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Abstract

A new phenomenon of turbulent thermal diffusion is discussed. This effect is related to the dynamics
of small inertial particles in low-Mach-number compressible turbulent fluid flows. Turbulent thermal
diffusion is caused by the correlation between temperature and velocity fluctuations of the surrounding
fluid and leads to relatively strong nondiffusive mean flux of inertial particles in regions with mean
temperature gradients. It is shown that turbulent thermal diffusion under certain conditions can cause a
large-scale instability of spatial distribution of particles. Particles are concentrated in the vicinity of the
minimum (or maximum) of the mean temperature of the surrounding fluid depending on the ratio of
material particle density to that of the surrounding fluid. At large Reynolds and Peclet numbers the
turbulent thermal diffusion is much stronger than the molecular thermal diffusion. Turbulent thermal
diffusion can be important in various naturally occurring and industrial multiphase flows. In particular,
this effect may cause formation of inhomogeneities in spatial distribution of fuel droplets in internal
combustion engines. It is conceivable to suggest that the effect of turbulent thermal diffusion can play
an important role in a process of soot formation in flames and in atmospheric dynamics of pollutants,
e.g. smog and aerosol clouds formation. © 1998 Elsevier Science Ltd. All rights reserved.
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1. Introduction

It is generally believed that turbulence promotes mixing (see for example McComb, 1990;
Stock, 1996). However, experiments show formation of long-living inhomogeneities in con-
centration distribution of small inertial particles or gaseous admixtures in turbulent fluid flows
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(see, for example, Eaton and Fessler, 1994; Patterson et al., 1994). The origin of these
inhomogeneities is not always clear but there influence on the mixing can be hardly
overestimated.

Problem of formation of aerosol clouds is of fundamental significance in many areas of
environmental sciences, physics of the atmosphere and meteorology. It is well-known that
turbulence results in decay of inhomogeneities of aerosols concentration due to turbulent
diffusion, whereas the opposite process, e.g. the preferential concentration of aerosols in
atmospheric turbulent fluid flow still remains unexplained.

The main goal of this study is to bring attention to a new recently discovered phenomenon,
i.e. the turbulent thermal diffusion (Elperin et al., 1996a). This phenomenon is related to the
dynamics of small inertial particles in turbulent fluid flow in the presence of mean temperature
gradient. The essence of this effect is that under certain conditions the initial spatial
distribution of small inertial particles evolves into a highly inhomogeneous large-scale pattern
where domains with increased particles concentration border on domains depleted of particles.
Remarkably, similar phenomenon can occur in a turbulent fluid flow of gaseous mixtures
(Elperin et al., 1997a).

In the present paper we have derived an equation for the turbulent flux of particles advected
by a compressible turbulent fluid flow with low Mach numbers. It is shown that turbulent
thermal diffusion may contribute to the formation of large-scale inhomogeneous structures in a
particles distribution. The large-scale dynamics are studied by considering the stability of the
equilibrium solution of the derived evolution equation for the mean number density of the
particles in the limit of large Péclet numbers. The resulting equation is reduced to an
eigenvalue problem for a Schrédinger equation with a variable mass, and a modified Rayleigh—
Ritz variational method is used to estimate the lowest eigenvalue (corresponding to the growth
rate of the instability). This estimate is in good agreement with obtained numerical solution of
the Schrédinger equation.

Turbulent thermal diffusion can be important in various naturally occurring and industrial
multiphase flows. It is generally believed that in conventional spark-ignition engines the fuel—
air mixture is essentially homogeneous when it enters the cylinder. However, the turbulence can
result in formation of an inhomogeneous concentration distribution which will have profound
effects on the combustion process (Heywood, 1987; 1988; Reitz and Rutland, 1995). In fuel
injection engines, e.g. diesel engines, the fuel is injected into the cylinder in the form of small
liquid droplets. Turbulence induced inhomogeneities in the spatial distribution of the
evaporating fuel droplets have strong effects upon combustion, and soot, and emissions
formation in internal combustion engines and liquid (or solid) fuel combustors (Butler et al.,
1981; Heywood, 1987; Glassman, 1988).

The effect of turbulent thermal diffusion can be a reason for smog and aerosol clouds
formation and must be taken into account in the analysis of atmospheric dispersion of
pollutants.

Note that inertia of particles also causes intermittency in spatial distribution of small inertial
particles advected by a turbulent incompressible fluid flow (Elperin et al., 1996b). The inertia
of particles results in divergent velocity field of particles and causes self-excitation (i.e.
exponential growth) of small-scale fluctuations of concentration of small particles in a
turbulent fluid flow. Under certain conditions the growth rates of the higher moments of
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particles concentration is higher than those of the lower moments (Elperin et al., 1996b), i.c.
particles spatial distribution is intermittent. The self-excitation of fluctuations of particles
concentration is important in turbulent fluid flows of different nature with inertial particles or
droplets (e.g. in atmospheric turbulence, combustion and in a laboratory turbulence). In
particular, this effect may cause formation of small-scale inhomogeneities in spatial distribution
of fuel droplets in internal combustion engines. Also this effect results in formation of small-
scale inhomogeneities in droplet clouds (“inch clouds™) which were discovered recently (Baker,
1992).

2. The governing equations

Consider in detail the physics of the phenomenon of turbulent thermal diffusion. Evolution
of the number density n,(z, r) of small particles in a turbulent flow is determined by equation:
% V- (pU) = —V -y, ()
where U is a random velocity field of the particles which they acquire in a turbulent fluid
velocity field, the flux of particles Jy; is given by

VT; V P¢
JM = —D[Vnp +ktTf+kaf:|

The first term in the formula for the flux of particles describes molecular diffusion, while the
second term accounts for the flux of particles caused by the temperature gradient V7%
(molecular thermal diffusion for gases or thermophoresis for particles, see e.g. Reist, 1993), and
the third term determines the flux of particles caused by the pressure gradient VP (molecular
barodiffusion). Here D is the coefficient of molecular diffusion, k oc n,, is the thermal diffusion
ratio, and Dk, is the coeflicient of thermal diffusion, k, oc n,, is the barodiffusion ratio, and Dk,
is the coefficient of barodiffusion, 7y and Py are the temperature and pressure of the
surrounding fluid, respectively.

We consider here the case of large Reynolds and Peclet numbers and do not take into
account the effect of particles upon the carrying fluid flow. The velocity of particle U depends
on the velocity of the surrounding fluid, and it can be determined from the equation of motion
for a particle. This equation represents a balance of particle inertia with the fluid drag force
produced by the motion of the particle relative to the surrounding fluid. Solution of the
equation of motion for small particles with p,, > p yields:

U =v(Y(®) -1, [g +(v- V)v:| + O(If)), ()

(Maxey, 1987; Maxey et al., 1996), where v is the velocity of the surrounding fluid, Y(¢) is the
position of the particle, 7, is the characteristic time of coupling between the particle and
surrounding fluid (Stokes time), p,, is the material density of particles, and p is the density of
the fluid. For instance, for spherical particles of radius a« the Stokes time is 1, = m,/(6na=pv),
where v is the kinematic viscosity of the surrounding fluid, and m, is the particle mass. The
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second term in Eq. (2) describes the difference between the local fluid velocity and particle
velocity arising due to the small, but finite, inertia of the particle.

In this study we consider low Mach numbers compressible turbulent flow V - v#0. The
velocity field of particles is also compressible, i.e. V - U#0. Eq. (2) for the velocity of particles
and the Navier—Stokes equation for the fluid for large Reynolds numbers yield

V-U=V.v—1,V. (%)Jroug):v-vﬂpv- (VTPf>+O(‘L'12)). (3)
Here we used that V - F =0, where F is the stirring force in the Navier—Stokes equation (see
Appendix A).

We study the large-scale dynamics of small inertial particles and average Eq. (1) over an
ensemble of random velocity fluctuations. For this purpose we use the stochastic calculus
which has been previously employed in magnetohydrodynamics (Zeldovich et al., 198S;
Kleeorin and Rogachevskii, 1994; Rogachevskii and Kleeorin, 1997) and in the problems of
passive scalar transport in incompressible (Zeldovich et al., 1988; Avellaneda and Majda, 1994)
and compressible (Elperin et al., 1995; 1996a, b, c; 1997a, b, ¢) turbulent flows. Within the
stochastic calculus the solution of Eq. (1) is reduced to the analysis of the evolution of the
concentration field ny(z, r) along the Wiener path, &:

E(1,10) =X — L Ults, E(1, t,)]ds + (2D)*w(t — 1), (4)

where t, = t— s, and w(¢) is a Wiener process. Eq. (4) describes a set of random trajectories
which pass through the point x at time 7. A solution of Eq. (1) with the initial condition
n(t = to, X) = ny(x) is given by Feynman-Kac formula

np(t, X) = M{G(1, t0)no[E(1, 10)]} ()
(see Appendix B and Schuss, 1980), where

t

G(t, 1) = exp[— J b.(ad,&(t,0)) da], (6)

to
b.=V - U, and M{-} denotes the mathematical expectation over the Wiener paths. Hereafter
we neglect small molecular thermal diffusion (see below). It can be taken into account in the
mean velocity of particles.

Using the procedure described in detail in Appendix C we arrive at the equation for the
mean field N = (n,):
%"}'V'[NVeFF_DVm]v]Zoa (7)
where ﬁEme = Dopm + (tuptty), Vex = Vp—(thu), and b=V -u, and 7 is the momentum
relaxation time of random velocity field u, which depends on the scale of turbulent motion. We
use here for simplicity the d-correlated in time random process to describe a turbulent velocity
field. However, the results remain valid also for the velocity field with a finite correlation time,
if the mean number density of the particles varies slowly in comparison with the correlation
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time of the turbulent flow (see e.g. Dittrich et al., 1984). Eq. (7) was derived for Pe > 1. It is
shown that for Pe << 1 (see Appendix D) and the arbitrary velocity field the equation for the
mean field coincides with Eq. (7).

3. Turbulent flux of particles

Now we derive an equation for N2 Multiplication of Eq. (7) by N and simple manipulations

yield
2
O+ (V-8) = ~N(V - Ver) ~ I,

where S, = N Z(Veﬁ‘) m—DmprNz, Ip = 2D 1,,(ViN)(VN). The latter equation implies that if
V - Vg <0, a perturbation of the equilibrium distribution of inertial particles can grow in
time, i.e. (8/0)[N 2d% > 0. However, the total number of particles is conserved. Therefore the
growth of N? when V - V4 <0 is accompanied by formation of an inhomogeneous spatial
distribution of the inertial particles whereby regions with an increased concentration of
particles coexist with regions depleted from particles.

Now we calculate the velocity Veg. Using the equations of state Py = xTyp/m, and Eq. (3)
we obtain

(zub) ~ (1(V - D)ii) + (tp13/ T:)(tliAO),

where v} = kT./m,, m, is the mass of molecules of surrounding fluid and T(z, r) is the
temperature field with a characteristic value T, ®@ are fluctuations of temperature. We neglect
here the second moments -« (lip), since the mean turbulent flux of mass of the surrounding fluid
vanishes in a finite domain surrounded by solid boundaries. Here p and @ are fluctuations of
the density and velocity of the fluid. On the other hand, the mean turbulent heat flux is
nonzero in the presence of an external mean temperature gradient VT'#0 (see below). To
obtain an equation for (tub), we take into account that the fluctuating component of the
particle velocity u can be expressed in terms of the turbulent velocity of fluid @: u = @i —,(dii/
dt—(dii/dr)) [see Eq. (2)]. Therefore, the velocity Vg is given by
T, V3
Ver = Vp — (¢(V - D)) — "TT (TiAO),

*

where we neglect terms wO(rf,). The latter formula shows that V. depends on the mean
turbulent heat flux (@) that is determined by the well known equation

(W(x)0(x)) = —xrVT

(see e.g. McComb, 1990), where the total temperature is 7y = T+ @, T = (T¢) is the mean
temperature field, yt —« uply/3 is the coefficient of turbulent thermal diffusivity. Note that herein
we do not consider a situation with very high gradients when gradient transport assumption is
violated. The above formula for the mean turbulent heat flux is written in the r-space. The
corresponding second moment in k-space is given by
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(im0 = <) im0 7).

where R is a large-scale variable, and a spectrum of the turbulent velocity field and correlation
time 7(k) can be chosen as Kolmogorov’s spectrum:

N N AV A Kk (kTP
(um“n> _3—k0<875k2> (k_()> 5mn - k2 5 T(k) - 210 k_() 5

where ko < k < kORe2/4 (see e.g. McComb, 1990), Re« = ReF{*, Re = Ilyup/max(v, ) is the
Reynolds number, /, = ko ! is the maximum scale of turbulent motions, u is the characteristic
velocity in this scale, y is the coefficient of molecular thermal conductivity, and Fo(r) = (a’(r))/
uj. Multiplying the equation for (iim(k)@(—k)) by —k?z(k) and integrating in k-space we obtain
(tlnA®) = o In(Re:)VT, where o = 2/3. Finally we arrive at the following equation for the
effective velocity

2
‘”]EVT In(Re,)VT. (8)

*

Vegr = Vp — (2(V - 0)in) —

Eq. (7) with this effective velocity V. can be rewritten in the form

%+V-(NVP):—V‘(JT+JM)a ©)
where

Jr = —DT[kTTVT—l;}:VP+F0VN}, (10)

kt = N[Fo + T(ny + af )], (11)

Mo = %Oé <Z—Z> (Ti) In Re, (12)

where o = 19/(2 In Re), f=In Fy, Dt = ugly/3 is the coeflicient of turbulent diffusion, At can be
interpreted as a turbulent thermal diffusion ratio, and Dtkt is the coefficient of turbulent
thermal diffusion, kp = FyN can be interpreted as turbulent barodiffusion ratio, and Drtkp is
the coeflicient of turbulent barodiffusion. We use here an identity

rpv% 1 (my

loug ~ Pe\m,)’
and Pe = ugly/D. is the Peclet number and the molecular diffusion coefficient D. = kT./
(6mapv). Note that for Re> 1 and Pe > 1 both turbulent diffusion coefficients are much

larger than the corresponding molecular coefficients (i.e. Dt> D, and Dtk > Dk, and
DTkp = ka)
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Using Eq. (2) the particles mean velocity can be written in the form

Vi 0
(Vo) =Vi _TPW_Tpa_ijiuj) + tp(u;b). (13)
Taking into account Eq. (13) the turbulent flux of particles J5 in isotropic turbulence is given
by

N %’V(uZ), (14)

where Jt is determined by Eq. (10) and

kr = N|:F0(1 J%) + T(ny + af)], kp = NF0<1 +i—‘;)
The second term in Eq. (14) describes the effect of turbophoresis (see Caporaloni et al., 1975;
Reeks, 1983).

Now we will show that turbulent thermal diffusion results in large-scale pattern formation
whereby initial spatial distribution of particles in a turbulent incompressible flow of fluid
evolves under certain conditions into large-scale inhomogeneous distribution due to excitation
of an instability. One of the most important conditions for the instability is inhomogeneous
spatial distribution of mean temperature of the surrounding fluid. In particular, the instability
can be excited in the vicinity of the minimum in the mean temperature distribution. This
results in particles concentrated in the vicinity of the minimum (or maximum) of the mean
temperature of the surrounding fluid depending on the ratio of material particle density p,, to
that of the surrounding fluid p.

The mechanism of the instability for p, > p is as follows. The inertia causes particles inside
the turbulent eddy to drift out to the boundary regions between eddies (the regions with
decreased velocity of the turbulent fluid flow and maximum of pressure of the surrounding
fluid). Thus, inertial particles are accumulated in regions with maximum pressure of the
turbulent fluid. Indeed, the inertia effect results in V - Uoct,AP#0. On the other hand, for
large Peclet numbers V - Uoc —dn,/dz. This means that in regions with maximum pressure of
turbulent fluid (i.e. where AP < 0) there is accumulation of inertial particles (i.e. dnp/dr > 0).
Similarly, there is an outflow of inertial particles from regions with minimum pressure of fluid.
In a homogeneous and isotropic turbulence without large-scale external gradients of
temperature a drift from regions with increased (decreased) concentration of inertial particles
by a turbulent flow of fluid is equiprobable in all directions. Therefore, fluctuations of pressure
(temperature) of the surrounding fluid is not correlated with turbulent velocity field and there
exists only turbulent diffusion flux of inertial particles.

The situation is drastically changed when there is a large-scale inhomogeneity of the
temperature of the turbulent flow. In this case the mean heat flux (@) #0. Therefore
fluctuations of both temperature and velocity of fluid are correlated. Fluctuations of
temperature cause fluctuations of pressure of fluid. The pressure fluctuations result in
fluctuations of the concentration of inertial particles. Indeed, increase (decrease) of the pressure
of surrounding fluid is accompanied by accumulation (outflow) of the particles. Therefore,
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direction of mean flux of particles coincides with that of heat flux, i.e. (lin,)oc (@@)oc —VT.
The mean flux of the inertial particles is directed to the minimum of the mean temperature and
the inertial particles are accumulated in this region.

The additional turbulent nondiffusive fluxes of particles can also be estimated as follows. We
average Eq. (1) over the ensemble of the turbulent velocity field and subtract the obtained
averaged equation from Eq. (1). This yields an equation for the turbulent component g of
particles number density

dq

E—Dqu V.- (Nu+ Q), (15)
where n, = N+ ¢, Q =ug—(ug). Eq. (15) is written in a frame moving with the mean
velocity V.. The magnitude of 9g/dt—DAg + V-Q can be estimated as ¢/t, where 7 is the
turnover time of the turbulent eddies. Thus the turbulent field ¢ is of the order of ¢ -~ — tN(V -
u)— t(u - V)N. Now we calculate the turbulent flux of particles Jt = (ug):

Jr~ — N{tu(V - u)) — (tuy;) V;N. (16)

Here V.-u= V.ii—1,V - (dii/d?). Using Eq. (8) we can reduce the turbulent flux of particles
(16) to Eq. (10).

Compressibility of the background fluid is important when the size of particles are smaller
than one micron (or for the gaseous admixture). In this case the effect of particles inertia is
very small and the main contribution to the effect of the turbulent thermal diffusion is due to
the compressibility of the background fluid. On the other hand, when the size of particles
larger than 5-10 microns the effect of particles inertia is very important and the contribution
to the effect of the turbulent thermal diffusion caused by particles inertia is much larger than
that due to compressibility of the background fluid [i.e. T(no + of) < Fy, see Eq. (11)].
Certainly, the compressibility (V - v # 0) of the background fluid cannot be ignored completely,
since otherwise we cannot satisfy the continuity equation and the equation of state
simultaneously in the presence of a nonzero mean temperature gradient.

4. Formation of large-scale inhomogeneities

Let us study the large-scale instability. Evolution of the mean field N is determined by
Eq. (9). Substitution

N(tD = N, %(Z)exp(wwxp[— s [w@az+ . u} T Not®)

reduces Eq. (9) to the eigenvalue problem for the Schrodinger equation

mio W(Z) + [Wo — U(Z)¥(Z) = 0, (17)

where Wy = — y9, A = dA/dZ, and the potential U, is given by
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_ 1 %0
U()—mo(4+2+K>

and

T P 1 /
o = f+7—7+F(770+0f)T

T\ (P"\ [P 1 T T
_ 2_ L s . o T//_ 1 _ .
k (T)+(P)+ ot =L ( +2

Here mg = exp[—f(Z)] the axis Z is directed along mean temperature gradient, the wave vector
k is normal to the axis Z. In derivation of Eq. (17) we take into account that for an isotropic
turbulence (um(X)un(X)) = ug exp(f)d mn/3. Equilibrium distribution of the mean number
density Ny(r) is determined by equation DV, Ny = VegNy. Eq. (17) is written in the
dimensionless form, the coordinate is measured in units A, time 7 is measured in units A%/Dr,
the wave number k is measured in units At ', the temperature 7 is measured in units of
temperature difference 07 in the scale Ar, and concentration N is measured in units Ns.

Now we use quantum mechanical analogy for the analysis of the large-scale pattern
formation in the concentration field N of the inertial particles. The instability can be excited
(yo > 0) if there is a region of well potential where Uy < 0. The positive value of W,
corresponds to the turbulent diffusion, whereas a negative value of W, results in the excitation
of the instability. Consider the case P'/P < T’/T. The potential U, can be rewritten as

1 ™\ (T oTf'\* (T 1 2
o= g | (= 5) + (-2 ) ¢ (F o)

T 2 7'\
TPy Y 2———(;70+af)T”—<0Ff) } (18)
0

The potential U, can be negative if

1 N\ 2
27— 2T__£(,70+ o) T" — (“;{) <. (19)

In order to estimate the first energy level W, we use a modified variational method (e.g. a
modified Rayleigh—Ritz method). The modification of the regular variational method is
required, since Eq. (17) can be regarded as the Schrodinger equation with a variable
mass my(Z). Now we rewrite Eq. (17) in the form

1 d?

HYy = WoW,, H=Uj— — —.
0 00 0 e 422

(20)
The modified variational method employs an inequality

Wy<I, I= jmo'P*fI‘PdZ, (21)
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where ¥ is an arbitrary function that satisfies a normalization condition

Jmo'P*'PdZ: 1. (22)

The inequality (21) can be proved if one uses the expansion

o0
v =>"a¥P,
p=0

where

o

20—
2 la1=1
p=0

and jmo(wgf’))*quk) dZ = ¢ .. The eigenfunctions P (P satisfy the equation HY P = Wpngp).
We chose the trial function ¥ in the form

1/4 2
_ o2 _ (*+bo _aboZy
W — dyexpl—AZ — Zo)/2], Ao_( . ) eXp(z(a ), 23)

where the unknown parameters o and Z, can be found from the condition of minimum of the
function I(a, Z;) [see Eq. (21)]. Here we use the following spatial distributions of f(£) and T(Z):

[(2) = = b Z* exp(=fyZ%), 24)

T(Z) = (T« + Z* + aZ)exp(—cy Z?), (25)

where fy << 1 and ¢y < 1. These distributions satisfy the necessary condition (19) for excitation
of the instability. We consider a case 75! << by.

Note that the mean temperature gradient and the inhomogeneity of the turbulence can be
specified independently due to the following reason. The hydrodynamic turbulence is generally
determined by equations (A4)—-(A6) with two independent external sources F; and Q; (see
Appendix A). Only in the special case of a turbulent convection is there one independent
source Q;. In this case F; = p;g, where g is the acceleration of gravity. Only in this special case
the mean temperature gradient and the inhomogeneity of the turbulence cannot be specified
independently. On the other hand, in a general case the external sources F; and Q; are
independent. The latter allows us to specify the mean temperature gradient and the
inhomogeneity of the turbulence independently.

Substituting (23) and (25) into Eq. (21) yields

1 72
I =— 1o 4+ = [0 — o) + bo(ot + bo)'*[bo + 2(boZ% — D]lexp( — hoZy
253/2 o — by

(26)

a2
2 @ b0 o 2bo) + (2020 + e — 2’90))2]“1’(

Oczb()Z% )
O 4(0 — 2b9)Y '

(o0 — bo)(ot — 2bo)
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Here we consider the case of k << 1. This implies long-wave perturbations in the horizontal
plane. Thus, the modified Rayleigh—Ritz method allows us to estimate the growth rate of the
instability. For example, when by << 1o (i.e. the inhomogeneity of turbulence is not strong), the
growth rate of the instability is given by:

Y= %bo. (27)
Thus, it is shown here that the equilibrium distribution of the number density of particles is
unstable. The instability results in the formation of an inhomogeneous distribution of the
number of density particles. The exponential growth during the linear stage of the instability
can be damped by the nonlinear effects (e.g. hydrodynamic interaction between particles and a
turbulent fluid flow, a change of temperature distribution in the vicinity of the temperature
inversion layer).

Characteristic size of the inhomogeneity in Z-direction when 5> aq is of the order of

3o (mp\ (0T -2

Remarkably /,— oo when Pe— 00, i.e. this effect exists for large, but finite, Peclet numbers.

The obtained results are valid in the case when the density of surrounding fluid is much less
than the material density of particles (p < p,). However, the results of this study can be easily
generalized to include the case p> p, using an equation of motion of particles in fluid flow
(see e.g. McComb, 1990). This equation of motion takes into account contributions due to the
pressure gradient in the fluid surrounding the particle (caused by acceleration of the fluid) and
the virtual (“added’) mass of the particles relative to the ambient fluid. A solution of this
equation coincides with Eq. (2) except for the transformation t, — fi7,, where

Y PR | P
= (2 (1-52)

For p> p, turbulent thermal diffusion ratio kt in Eq. (12) must be multiplied by f. Therefore
the additional mass flux of particles is directed towards the mean temperature gradient [see
Eq. (10)] and particles are accumulated in the vicinity of the maximum of mean temperature of
surrounding fluid since f < 0. In the opposite case when p < p,, f=1 and particles are
accumulated in the vicinity of the mean temperature minimum.

Eq. (17) was solved numerically with turbulent kinetic energy and mean temperature profiles
given by Egs. (24) and (25). The extremum of turbulent kinetic energy is located at Z = 0,
temperature minimum is located at Z = —a/2 [see Eqgs. (24) and (25)], and Z=— H is a
location of an impenetrable boundary for the particles. The boundary condition at Z = — H is
determined by equation (J1)z = 0, which yields the condition for ¥

dy o
d_;:(f_ﬂo)% at Z=—H. (28)

Eq. (28) provides zero flux of the particles through a horizontal boundary plane Z = — H. The
second boundary condition is ¥Yo(Z =00) =0. As an example, Figs. 1 and 2 show the
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dependence of the growth rate of the instability versus by for k <1 for different #,. These
values of the parameters satisfy the necessary condition (19) for the excitation of the
instability. These numerical results are in agreement with the analytical estimates obtained by
means of the modified Rayleigh—Ritz method for by, > 0. Remarkably the numerical results
show that the instability is excited (e.g. y > 0) even in a homogeneous turbulent flow (by = 0).

5. Discussion

The effect of turbulent thermal diffusion may be of relevance in combustion. In particular,
this effect may cause formation of inhomogeneities in spatial distribution of fuel droplets in
internal combustion engines (see e.g. Heywood, 1988; Patterson et al.,, 1994; Reitz and
Rutland, 1995). Indeed, characteristic parameters of turbulence in a cylinder of internal
combustion engine are: maximum scale of turbulent flow /, -~ 0.5-1 cm; velocity in the scale /;:
up— 100 cm/s; Reynolds number Re - (0.7-7)x 10%; and characteristic values of mean
temperature distribution: scale At -~ 13-18 cm; and dimensionless mean spatial temperature
variation 0 T/Tx - 0.3-0.5 (see e.g. Heywood, 1988; Patterson et al., 1994; Reitz and Rutland,
1995). Then the characteristic time of formation of inhomogeneities in spatial distribution of
droplets of radius a« =30 um is —~(3-6) x 10~ ?s. Notably, this time is comparable with the
duration of an engine cycle. These turbulence induced inhomogeneities in the spatial
distribution of the evaporating fuel droplets have strong effects upon combustion, soot and
emissions formation (see e.g. Butler et al., 1981; Glassman, 1988).

It is conceivable to suggest that the effect of turbulent thermal diffusion can play an
important role in a process of soot formation in flames and in atmospheric dynamics of
combustion pollutants, e.g. smog formation. Observations of the vertical distributions of
pollutants in the atmosphere show that maximum concentrations can occur within temperature
inversion layers (see e.g. Seinfeld, 1986; Jaenicke, 1987). Using the characteristic parameters of
the atmospheric turbulent boundary layer: maximum scale of turbulent flow /, «~ 10°~10* cm;
velocity in the scale ly: uo -~ 30100 cm/s; Reynolds numbers Re — 10° and of the temperature
inversion: scale At -3 x 10*cm and dimensionless mean spatial temperature variation 07/
T« (1-3)x 102 (see e.g. Seinfeld, 1986; Jaenicke, 1987), we obtain that the characteristic

0.05}

0.03

0.01¢

-0.1 -0.05 0 0.05 b,

Fig. 1. Dependence of the growth rate of the instability versus by for @ = —2, H= 8.1, Re = 10°, T = 300, and
Ho = 15.
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03 02 01 0 b

Fig. 2. Dependence of the growth rate of the instability versus by for a = —2, H=28.1, Re = 10°, T» = 300, and
Ho = 30.

time of excitation of the instability of concentration distribution of aerosols with material
density pp, ~ 2 g/em® and radius a« = 10 um varies in the range from 0.3 to 3 hours. This value
is in compliance with the characteristic time of growth of inhomogeneous structures in

atmosphere. It is essential that this time strongly depends on the aerosol size, i.e. —~a+ 2.
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Appendix A

A.l. Governing equations for small Mach numbers

The fluid velocity v is determined by the nondimensional Navier—Stokes equation

) P F
—v+(v-V)v= —M_ZV—f+Re_1[Vv+CV(divv)]—I——, (A1)
ot Pt Pt

where velocity, coordinate, temperature and density are measured in the units v«, s, Tx, p=,
respectively, M = v+/cs is the Mach number, ¢, = (T*/mﬂ)l/2 is the sound speed, and { =1/
3 + {p/v, {p i1s a bulk viscosity, Re = v:l«/v is the Reynolds number, v is the kinematic viscosity.
The stirring force F is measured in the units F. = p«3//« and the pressure is measured in the
units P« = p«T«/m,. A solution of equation (Al) can be sought in the form of power series of
Mach number

k=00
b= 3 Mo, ()
k=0
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where functions ¢ = (p¢; Tr; Pr; v). Substitution of the expansion (A2) into equation (Al),
continuity equation and equation for the temperature field, and comparing the terms of the
same order in M ¥ yields a set of equations

VP, =0, (A3)

8V] 1 -1 . 1

e + (v - V)v; = —p—VPz + Re™ '[Vv; + (V(divv))] + p—Fl, (A4)
1 1

0

1y () =o, a9

8T1 —1

W—l—(v] -V)T1 :—(y—l)Tl(V-v1)+Pe VT]-i-Ql, (A6)

where Q is an external heat source, P; = p;7T; and P, = p,T; + p;T,, and y is the specific heats
ratio. Equations (A5)-(A6) coincide with those for the total fields p; and T;. Note that
equation (A3) appears in the order of M ~2, whereas equations (A4)—(A6) appear in the order
of M°.

Appendix B

B.1. Solution of Eq. (1)

Show that Eq. (5) is a solution of Eq. (1). We expand the function ny(¢, 4, in equation
(C1) in the Taylor series in the vicinity of the point x:

an 1 &n
np(t, Ep0) = np(2, X) + ﬁ(ﬁm — X + 2 8xm8pxs

(&At - X)m(gAt - X)s +ee (Bl)
Using the equation for the Wiener trajectory we obtain
h—1
[E(t2, 11) = X]y = —J Un(s, &) ds + (2D)"*win(12 — 11), (B2)
0

where &(1,, 1, —s) = &. Expanding the velocity U(t, &) in the Taylor series in the vicinity of
the point x, and using equation (B2) we get

Un(ts, £) = Un(ts, X) + % [— L Uit £,)do + (2D)”2wl(s)]. (B3)
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Substitution of equation (B3) into (B2) yields

At At

aUm X
G =Xn= = | Unlt8)ds+ | S| as| Ut B a0
0 0 .0 o
At aU
— /2D J —xm wi(s) ds + v 2Dwpy,. (B4)
0 11, %)

Integrals in formula (B4) can be evaluated by means of the “mean value” theorem. The result
is given by

(Epr — X)yy = —Un(ts, X)A1 4+ v/2Dwy, + O[(AD)*], (B5)

where 7. is within the interval (¢, ¢ + Af). Substitution of equation (B5) into (B1) yields an
expression for the field ny(z, &a,)

2
0 np
Xm 0Xs

3
no(t, Ep) = (1, X) + axﬂ [~ Unf(t- X)At +~/2Dwn] 4 Dy - + O[(A1)]. (B6)

Expanding function b «(c, §,) in the Taylor series in the vicinity of the point x, using equation
(BYS), evaluating the integral

t+At
J b.(o, &,)do
t

by means of the “mean value theorem, we calculate the Green function G(¢ + At, f) accurate
up to «~At. The result is given by

G(t+ At, t) ~ 1 — b.«(13, X)At, (B7)

where #5 is within the interval (z, t + Af). Combination of equations (B6), (B7) and (Cl1), and
averaging over Wiener trajectories yields expression for the field ny(r + Az, x). Now we
calculate the value [n,(f + At, x)— ny(t, x)]/At for At—0. This procedure yields Eq. (1).
Therefore, Eq. (5) is a solution of Eq. (1).

Appendix C

C.1. Derivation of the mean-field equation for large Peclet number

Now let us derive an equation for the mean field N = (n,) using Eq. (1). The procedure of
derivation is outlined in the following:

1. If the total field n, is specified at instant ¢, then we can determine the total field n,(r + Ar)
at near instant ¢z + Az by means of substitutions r— 7+ Az and ty—¢ in Eq. (5). The
result is given by
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n(t + At, X) = M{G(t + At, D[t E(t + At, D]}, (C1)

were

t+ At

G(t+At, 1) = exp[— j b.(o, E,) da:| ,

At
E(t+ A1, )=E,, =x — L U(t,, &,)do + (2D)"*w(A7),

and t, =1t + At— o, and §(12, 1)) =E,,_,,1.e. §; = &(1 + Az, 1 ).

. Expansion of the functions n,(t, £a,) and the velocity Uy (#,, &,) in the Taylor series in

the vicinity of the point x allows us to express the field n,(z, €,) in terms of the field n(z,
x). Indeed, expand function ny(t, E4,) of equation (C1) in the Taylor series in the vicinity
of the point x:

82np

np(t, Epp) = np(2, X)+ T (gAt X)m + 2 ax o,

(Ear = X)m(Ear = X)g+ -+ (C2)
Using the equation for the Wiener trajectory we obtain
h—1
8 1) =Ny == [ Unlt 85+ D) Pty = 1), (©3)
0

where &(f, t,—s5)=&,. Expanding the velocity Upn(t, &) in the Taylor series in the
vicinity of the point x, and using equation (C3) yields

Un(tss &) = Un(ts, X) — laai + D)2 (5) - (C4)

Substituting equation (C4) into (C3) and calculating the integrals in equation (C3)
accurate up to terms « (1, — #;)° yields

U
[E(t2, 1) — X]yy = — (2 — 1)U + 5 (Zz—ll) Ula—l
QU 2"
—J2p=" o J wids + v2Dwm(ts — 11) + -+ - (C5)
1 Jo

The combination of equations (C5) and (C2) yields the field n,(z, Ea,)

d 1 5 Un Al
np(t, E5,) = np(t, X) + k) —UnAt+=U, —(At)2 + V2Dwy, — V2 J wids
0Xm 2 8x1 0

1 &ny

3 o 8 [UmUS(Az) + 2Dwyws — V2DAHUnws + Usw)]. (C6)

Here we keep the terms up to = O[(A7)?].
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3. Now we expand the function b:[a, §(z + Az, ¢)] in the Taylor series in the vicinity of the
point x, and calculate the integral

rt+ At
b.lo, &(t + At, 0)]do.

t

The result is given by

t+ At )

1 b
ba(0, &) do = bu(t, x)At = Uy (A1) + 2D

oxq

t+ At
J wqdo +---. (C7)

t

8[)*
0xq

t

Here we also keep terms >OJ[(A7)*]. Using equation (C7) we calculate the function
G(1 + At, 1) accurate up to —~(Ar)*

G(t+ At, 1) ~ 1 — bu(t, X)At + % U, wqdo.  (C8)

9b. t+ At
; J

0 (A1) + lbi(m)2 — V2D

Xq 2 0xq J

4. The substitution of equation (C8) and (C6) into equation (Cl1) allows us to determine the
number density n,(r + Az, x). Note that the velocity U is determined by the turbulent
velocity v of surrounding fluid [see Eq. (2)]. In order to determine the mean field N we
average the obtained equation for the number density n,(f + Az, x) over the turbulent
velocity U (i.e. N = (n)). Note that U= V, + u, where V, = (U) is the mean velocity and
u is the random component of the velocity of particles. It is important to note that the
Wiener random process w(z) and the turbulent velocity u(#, x) are independent random
processes and, therefore, we can change the order of averaging: (M{f}) — M{{f)} (see
Zeldovich et al., 1988). On the contrary, the random processes w(z) and u(z, §,,) are
correlated. We also assume that the velocities u in both intervals (0, 7) and (¢, ¢ + At) are
independent, because we consider the random flow with short time of the renewal. It is
assumed also that the velocity u in small intervals (0, A?); (At, 2A1); (2At, 3A1); ..., is
constant (time-independent) and changes every small time interval Az. Note that the
averaging over the Wiener paths corresponds to the averaging over the molecular
processes with very small characteristic scales. On the other hand, (f) determines the
averaging over the turbulent velocity field with scales that are larger than molecular ones.

5. Now we calculate

N(t + At, x) — N(t, X)
At ’

and pass to the limit A7— 0. Here N = (n,). The result is given by

N FN

— +[(V = (t(u- V)u) — 2(thu)) - VIN = BegN + Dpm ——, (C9)
ot 0xp0xy

where By = —(V - V) + (z(u - V)b) + (tb?). In such a procedure the turbulent velocity
field u with very short time of the renewal tends to J-correlated in the time random
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Process:
(um(t, X)un(t/v y)) = 20(t — t/)<fum(x)un(y)>

(see Zeldovich et al., 1988). Here we take into account that the time of the renewal Ar
may depend on scale. Using the identity

0 0
<wp§pum> = 8—xp (tupum) — (tu(V - u))

we obtain Eq. (7) for the mean field N. Here we neglect a weak dependence of t on
coordinate.

Appendix D

D.1. Derivation of the mean-field equation for small Peclet numbers

The solution of the equation of the convective diffusion (1) in form (5) by averaging over the
Wiener trajectories is valid for arbitrary Peclet numbers. However, using a J-correlated in time
process for the turbulent velocity field is justified only for Pe > 1. In this Appendix we will
show that for small Peclet numbers the equation for the mean particles number density has the
same form as in the case Pe > 1.

The equation of the convective diffusion (1) can be rewritten in the form

d

8—,:+V-(nU) — DAn. (D1)
Fields U, b+ and n can be presented in the form U= V,+u, b»=B+ b, and n= N+ ¢,
where V= (U), B=(b«) =V -V, N=(n), and ¢ is a random component of the number
density of particles, the angular brackets mean statistical averaging.

Averaging of equation (D1) over the ensemble of the turbulent fluctuations we obtain an
equation for the mean field N

oN

m + V- (VyN) — DAN = =V - (qu). (D2)
Subtracting equation (D2) from (D1) yields an equation for the turbulent field ¢

0

a—‘f — DA¢ = —(u-V)N — bN, (D3)

where the term Bg in the left part of equation (D3) is excluded by means of substitution
qg— qgexp(—Br). Equation (D3) is written in a frame moving with the mean particles
velocity V,. Here we neglect a small quadratic in the fluctuating field terms V - (qu) =V - (qu).
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These terms yield effects that are of the order of —~Pe?, whereas linear in the fluctuating
field terms are of the order of —~Pe. A solution of equation (D3) with the initial condition

q(t = 0, X) = ¢go(x) is given by
3 1 N ’ 3 ’
q(t,x) = | qo(2)G(t,x —2)d"z — | unm(2/, Z)B—G*(t —t',x—z)d’zds
Zm
- Jb(t/, DN y)G.(t — 1/, x —z)d3zdr’, (D4)

where G «(7, y) is the Green function of the diffusion equation:

2
G.(1,y) = QnD1)/? exp(— 27)r}Dr)'

Now let us calculate the second moment (qu,) by means of equation (D4). The result is given
by
(. Y)un(t. X)) = [(qo@hnt )Gty = 2) ¢z
- J(un(t, X)un(t', z)) g(ﬂ, 2)G.(t— 1,y —z)d’zdr’

— an(z, X)b(t', 2))N(t', 2)G.(t — t', y — z)d*zdr. (D5)

Note that (gou,) = 0, because ¢y and u are not correlated. Now we introduce the fast r = x— z
and slow R = (x + z)/2 variables. The derivative

ON  ON r
i =90 V(R
It follows from equation (D5) that
oN

(q(t, V)un(t, X)) = — . J(umun)G*(T, r)drdr — NJ(unb)G*(v:, r)d’rdr. (D6)

Substitution of equation (D6) into equation (D2) yields an equation for the mean particles
number density

oN d oN

. . e = s Dmn— 5 D

o TV (VerV) 8Rm< 8Rn> (D7)
where

Dy = DOy + J(unum)G*(r, r) d*rdr, (D8)

Vg =V — J(bu)G*(r, r)d’rdr. (D9)
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Comparison of equations (D7)-(D9) obtained for Pe < 1 with Eq. (7) derived for Pe> 1
shows that these equations coincide in form. Therefore, the described above phenomena for
Pe > 1 can also occur for Pe < 1. However, the instability which can occur at Pe>-1 is
suppressed for Pe < 1 by strong diffusion.
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