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As was demonstrated in earlier studies, turbulence can result in a reegatitribution to the effective mean magnetic
pressure, which, in turn, can cause a large-scale instability. In this, $tydipmagnetic mean-field modelling is performed
for an isothermally stratified layer in the presence of a horizontal madiedtic The negative effective magnetic pressure
instability (NEMPI) is comprehensively investigated. It is shown that, if tfiece of turbulence on the mean magnetic
tension force vanishes, which is consistent with results from direct noahsimulations of forced turbulence, the fastest
growing eigenmodes of NEMPI are two-dimensional. The growth rataiisddo depend on a paramet&rcharacterizing
the turbulent contribution of the effective mean magnetic pressure éaterately strong mean magnetic fields. A fit
formula is proposed that gives the growth rate as a function of turbkileematic viscosity, turbulent magnetic diffusivity,
the density scale height, and the paramgie he strength of the imposed magnetic field does not explicitly enter prbvide
the location of the vertical boundaries are chosen such that the maxifitbeme@igenmode of NEMPI fits into the domain.
The formation of sunspots and solar active regions is discussed siblpapplications of NEMPI.
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1 Introduction magnetic Reynolds numbers, but this would then be be-
yond the validity of their approximation. Using the spec-
The concept of turbulent viscosity is often used in astraral  approach, Kleeorin et al. (1989, 1990) do indeed find
physical and other applications in recognition of the faahis reversal of the sign of the total magnetic tension force
that the microscopic viscosity is far too small to be relévann addition, they find a reversal of the sign of the effective
on the length scales under consideration. Turbulent viscagaagneticpressure term; see also Kleeorin & Rogachevskii
ity is the simplest parameterization of the Reynolds stre§$994) and Kleeorin et al. (1993, 1996). Rogachevskii &
tensoru;u;, wherew = U — U s the velocity fluctuation Kleeorin (2007) argue that, in a stratified medium, this can
about a suitably defined average, denoted here by an oMead to the formation of large-scale magnetic flux structure
bar. Turbulent viscosity is by far not the only contributiorand perhaps even sunspots — or at least active regions.
to the Reynolds stress tensor. In addition to hydrodynamic Recently, direct numerical simulations (DNS) of both
contributions such as tha& effect (Ridiger 1980, 1989), unstratified and stratified forced turbulence (Brandenkbtirg
which is relevant to explaining stellar differential ratet 1. 2010, 2012; hereafter referred to as BKR and BKKR,
(Rudiger & Hollerbach 2004), and the anisotropic kinetigespectively) have substantiated this idea and have demon-
alpha effect (Frisch et al. 1987), which provides an impoktrated that the effective magnetic pressure can indeed
tant test case in mean-field hydrodynamics (Brandenburgehange sign. Similar results have now also been obtained
von Rekowski 2001; Courvoisier et al. 2010), there are magpr turbulent convection (KpyE et al. 2012). In addition,
netic contributions as well. One can think of them as a maghese papers give results of mean-field calculations illus-
netic feedback on the hydrodynamic stress tens@d(@ trating that there is a negative effective magnetic pressur
1974; Rudiger 1974) or, especially when magnetic fluctugnstability (hereafter referred to as NEMPI) when there is
tions are also considered, as a mean-field contributioreto tsufficient density stratification.
turbulent Lorentz force. NEMPI is a convective type instability related to the in-
Work by Roberts & Soward (1975) andiBiger et al. terchange instability in plasmas (Tserkovnikov 1960; New-
(1986, 2012) using a quasi-linear approach suggests ti@imb 1961; Priest 1982) and the magnetic buoyancy insta-
the total magnetic tension force (which includes the effechility in the astrophysical context (Parker 1966). The free
of fluctuations) is reduced in the presence of a mean maghergy in interchange and magnetic buoyancy instabilities
netic field and might formally even change sign for largejg drawn from the gravitational field, while in NEMPI it is
* Corresponding author: koentjekemel@hotmail.com provided by the ‘?’ma"_scale trbulence. .
** Nordita is a Nordic research institute jointly operated bg Stock- The mechanism of NEMPI works even under isother-
holm University and the Royal Institute of Technology, $toaim. mal conditions when entropy evolution is ignored and an
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isothermal equation of state is used. This has been shopmessure and critical field strength above which the effect i
using corresponding mean-field calculations (BKKR). Witlsuppressed. However, there have been indications that this
this reduction to the most elementary aspects of the insfgarameterization is not unique and that different combina-
bility, it has recently been possible to verify the existenctions of the two fit parameters can result in similar values of
of NEMPI also in DNS (Brandenburg et al. 2011, hereafteminimum effective pressure and the critical field strength.
referred to as BKKMR). This has been a major step foffhe question therefore arises whether this apparent degen-
ward, because now there is no doubt that one is pursuiegacy affects the properties of NEMPI.

a real effect and not just one that works only in the world We mentioned already the fact that NEMPI is capable
of mean-field models. Essential to the paper of BKKMRf exciting three-dimensional structures that show varia-
has been a finding from an earlier version of the presetibn along the direction of the mean magnetic field. This
one that only two-dimensional mean-field structures are ewould give rise to the worry that the two-dimensional re-
cited. This property allowed meaningful averaging aloreg thsults presented so far may not reflect the properties of the
direction of the imposed field, making the identification ofastest growing mode and may therefore not be relevant to
flux concentrations thus much clearer. The absence of threescribing NEMPI. However, as will be discussed in this
dimensional mean-field structures was surprising becaysaper, this is not the case, because the degree to which
three-dimensional mean-field calculations have shown thiree-dimensional modes are excited depends on the sign
the mean magnetic field develops structures along the dind magnitude of one of the turbulence parameters, namely
rection of the imposed field (BKR). However, while thethe term characterizing turbulence effects on the magnetic
mean-field calculations have illustrated the nature ofthe itension force, and that simulations indicate that this s8gn
stability, no systematic survey of solutions has yet been afot favorable for exciting three-dimensional modes (BKKR,
tempted. The purpose of this paper is therefore to clarilgapyla et al. 2012). Before we begin addressing the vari-
some still puzzling aspects concerning NEMPI. Note alsous points, we discuss first the mean-field model and basic
that the large-scale flux concentrations observed in DNsgitup.

of BKKMR have an amplitude of only 15 % of the local
equipartition field. This implies that the flux concentrato
we observe in DNS are often not strong enough to be n
ticeable without averaging.

g. Mean-field model

In view of further verifications of NEMPI with DNS, it is

In addition to the structures found in BKKMR, othernecessary to be able to reduce the essential physics to a
types of structures have recently been reported in Largeinimum. We will therefore not make any attempt to con-
Eddy Simulations (LES), which might also be an indicatiosider other aspects that would make the model more realistic
of NEMPI. We have here in mind the radiation magnetowith respect to the Sun. Given that NEMPI works even un-
convection simulations of Kitiashvili et al. (2010), in wehi  der isothermal conditions (BKKR), we adopt an isothermal
one sees the formation of whirlpool-like magnetic strucequation of state where the mean pressuielinear in the
tures. Relevant to NEMPI is also the work of Tao et aimean densityp, with p = pc? and ¢, being the constant
(1998), who considered magneto-convection in the op¥icalisothermal sound speed. We solve the evolution equations
thick approximation and find a horizontal segregation intfor mean velocitylU, mean density, and mean vector po-
magnetized and non-magnetized regions. The size of the iantial A, in the form
dividual regions is such that they encompass several turbggr

lent eddies. This phenomenon might therefore well be as;,” = ~U-VU - Vinp+g+ Fu+ Fx, (1)
sociated with an effect that could also be modelled in ter o o

of mean-field theory. However, before we can make such =-U-Vp—-pV U, (2)
association, we need to find out more about the propertiﬁZ

of NEMPI. In particular, we need to know what is the opC2 _ 7, B _ (s + )7, 3)

timal magnetic field strength, what are the requirements opt
restrictions on the turbulent velocity, and, finally, howehu whereF; is given by
density stratification is needed to make NEMPI work. 5Fu=-1V[(1-¢)BY)+B-V [(1-¢)B], &)

To connect the aforementioned requirements to DNgnpg
we need to have a meaningful parameterization of the t o= 1 —= o _
bulence effects. The work done so far has been focussind® = +v) (VU + §V_V v +_25V_1n 7) ©)
on measuring a reduction of the turbulent pressure and &-he total (turbulent plus microscopic) viscous forceré-le
fective mean magnetic pressure as a function of the locat = 3(Uij + Uji) — 30;;V - U s the traceless rate of
mean magnetic field strength. The shape of the resulting dt&in tensor of the mean flow. As in earlier work (BKR,
pendence of the effective mean magnetic pressure on fAEKR), we approximatey, andgs by simple profiles that
mean magnetic field has been matched to a specific fit fée only functions of the rati¢ = [B|/B.,. However, in
mula that can be characterized by two fit parameters that,f} €arlier work this functional form was described by
turn, can be linked to the minimum effective mean magnetig, (3) = ¢,0[1 — (2/7) arctan(5%/52)], (6)
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where B, is the equipartition field strengths andstands 1
for subscripts p and s, respectively. We refer to this as the
arctan fit. In the present paper we use an algebraic fit of the _
form

6o (B) = goo[l — (2/m) arctan(5?/57)], @)

qdo0
The functionsg, and¢s quantify the impact of the mean
magnetic field on the effective pressure and tension forces,
respectively.

As initial condition, we assume a hydrostatic stratifica-
tion with p(z) = po exp(—z/H,), whereH, = ¢%/gisthe &
scale height in our domain of size, x L, x L; the exact el
dimensions vary between 4 and 10 density scale heights #
each direction. We add a small perturbation to the velocity
field. We allow for the presence of an imposed field inghe
direction, By = (0, By, 0). The total field is then written as ) 1‘0

P:BO—"_VXZ7 (9) 9so0

so the departure from the imposed field is expressed in ter
of the mean magnetic vector potentidl Furthermore, we
assume

Beq(2) = Beqo exp(—2/2H,), (10) Table1 Comparison of normalized growth ratesli? /n:, for
different values ofys, for a three (3D) and two-dimensional (2D)
simulation €, — o0).

k,/k

[@IENV] o~ > o O
i
1

100 | .
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lItgla 2 Dependence df, ongso (upper panel), together with the
corresponding growth rate (lower panel).

with a normalization coefficienB.,o. This formula is com-
patible with Beq = p'/ %t in BKKMR, where the turbu-

lent rms velocityu.ms, Was approximately constant. NH? [ Ly,/H, ¢ =0 gs = 20
On the upper and lower boundaries we adopt stress-free  3p 9 11 158
boundary conditions for velocity, i.€/, . =U, . =U, = 2D 00 11 11

0, and a perfect conductor boundary condition for the mag-
netic field, i.e A, = 4, = 4, , = 0. Here, commas denote
partial differentiation. No boundary condition for the den
sity is required. All computations have been carried ouhwitshow that the effective wavenumber of the variation of the
the FENCIL CODEL field in they direction decreases with decreasing values of

Our model is characterized by the following set of inpu¢s- This is shown quantitatively in Fig. 2, where we plot
parameters. There are three parameters characterizing e dependence of the typical value of the field-aligned
hydrostatic equilibrium stratification, namely ¢, andp,. Wavenumberk,, on the value ofj5. Here,k, is evaluated
The remaining parameters are the normalized imposed fidit@ layer near the surface.
strength,By/ Beqo, turbulent viscosity and magnetic diffu- ~ We find that the typical value 6f, grows with increas-
sivity, as well as the parametefs, andg,. ing values ofgyo. In addition, we find that the growth rate
of the instability, )\, increases withy,, approximately lin-
early onceyy, exceeds a value of around two. The fact that
k, — 0 asgso — 0 is significant, because BKKR and also
Kapyl et al. (2012) found from simulations that ~ 0.

In that case, the characteristic length scale along the-dire

Earlier work has suggested that the eigenmodes of NEMﬁ‘P” of the field b_ecomes infinite and the calculgtion essen-
can be three-dimensional (BKR). This could render twdi@lly two-dimensional. Conversely, when studying NEMPI
dimensional calculations inadequate if the first excitet] two dimensions, changing the value @f, has no ef-
mode were indeed three-dimensional. However, it turns offCt On structure formation and the growth rate; see Table 1.
that the wavelength of the eigenmode in the direction diowever, it is now clear that this is an artifact of restrigti
the field increases ag decreases. In BKR, where three-the solutions to be two-dimensional.

dimensional ¢-dependent) solutions to NEMPI were first

reported,gs was chosen to be arourid), and the fastest 3.2 Approximate degeneracy in thegy, fit formula

growing mode was indeed three-dimensional. In Fig. 1 we . . . .
We mentioned in the introduction that recent attempts to de-

1 http://www.pencil-code.googlecode.com termineg,,o from simulations faced the difficulty that the fit

3 Results

3.1 Two- and three-dimensional solutions
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Fig.1 (online colour at: www.an-journal.org) Visualization 8%, at the periphery of the computational domain near the end of the
kinematic growth phase. Note the change of the field pattern with increasingsvofg.o = 2, 5, 10, and 20f(om left to right).

g Itis therefore better to measure the normalized minimum ef-
4 fective magnetic pressur®y,;, = % min[(g, — 1)3%], and

its position,3,,;,. For the algebraic fit we then obtain the fit
parameters

ﬁp = r2nin / V _QPmil’lv 6* = ﬂp + _2Pmina (12)

where we have introduced the parametér= ¢,043? in a
modified representation

g
which is preferable over Eq. (8) in circumstances where
3% = qpof33 is approximately constant. This appears to be
the case in recent DNS (BKKR, Kemel et al. 2012), where
B, ~ 0.2 and0.3 in the absence and presence of small-scale
dynamo action, respectively.

We have computed mean-field models for different com-
binations of parameters using the algebraic fit. We find that
the resulting growth rata depends on the functional form
of Peg(B) nearB = Buin, which manifests itself in a de-

Fig.3 Top: comparison of original fit curves with differento pendence on botly,o andj3,; see Fig. 4. The lower panel

values (10, 20, 50, 100, 300) and a fixed minimum, showing sin®f this figure suggests that the dependence of the_ growth
ilar zero crossing values for a largg, range.Bottom: same as rate on both parameters can be collapsed onto a single de-

above, but now using an algebraic fit, giving larger spacing b@endence ors,. This underlines the usefulness of Eq. (13)
tween the curves. as a fit formula. As argued above, this dependence is best
constrained by the fit parametets;,, andPp,iy.

0.06 F T
[ arctan fit

0.0 0.1 0.2 0.3 0.4 0.5

0.0 0.1 02 _ 03 0.4 0.5
ﬁ = B/Beq

formula (7) possesses an approximate degeneracy in that we
can obtain a similarly looking dependence of the effective-3 Onset of NEMPI

mean magnetic pressure, With a given prescription of,(5), assuming herg, = 0,

Perr(8) = L[1 — ¢, ()] B2, (11) We can now compute tw_o—dimensional mean-field models.
Our goal is to obtain a simple formula that can tell us how
over a wide range of values af,, by adjusting the value |arge the growth rate of the instability is, and what the-crit
of 3, correspondingly. This can be seen in Fig. 3, whergal condition for the onset of the instability is. Not much
we showPe(3) using either the arctan fit (upper panel) ofs known about the linear stability properties of NEMPI, so
the algebraic fit (lower panel) for parameters that result ige have to rely on numerical determinations of the growth
the same value 0P, for a range of values of;,0. Note rates for different wavelengths for different parameters t
that the position wher®. becomes positive, i.e. the crit- optain an approximate representation of the dispersion re-

ical value defined byPe (8eric) = 0, is rather similar in |ation. Earlier work of Kemel et al. (2011) has suggested a
all cases. This approximate degeneracy is particularly-ob\elation of the form

ous for the arctan fit, and less so for the algebraic fit. How-

ever, in both cases the form @ near — 0 changes = ®(9/ ¢S ap0s B, ) = ik = miky, (14)
significantly. Therefore, the approximate degeneracy doulvherek, andk, are effective wavenumbers quantifying the
be lifted if one could determing,, from the behavior ofy, effects of turbulent viscosity and turbulent magneticdiff
near = 0. However, neaf = 0the DNS have large errors. sivity, ® is a function of the inverse scale heiglﬁ‘p—1 =

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.an-journal.org
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g0 = b (blue). Solid lines represent approximate fits given by
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Fig.5 Dependence of onv; + 7, normalized appropriately in
terms ofg andc.. The negative slope givés with kq ~ 2.5/ H,,
whereH, = c2/g.

g/c%, and other parameters describing the functional for
of gp.

Accepting now the fit parametéy as measured, we can
proceed to determining the dependencebobn H, (top
panel of Fig. 6). A convenient non-dimensional quantity is
ke¢H,, wherek; is the wavenumber of the energy-carrying
eddies of the turbulence, which is relatedjto= u,ns/3ks

With tems = Beqo/ph/ >. Note thatd o (k¢H,)~3/4. Com-
bining this with theﬂf’/2 scaling of Fig. 4, we suggest

A= [(8/Bu0) (k)™ = 1) ()RS, (15)

with 8,0 =~ 0.008 being yet another fit parameter. Inter-
estingly, A is independent of the imposed field strength,
By /Beqo, provided the bulk of the eigenmode & zp)
fits well within the domain (middle panel of Fig. 6). This
has here been achieved by adjusting the positions of the
boundarieszi., andzy,et. Indeed, adBy/ Beqo is increased,
&P is found to decrease approximately like;/H, ~
—21n By/Beqo + const. It turns out thatzp is about 2-3
scale heights below the location whereP.g(z) attains

We now need to determine the various unknowns. W& minimum value. Contrarily, whegp > zpo > zp OrF

begin by determining:, andk,, by varying either onlyv;
or only 7, at a time. It turns out that, = k, = k4 suf-

whenz,p, < zp NEMPI will depend on respectivelg, o
Of Brop, Whenzp < zp0¢ there is no instability.

fices. In this way we obtain a linear fit for the growth rate Some comments about the horizontal dimensions are

A = const — (v + n)k3, giving usk3 as the slope of this
graph; see Fig. 5. We fin; ~ 2.5/ H,, superseding earlier
results by Kemel et al. (2011) for a differeBt, (=) profile.

www.an-journal.org

in order. In all cases witlg;g = 0, we find that in three-
dimensional calculations with finitg extent, the value of
L,, does not affect the growth rates. On the other hand, dou-
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bling the = extent yields two pairs of rolls. This has alsoprograms of 2009 and 2011 for providing a stimulating scientific

been confirmed for DNS; see Kemel et al. (2012). atmosphere. Computing resources provided by the Swedish Na-
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