQ. (57)

Equations for fluctuations of the potential temperature and the
particle number density read as follows:

D @ V)@ +0) + (V)0 + kAL, (AD
Dn _
E:f(u-V)(n+n)+((u-V)n>+XAn~ (A2)

Multiplying Eq. (A1) by n and Eq. (A2) by 0, averaging and adding
the obtained equations, we arrive at the budget equation for the cor-
relation function (n 0),

D(n0) (n0) (Mg @ _ o0
TR Vo = —F"V,0 — ). (A3)
Here, ®™” is the third-order moment describing the turbulent flux

of the correlation function (n 0):

™ = (u;n0) — 7 (0Vin) — K (nV,0), (A4)

1

and £™) is the dissipation rate of (1 0). We assume here that the
term —F;V;n contributes to an effective dissipation of (n0), simi-
larly to the effective dissipation of the Reynolds stress, i.e.,

e = (k4 (V) (V,0)) = EV;n. (&%)

scitation.org/journal/phf

This assumption allows us to provide a positive dissipation rate of
passive scalar fluctuations. The effective dissipation rate £ can be
expressed using the Kolmogorov closure hypothesis:

n6) (n0)

= ; (A6)
Cuo t1

¢

where Cy is the dimensionless constant. In the steady-state, homo-
geneous regime of turbulence, Eq. (A3) reduces to the turbulent dif-
fusion formulation:

(n0) = —Cog 1 EV'V;0, (A7)

where we consider only gradient approximation neglecting higher
spatial derivatives.

Now let us determine the term an) = p, ' (p Vin) + Pe; (n0).
Calculating the divergence of the Navier-Stokes, we obtain

py' Vip=pV.0. (A8)

Applying the inverse Laplacian to Eq. (A8), we arrive at the follow-
ing identity:

po'p=PBATVO, (A9)
which yields
po (0V.p) = B(OAT'V20). (A10)
Using Egs. (A9) and (A10), we determine pal (p Vin):
Pt (pVin) = B{(Vin) AT V,0) = BV (n A" V,0)
—B(nA'V,V,0). (A11)
Let us determine the correlation function (n A~'V20):
(n(t,) A V20(1,) = lim (1, ) 9200, )
K
- J(ﬁ) () 0(—k) dk.  (A12)

First, we consider an isotropic turbulence. The second moment,
(n(k)O(—k)), of potential temperature fluctuations in a homoge-
neous and incompressible turbulence in a Fourier space reads as
follows:

(ny0(—k)) = 0 Bl

where the spectrum function is E, (k) = k,' (2/3) (k/ko) ™ for
large Reynolds numbers. Here, kg < k < kp, where the wave num-
ber ko = 1/4y, with the length ¢, being the integral scale and the
wave number kp = £', with ¢p = (,Pe >/* being the diffusion
scale and Pe = ug £p/D >> 1 being the Péclet number. Therefore,

(A13)

(n(t,x) A" V20(t, x)) = <Z:> EO Eno(k) dk

21 T kz
XJ dq)J sind d = (A14)

0 0 k27

where we use the spherical coordinates (k, ¥, @) in the k-space. For
the integration over angles in k-space, we use the following integral:
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27 ud e
J dQDJ sin 9 dv kiky = 4?71 0jj. (A15)

0 0 K
Therefore, for large Péclet numbers, this correlation function is

given by

(n(t,%) A" 'V20(t, x)) ~ % (n6). (A16)

Now, we determine the correlation function (nA~'V20) for an
anisotropic turbulence,

(n(t, %) A V20(t, %)) — rc k., Jw Ky dk
I I
21 1
X L d¢<1 - Tm) (n(k)0(—k)),
(A17)

where we use the cylindrical coordinates (ky,, ¢, k) in k-space, and
l, and {j, are the correlation lengths of the correlation function
(n(t,x)0(t,y)) in the vertical and horizontal directions. For
strongly anisotropic turbulence, i.e., when ¢, < ¢, the contribution
of the first term on the right-hand side of Eq. (A17) is dominant so
that

(n(t,x) A'V20(t, x)) = (n0).

Therefore, (n(t,x) A~'V20(t,x)) = C. (n0), where C, varies from
0.3 to 1 depending on the degree of anisotropy of turbulence.

When i = x,y, the correlation function (n A™'V,V,0) van-
ishes in isotropic turbulence. Equations (A7), (A16), and (A18)
yield the expression for the correlation term Q;" as

(A18)

n C n 0 -
Q" = _TD ﬁfTeiFj( )VJ'@ + BVi(nAT'V.0),

i (A19)
where e is the vertical unit vector and Cp = Cy9 (1 + C,) is an
empirical dimensionless constant.
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