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Abstract
We have examined in detail crystal orientation effects on the properties of excitonic emission
from wurtzite InxGa1−xN/GaN quantum wells (QWs) with piezoelectric polarization using
exciton binding and transition energy calculations based on a single-band effective-mass theory.
We show numerical results for the bandgaps, effective heavy-hole masses, piezoelectric
polarizations and fields, exciton wavefunctions, exciton binding and transition energies and
radiative lifetimes of excitonic emission as a function of the QW crystallographic growth
planes. Band-edge and effective-mass parameters for a continuum of GaN crystallographic
orientations, on which InGaN/GaN QWs are grown, were obtained from In-composition- and
strain-dependent k · p calculation for wurtzite Inx Ga1−x N, using the 6 × 6 k · p Hamiltonian in
appropriate {hkil} representations. We have performed calculations for a continuum of
technologically relevant QW growth planes {hh̄0l} oriented at various angles θ relative to the
(0001) c-plane. The excitonic ground- and first-excited-state energies and wavefunctions were
calculated using an effective potential method. A strong reduction of average in-plane
heavy-hole effective mass and normal to the plane piezoelectric polarization and field is
observed as θ varies from θ = 0◦ (i.e. the c-axis direction) to θ = 49.5◦, where the
piezoelectric polarization and electric field reverse their orientation with respect to the plane of
the QW. The decrease of the electric field in the InGaN/GaN QW growth direction leads to an
increased exciton transition energy and oscillator strength, which results in the increase of the
exciton binding energy and decrease of the excitonic radiative lifetime. For angles θ > 49.5◦
only small variations on the order of ∼10% in the exciton binding and transition energies and
excitonic radiative lifetime are observed for narrow In0.12Ga0.88N/GaN QWs that have widths
less than ∼ 3.5 nm. The average in-plane heavy-hole effective mass reaches its minimum for
θ = 90◦, i.e. m-plane {11̄00} growth. These results indicate that InGaN/GaN QW structures
grown on non-(0001)-oriented planes in a wide variety of angles 49.5◦ � θ � 90◦ can be used
for optimized operation of optoelectronic devices.

1. Introduction

In recent years, much attention has been paid to a new
class of low-dimensional structures, made of hexagonal
(wurtzite) group III nitride semiconductors. Inx Ga1−x N/GaN
single quantum wells (SQWs) and multiple quantum wells
(MQWs) have been studied intensively both experimentally
and theoretically due to their potential applications for the

production of efficient optoelectronic devices, such as light
emitting diodes (LEDs) [1, 2] and laser diodes (LDs) [3] that
can emit in the blue/violet spectral region. The efficiency
of LEDs and LDs, which contain the InGaN QW materials
grown on the c-plane in their active region, suffers from
large strain induced piezoelectric [4–6] and spontaneous
polarizations [5, 6], which lead to large electric fields in the
strained layers. Many studies have reported the important
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role of the large internal electric field in InGaN QWs [5],
comparable to or much larger than ∼1 MV cm−1 for QWs
grown on the c-plane, which induces a large redshift in
the transition energies [7, 8] due to the quantum confined
Stark shift effect (QCSE) [8–10] and attendant reduction in
the oscillator strength [8, 10, 11] owing to the field-induced
separation of the electron and hole wavefunctions towards the
opposite sides of the QW.

Recently, growth on non-[0001]-oriented crystal planes
has been considered as one of the possible ways to create
more favorable parameters for LEDs and LDs. While
good crystalline quality can be achieved for c-plane growth
of InGaN/GaN QWs, the quantum efficiency of LEDs
decreases with increasing wavelength, resulting partially from
the reduced oscillator strength associated with the field-
induced separation of electrons and holes [12]. Thus, it is
advantageous to grow InGaN/GaN QWs on crystallographic
surfaces that will enable a significant reduction or even a
complete elimination of the internal field. Such goals have
supplied the impetus for the growth of heterostructures on
the non-polar (112̄0) a-plane through growth of GaN on
the r -plane of sapphire [13–15], as well as for the growth
of non-polar (11̄00) m-plane GaN by growing on more
uncommon substrates, such as LiAlO2 [16]. The crystalline
quality of the GaN growth on more exotic substrates still
lags behind that of the more conventionally grown c-plane
sapphire or SiC wafers, as non-polar GaN faces currently
suffer from a high density of threading dislocations and
stacking faults [16]. Sufficient motivation consequently
exists to seek a compromise between a reduced piezoelectric
field and defect density in order to attain an acceptable
balance between the radiative and nonradiative lifetimes for
an enhanced quantum efficiency. Thus, other approaches
involve the selective growth of semi-polar side facets such as
{11̄01} on c-plane GaN substrates and the subsequent growth
of semi-polar InGaN/GaN heterostructures for the purpose
of LEDs and lasers with high efficiency [17–20]. Recently,
the successful fabrication of blue LEDs was demonstrated
by InGaN/GaN QW growth on semi-polar faces of (101̄1̄)
and (101̄3̄) [21], as well as for the growth of blue, green
and amber LEDs on the semi-polar {112̄2} faces [22].
Likewise, the successful growth of blue LEDs was also
achieved on the non-polar GaN (11̄00) m-plane [23]. A
direct measurement of the electric field in InGaN QWs grown
on semi-polar (11̄01) facets has been performed and yielded
a field of ∼0.1 MV cm−1, in comparison to a measured
value of 1.9 MV cm−1 for similar QWs grown on the c-
plane [24].

The influence of crystal orientation on the electronic
and optical properties of wurtzite GaN and InGaN/GaN
QW structures has been studied theoretically using the
multiband effective-mass theory [25, 26]. These works
showed that several important properties such as the
piezoelectric and spontaneous polarizations, transition energy,
transition probability, and effective mass depend strongly
on the crystal orientation. In particular, the electric
fields are largest in the most commonly used [0001] c-
plane growth direction [27, 28] and are expected to be

Figure 1. Schematic diagram showing the geometry of the family of
{hh̄0l} planes and the InGaN/GaN QW growth direction û(θ) for
which the various calculations of piezoelectric field, exciton binding
energy, transition energy and radiative lifetime are performed.

zero for the [11̄00] m-plane growth direction [25, 26],
which makes an angle of 90◦ with the c-axis. Although
excitonic effects are significant in wurtzite InGaN/GaN QW
materials grown on non-[0001]-oriented planes even at room
temperature [29, 30], these effects have been vastly neglected
in previous works [25, 26]. Feneberg and Thonke have recently
calculated the piezoelectric polarizations, fields, and transition
energies for Inx Ga1−x N/GaN QWs with varying compositions
x , carrier densities, and growth directions [31].

In this paper, we build upon previous studies by using a
single-band effective-mass approximation in order to examine
crystal orientation effects on the properties of excitonic
emission from InGaN/GaN QW structures which include
exciton binding energies, transition energies and radiative
lifetimes of free and strongly localized excitons. We
present numerical results for the bandgaps, effective heavy-
hole masses, piezoelectric polarizations and fields, exciton
wavefunctions, exciton binding and transition energies, and
excitonic radiative lifetimes as a function of the QW growth
direction, û(θ), which is normal to the plane of the QW.
We have performed such calculations for a continuum of
technologically relevant QW growth planes {hh̄0l} oriented
at various angles θ relative to the (0001) c-plane, as
schematically illustrated in figure 1. Band-edge and effective-
mass parameters for a given QW growth direction û(θ) were
first obtained from In-composition-and strain-dependent k · p
calculations for wurtzite InxGa1−xN, using a 6 × 6 k · p
Hamiltonian in the appropriate {hkil} representation. We then
calculated the exciton binding energies, EB, by substitution of
respective single electron and hole envelope wavefunctions for
an appropriate QW growth direction, computed by solutions to
the Schrödinger equation for a particle subject to an electric
field, into a radial eigenvalue equation that involves the
electron–hole relative motion in an effective in-plane Coulomb
potential. These theoretical calculations are expected to help
provide fundamental parameters, insights and clues for the
future design of suitable growth orientations and structures
for efficient polar, semi-polar, and non-polar Inx Ga1−x N/GaN
optoelectronic devices.

2



J. Phys.: Condens. Matter 20 (2008) 215223 S Khatsevich and D H Rich

Figure 2. Flow chart illustrating the details of the model calculations
of the exciton binding and transition energies, the in-plane Bohr
radius and excitonic radiative lifetimes as a function of InGaN/GaN
QW growth direction and width.

2. Modeling approach

In order to model orientation-dependent variations in the
exciton binding and transition energies, the in-plane exciton
radius and radiative lifetimes of excitonic emission, we
have employed a single-band effective-mass approximation
in the calculation of the electron and hole eigenstates of
the InxGa1−xN/GaN QWs. The block diagram illustrating
the model calculation is shown in figure 2. For a given
In composition and QW growth direction, û(θ), we have
employed a full k · p perturbation method, that is appropriate
for strained wurtzite Inx Ga1−x N to calculate the bulk valence
band dispersions and hole effective masses for dispersion
along an appropriate [hkil] direction [25, 26]. The relevant
parameters in the k · p method for a wurtzite crystal include
the Ai , which are similar to the Luttinger parameters in a zinc-
blende crystal; the Di , which are the deformation potentials
for the Inx Ga1−x N layers; ci j , the elastic constants, and εi j , the
strain tensor, which is appropriate for QWs pseudomorphically
grown on the (hkil) planes [25]. The k · p calculation was
performed by transforming the 6 × 6 Hamiltonian for the
valence band structure in the wurtzite crystal from the (0001)
orientation into the appropriate strain-dependent Hamiltonian
for a biaxial stress in the {hkil} plane. In particular, as
mentioned above, we will direct our calculations for the family

of {hh̄0l} planes whose normal is represented by û(θ). The
k · p parameters for Inx Ga1−x N were obtained by linearizing
between those for InN and GaN for a given composition x .
All numerical parameters that were employed in our k · p
and polarization calculations are available in [29]. After a
determination of the valence band energy dispersions for a
given In composition, the heavy-hole effective masses, mz

hh,
for dispersion along the QW growth direction û(θ) (i.e. as
also denoted by the z-Cartesian coordinate) and the average
in-plane effective masses, mx

hh and m y
hh, were determined.

The electron effective masses for dispersion in the QW x–y
plane and along the QW z-direction were obtained by a
linearization between values for InN and GaN as mxy

e =
(0.23–0.13x)m0 and mz

e = (0.19–0.08x)m0 [29]. Note
that we define the x , y, z crystallographic directions for c-
plane growth in the usual manner as [11̄00], [112̄0], and
[0001], respectively. The conduction to valence band offset in
wurtzite InxGa1−xN is assumed to be independent of x , and is
taken as �Ec/�Ev = 70/30, as has been proposed recently
by different researchers [32–34]. We take the unstrained
Inx Ga1−x N bandgap at an arbitrary temperature as [35, 36]

E Inx Ga1−x N
g (T ) = E Inx Ga1−x N

g (0) − 10−3T 2

(1196 + T )
,

E Inx Ga1−x N
g (0) = 0.7x + 3.5(1 − x) − 2.72x(1 − x),

(1)

where E Inx Ga1−x N
g (0) is the unstrained Inx Ga1−x N bandgap

at T = 0 K [36]. The strain induced variation in the
bandgap, which depends on the InxGa1−xN crystal orientation,
is given by solutions from the k ·p calculations which included
the deformation potentials for a particular strain tensor.
The piezoelectric tensor elements, di jk, and spontaneous
polarization parameter, Psp, were also used to calculate the
electric field in the QW and barriers, EQW and EB, for an
arbitrary QW growth direction, as will be discussed in more
detail in section 2.1.

Single particle electron and hole envelope wavefunctions
in the QW growth direction, ηe,h(ze,h), and ground-state
energies were determined by solutions to the Schrödinger
equation for a particle subject to an electric field, using a finite-
element technique that was modified for the case of variable
effective masses [37–39]. We have then solved for the ground-
state wavefunction and binding energy of Wannier excitons,
EB, which are assumed to be formed by electrons and holes
in the Inx Ga1−x N/GaN QW, by substitution of the respective
single particle electron and hole wavefunctions into a radial
eigenvalue equation that involves the electron–hole relative
motion in an effective in-plane Coulomb potential, as will be
discussed in more detail in section 2.2 [40].

2.1. Calculation of energy-band structures and piezoelectric
polarizations for various InGaN/GaN QW growth directions

The band structure near the direct band edges at k = 0 has
the largest influence on most of the electronic and optical
properties. Since the mixing of conduction and valence bands
near the direct band edges is negligible, due to large energy
separation, the exact 8 × 8 k ·p Hamiltonian obtained from the

3



J. Phys.: Condens. Matter 20 (2008) 215223 S Khatsevich and D H Rich

Kane model for wurtzite semiconductors can be simplified to
6 × 6 k ·p Hamiltonian for the valence band structure, i.e., the
so called Rashba–Sheka–Pikus (RSP) Hamiltonian [41, 42].
The RSP Hamiltonian can be derived using k · p perturbation
theory and group theory arguments [42]. This effective-mass
Hamiltonian is usually written in a choice of basis functions
such that the z-axis coincides with the [0001] lattice growth
orientation (c-axis). The frequently used basis is given by
the inner product of |l, m〉|1/2, s〉, with l = 1, m = 0,±1
and s = ±1/2. The basis states are expressed explicitly as
follows [42]:

|u1〉 = |uhh ↑〉 = − 1√
2
|(X + iY ) ↑〉,

|u2〉 = |ulh ↑〉 = 1√
2
|(X − iY ) ↑〉,

|u3〉 = |ush ↑〉 = |Z ↑〉,

|u4〉 = |uhh ↓〉 = 1√
2
|(X − iY ) ↓〉,

|u5〉 = |ulh ↓〉 = − 1√
2
|(X + iY ) ↓〉,

|u6〉 = |ush ↓〉 = |Z ↑〉,

(2)

where the sub-indices hh, lh, and sh denote heavy, light,
and split-off holes, respectively. In this basis the strained
RSP Hamiltonian is nearly block diagonal. The full RSP
Hamiltonian for a [0001]-oriented wurtzite crystal in the
presence of strain takes the form [42]

H (k, ε)

=

⎛
⎜⎜⎜⎜⎜⎝

F −K ∗ −H ∗ 0 0 0
−K G H 0 0

√
2�3

−H H ∗ λ 0
√

2�3 0
0 0 0 F −K H
0 0

√
2�3 −K ∗ G −H ∗

0
√

2�3 0 H ∗ −H λ

⎞
⎟⎟⎟⎟⎟⎠

, (3)

where
F = �1 + �2 + λ + θ,

G = �1 − �2 + λ + θ,

λ = h̄2

2m0
[A1k2

z + A2(k
2
x + k2

y)] + λε,

θ = h̄2

2m0
[A3k2

z + A4(k
2
x + k2

y)] + θε,

K = h̄2

2m0
A5(kx + iky)

2 + D5ε+,

H = h̄2

2m0
A6(kx + iky)kz + D6εz+,

λε = D1εzz + D2(εxx + εyy),

θε = D3εzz + D4(εxx + εyy),

ε+ = εxx − εyy + 2iεxy,

εz+ = εxz + iεyz,

(4)

where ki is the wavevector, εi j the strain tensor, �1 is the
crystal-field split energy, and �2 and �3 characterize the
energy shifts of the valence band structure induced by the spin–
orbit interactions, �1 = �cr, �2 = �3 = (1/3)�so. The
Ai are the valence band effective-mass parameters, which are
similar to the Luttinger parameters in a zinc-blende crystal, and
the Di are the Bir–Picus deformation potentials for wurtzite
crystals, which are similar to the hydrostatic a and uniaxial
b deformation potentials in zinc-blende materials [42]. The
order of the basis in the RSP Hamiltonian is as indicated
by the sequential list of Bloch states in equation (2). The
strained 6×6 RSP Hamiltonian for an arbitrary wurtzite crystal
orientation can be obtained by substituting the transformation
relation for the vector 	k and the strain elements for a general
crystal orientation into the RSP Hamiltonian for the [0001]
c-axis orientation, determined by equation (3) [42, 43]. The
relation between the coordinate systems for vectors and tensors
is expressed as [44]

k ′
i =

∑
α

Uiαkα,

ε′
i j =

∑
αβ

UiαU jβεαβ,

c′
i jkl =

∑
αβγ δ

UiαU jβUkγ Ulδcαβγ δ

(5)

where summations over repeated indices are indicated. Here U
is a rotation matrix that transforms the physical quantities from
(x , y, z) coordinates to (x ′, y ′, z′) coordinates, where the z-
axis corresponds to the c-axis [0001] and the z ′-axis is parallel
to û(θ) and normal to the QW growth plane [17, 43].

U =
( cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ

)
. (6)

The polar angle θ is defined as the angle between the growth
direction û(θ) and the c-axis, as illustrated in figure 1. The
strain tensor elements in the (x , y, z) coordinates for a
general crystal plane {hkil} are determined from the condition
that the layer is grown pseudomorphically, and these strain
elements should minimize the strain energy of the layer
simultaneously [45, 46]. After block-diagonalization of the
transformed 6 × 6 k · p RSP Hamiltonian, the dispersion
relations in the valence band Ehh(	k ′), Elh(	k ′) and Ech(	k ′) can
be determined.

For an arbitrary InGaN/GaN QW growth direction the
electric fields in the well and barriers, which appear due to the
piezoelectric (PZ) and spontaneous (SP) polarizations normal
to the QW plane, can be estimated from (i) the periodic
boundary condition for the superlattice structure and (ii) the
assumption that the dielectric displacement field is conserved
along the growth axis [27, 47]

Ew = E sp
w + Epz

w = LB(Psp
B − Psp

w )

ε0(εB Lw + εwLB)
− LB Ppz

w

ε0(εB Lw + εwLB)

EB = −Ew
Lw

LB
,

(7)
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where subscripts w and B denote the well and barrier,
respectively, and L and ε are the layer width and static
dielectric constant, respectively. The normal piezoelectric
polarization with respect to the growth plane for an arbitrary
QW growth direction, P ′pz

z , can be expressed as [43]

P ′pz
z = P pz

x sin θ + Ppz
z cos θ, (8)

where the polarization components along the x and z axes, P pz
x

and Ppz
z , are given by

P pz
x = 2d15c44εxz,

Ppz
z = [d31(c11 + c12) + d33c13](εxx + εyy)

+ [2d31c13 + d33c33]εzz.

(9)

2.2. Calculation of the orientation-dependent exciton binding
and transition energies and excitonic radiative lifetimes in
wurtzite InGaN/GaN QWs

Within the effective-mass approximation, the exciton Hamilto-
nian in a QW can be written as [48]

H = p2
ze

2me
+ p2

zh

2mh
+ P2

X + P2
Y

2(me + mh)
+ p2

x + p2
y

2μ

+ Ve(ze) + Vh(zh) − e2

ε
√

x2 + y2 + (ze − zh)2
, (10)

with

(me + mh) 	R = me	re + mh	rh, 	r = 	re − 	rh

where 	P is the center-of-mass momentum, Ve(ze) and Vh(zh)

are the quantum well potentials for electrons and holes,
respectively, ε is the relative dielectric constant and μ is
the reduced electron–hole mass in the layer plane. An
exact solution of equation (10) is clearly not possible. The
approximate solutions of this problem are based on using trial
wavefunctions of the form [48–50]

�(r, ze, zh) = ηe(ze)ηh(zh)�e–h(r, ze − zh), (11)

where ηe(ze) and ηh(zh) are the single particle envelope
wavefunctions that describe the motion of electrons and
holes in the QW growth direction, while �e–h(r, ze − zh)

describes the relative in-plane electron–hole motion. Within
the effective-mass approximation, omitting the center-of-mass
kinetic energy of the in-plane electron and hole motion, the
exciton Hamiltonian in a QW can be written in the following
form [48]:

H ∗ = Hez + Hhz + Heh, where

Hez = − h̄2

2me

d2

dz2
e

+ Ve (ze) ,

Hhz = − h̄2

2mh

d2

dz2
h

+ Vh (zh) ,

Hez = − h̄2

2μ

d2

dr 2
− e2

ε
√

x2 + y2 + (ze − zh)
2
.

(12)

Most of the previous studies employed a variational approach
to get an estimation of the exciton binding energy and Bohr
radius [48–50]. However, the success of the variational method
relies heavily upon the choice of the trial function, and the
criteria for the choice depend on the particular problem and
cannot easily be generalized. We calculate the exciton binding
energies, the in-plane wavefunctions and the in-plane exciton
radius using an effective potential method [40]. To simplify the
situation we use a simple trial wavefunction of the form

�(r, ze, zh) = ηe(ze)ηh(zh)�e–h(r), (13)

where �e–h(r) describes the relative in-plane electron–hole
motion and is assumed to depend only on the in-plane relative
coordinate r for the purpose of separating variables. With
the above assumptions, the eigenvalue equation of the exciton
Hamiltonian described in equation (12) can be reduced to the
following radial equation for the exciton binding energy [40]:

− h̄2

2μ

1

r

d

dr

(
r

d

dr

)
�e–h(r) + V (r)�e–h(r) = −E�e–h(r),

(14)
where V (r) is the effective in-plane Coulomb potential defined
by

V (r) = −e2

ε

∫
dze

∫
dzh

|ηe(ze)|2|ηh(zh)|2√
r 2 + (ze − zh)2

. (15)

A detailed description of this potential function, including its
derivation, and calculated shape using a form factor method, is
presented in [40].

It is easy to derive the required boundary conditions for
the eigenfunction �e–h at the origin, namely d�e–h(z)/dz = 0
for z = 0, and with a trivial boundary condition at infinity the
problem for exciton eigenvalues and eigenfunctions can be set
as

d2

dr 2
�e–h(r) + 1

r

d

dr
�e–h(r) − 2μ

h̄2
(V (r) − E)�e–h(r) = 0,

d�e–h(r)

dr

∣∣∣∣
r=0

= 0,

�e–h(r)|r→∞ → 0.

(16)
The reduction of the 3D problem of the excitonic wavefunction
to this 1D exciton eigenvalue problem, using the trial
wavefunctions of equations (11) and (13), is generally valid
and accurate for quantum wells for which the barrier heights
are much larger than the effective Rydberg of the system [40].
This is certainly true for the present case of Inx Ga1−x N/GaN
QWs with x ≈ 0.12 in which the total effective QW barrier
heights are a few hundred meV and much larger than the
exciton binding energy, which is less than ∼40 meV (as will
be shown in section 3) [29].

We solved numerically equation (16), using the method of
finite differences. To ensure sufficient numerical accuracy, we
choose a large, but finite, value of the cutoff rc and assume that
the exciton wavefunctions are identically zero for r = rc. To
avoid the problem of a singularity for the function V (r) at the
origin, we begin the numerical integration from r0 = ε1, where

5
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ε1 can be made arbitrary small to ensure numerical accuracy.
As a result of the spread of the carrier wavefunctions in the
z direction, the Coulomb interaction is greatly reduced for
small in-plane x, y distances, and this also partially justifies
the current approach. For a known ground-state wavefunction
�0(e–h) the in-plane exciton radius can be estimated as [48]

axy
B =

(
�r

N∑
i=1

�i0r 2
i �∗

i0

)1/2

. (17)

We calculate the exciton transition energies in the QW as

Etr = Ee + Eh + Eg + �Ep − EB, (18)

where Ee and Eh are eigenvalues of the 1D Schrödinger
equation for a particle (electron or hole) subject to an electric
field, Eg is the fundamental energy bandgap of the unstrained
Inx Ga1−x N bulk material, �E p is the strain induced variation
in the bandgap and EB is the exciton binding energy. In
order to calculate excitonic radiative lifetimes of free and
strongly bound excitons we used an approach that is described
elsewhere [51, 52].

3. Numerical results and discussion

3.1. Crystal orientation effects on the energy-band structure
and piezoelectric polarization

Figure 3 shows calculated valence band dispersion relations
obtained by solutions of the 6 × 6 k · p RSP Hamiltonian
for In0.12Ga0.88N/GaN QWs with the following growth planes:
(a) (0001) (θ = 0◦) and (b) (11̄01) (i.e., û(θ) is such that
θ = 62◦). Heavy-hole (HH), light-hole (LH) and crystal-
field split-off hole (CH) band dispersions are indicated. For
the (0001) c-plane, a symmetric in-plane kx–ky band profile
is found, as observed in figure 3(a). The lattice mismatch
between the epilayer (In0.12Ga0.88N) and the substrate (GaN)
leads to a biaxial compressive strain of εxx = εyy = −0.013,
as indicated. Dramatic changes are observed for QW growth
on the (11̄01) plane, as seen in figure 3(b). The dissimilar
warping of valence bands along the k ′

x and k ′
y axes results

in a band profile asymmetric in the k ′
x–k ′

y plane. The inset
in figure 3 shows the strain tensor elements as a function of
angle θ between the In0.12Ga0.88N QW growth direction and
the [0001] c-axis direction. For θ > 0, a strong modification
of the strain tensor elements is observed so that εxx �= εyy .
Note that the component εyy is constant and the component εxz

is zero for the [0001] growth direction (θ = 0). The absolute
values of the strain components εxx and εzz reach a maximum
for θ = 90◦.

The effect of crystal orientation on the valence band-edge
energies at k = 0 is shown in figure 4(a) for In0.12Ga0.88N/GaN
QWs. For θ > 0, the strain induced shift is positive for
the HH and LH and negative for the CH band edges. The
absolute values of the strain induced shift of HH and CH
band edges increase with angle θ and reach a maximum at
θ = 35◦ for the HH band and at θ = 38◦ for the CH band.
For the LH band, the strain induced shift is positive and its
absolute value is increasing with angle θ in the 0 < θ � 68◦

Figure 3. Valence band dispersion relations obtained by solution of
the 6 × 6k · p RSP Hamiltonian for two different wurtzite
In0.12Ga0.88N QW growth directions: (a) θ = 0◦ (0001) and
(b) θ = 62◦ (11̄01). HH, LH and CH denote heavy-hole, light-hole
and crystal-field split-off hole bands, respectively. The in-plane strain
elements εxx and εyy are indicated. The inset in (a) illustrates the
crystal orientation dependence of strain tensor elements. For θ > 0,
εxx �= εyy and the valence band profile becomes asymmetric in the
k ′

x –k ′
y plane. We define the x , y, z crystallographic directions for

c-plane (0001) growth in the usual manner, as [11̄00], [112̄0] and
[0001], respectively.

range. A reversal of the strain induced behavior is observed
for θ > 68◦. In figure 4(b) the strain induced variations in
the bandgap of wurtzite Inx Ga1−x N/GaN, �E p, are plotted as
a function of angle θ for various indium compositions in the
0.02 � x � 0.25 range. �E p is defined as the change in the
bandgap relative to an unstrained Inx Ga1−x N film possessing
the same indium composition x . For a given composition, x ,
the Inx Ga1−x N/GaN bandgap has a maximum for θ = 0◦,
the c-axis growth direction, and minimum for θ = 35◦, as
indicated in figure 4(b). For Inx Ga1−x N/GaN QW growth on
the c-plane, �E p increases linearly with the In composition
and the in-plane compressive strain, as seen from figure 4(b).
A reversal of this behavior is observed for θ > 12◦, where
�E p decreases almost linearly with the indium composition,
reaching negative values, as seen from figure 4(b). This results
in a strain induced decrease of the Inx Ga1−x N/GaN bandgap
for angles θ > 12◦, contrary to what is observed for QWs
grown on the c-plane. This effect is especially pronounced for
θ = 35◦.

In figure 4(c) the band-edge heavy-hole effective masses
for dispersion along the k ′

x, k ′
y and k ′

z directions are plotted as
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Figure 4. (a) Valence band-edge energies, (b) strain induced
variations in the bandgap of the Inx Ga1−x N/GaN quantum well
structures of different In composition x and (c) effective heavy-hole
masses (mz

hh/m0, mx
hh/m0 and my

hh/m0) estimated from a parabolic
band fitting to the calculated dispersion relations near the band edges
as a function of angle θ between the QW growth direction û(θ) and
the [0001] c-axis direction. HH, LH and CH denote heavy-hole,
light-hole and crystal-field split-off hole bands, respectively.
Heavy-hole effective-mass values that are averaged in the k ′

x –k ′
y

plane are indicated in (c) with a dotted line.

a function of angle θ for the strained layer In0.12Ga0.88N/GaN
system. The crystal orientation has ostensibly a strong effect
on the in-plane and longitudinal heavy-hole effective masses,
as seen from figure 4(c). Heavy-hole effective masses along
the growth direction, mz

hh, have a nonlinear dependence on θ ,
reaching a minimum for θ = 9◦ with mz

hh/m0 = 1.07 and a
maximum for θ = 45◦ with mz

hh/m0 = 2.45. For θ > 0,
the in-plane asymmetry of the HH band structures results in a
difference between heavy-hole effective masses along the k ′

x
and k ′

y directions, i.e. mx
hh �= m y

hh, as seen from figures 3(b)
and 4(c). The averaged k ′

x–k ′
y in-plane effective masses, that

were used in our calculation of the exciton binding energies,
are indicated in figure 4(c) with a dotted line. The average in-
plane heavy-hole effective mass is significantly reduced with
increasing angle θ , reaching its absolute minimum for θ = 90◦.

In figure 5(a), the strain induced piezoelectric (PZ)
polarization (P ′pz

z ) normal to the QW plane is plotted as a
function of angle θ between the InxGa1−xN/GaN QW growth
direction and the c-axis direction for different In compositions
in the 0.02 � x � 0.30 range. The normal polarization
leads to an accumulation or a depletion of carriers at the
interfaces, creating the piezoelectric field in the QW. The

Figure 5. The strain induced piezoelectric polarization (P ′pz
z ) normal

with respect to the growth plane for Inx Ga1−x N QWs of different In
compositions x and (b) the internal field in the In0.12Ga0.88N/GaN
QW and adjacent barriers as a function of angle θ between the QW
growth direction û(θ) and the c-axis. Vertical dotted lines emphasize
growth directions corresponding to the zero PZ polarization and
internal field.

normal polarization, P ′pz
z , is asymmetric with respect to the

[11̄00] growth direction (θ = 90◦), as seen from figure 5(a).
The asymmetry of the normal polarization is due to the change
of the atomic plane type (i.e. a cation versus anion termination)
with respect to the (11̄00) plane. For the [0001] c-axis QW
growth direction P ′pz

z is always positive for a compressive
strain. The normal polarization shows a sign change with an
increasing angle and becomes negative for θ in the 49.5◦ <

θ < 90◦ range, as observed in figure 5(a). Figure 5(b)
shows the electric fields in an In0.12Ga0.88N/GaN QW and
adjacent GaN barrier as a function of angle θ , as calculated
using our model approach. Vertical dotted lines emphasize
the QW growth directions of θ = 49.5◦ and 90◦ (m-plane),
corresponding to a zero piezoelectric polarization and electric
field in the QW and the barrier.

3.2. Crystal orientation effects on properties of excitonic
emission from InGaN/GaN QW

Figure 6 shows calculated probability distributions for the
ground (�0(e–h)�

∗
0(e–h)) and first excited states (�1(e–h)�

∗
1(e–h))

of the heavy-hole excitons, along an arbitrary in-plane axis in
In0.12Ga0.88N/GaN QWs possessing different widths, (a) L =
15 nm and (b) L = 1.5 nm, grown on the (11̄00)-oriented m-
plane (θ = 90◦). The in-plane exciton diameter, 2axy

B , is indi-
cated in figure 6(a) with vertical dotted lines. The exciton bind-
ing energy, EB, and the in-plane exciton Bohr radius, axy

B , are
22.8 meV and 3.0 nm for L = 15 nm and 43.9 meV and 1.9 nm
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Figure 6. Probability densities for the ground (�0(e–h)�
∗
0(e–h)) and

first excited states (�1(e–h)�
∗
1(e–h)) of the heavy-hole excitons, along

an arbitrary in-plane axis in In0.12Ga0.88N/GaN QWs of different
widths, (a) L = 15 nm and (b) L = 1.5 nm, grown on the
(11̄00)-oriented m-plane (θ = 90◦). The in-plane exciton Bohr radius
and the exciton binding energy are indicated for each QW width. The
in-plane exciton diameter is indicated in (a) with vertical dotted lines.

for L = 1.5 nm, respectively, as indicated in figures 6(a)
and (b). The amplitude of the exciton ground-state wavefunc-
tion at the origin increases and the wavefunction becomes more
localized as the width of the QW becomes smaller, owing to
transition from a near 3D to a 2D quantum confinement as QW
width decreases from L = 15 to 1.5 nm, as observed in fig-
ure 6. It should be mentioned here that EB = 22.8 meV and
axy

B = 3.0 nm obtained from our model calculation for QW
width L = 15 nm are very close to the exciton binding energy
and effective Bohr radius calculated for the bulk In0.12Ga0.88N
material: E3D

B = 21.8 meV and a∗
B = 3.02 nm.

In figure 7, we show plots of the calculated exciton
binding and transition energies, the in-plane exciton radius, the
overlap integral of electron and hole envelope wavefunctions
normal to the QW plane, and radiative lifetimes of free
and strongly localized heavy-hole excitons for a 3 nm
thick In0.12Ga0.88N/GaN QW as a function of angle θ .
All orientation-dependent variations observed here, i.e. the
increase of the exciton binding and transition energies as well
as the decrease of the in-plane exciton radius and radiative
lifetimes, which occur as the angle increases over the range
0 � θ � 49.5◦, are primarily caused by decrease of the
electric field in the QW. As seen from a comparison of
figures 5 and 7, maxima (minima) of the electric field correlate
well with calculated minima (maxima) of the exciton binding
and transition energies and maxima (minima) of the in-plane
exciton radius and radiative lifetime of excitonic emission. As
previously mentioned, an increase of the electric field inside
the QW results in a decrease of the overlap of electron and
hole envelope wavefunctions normal to the QW plane and of
the overlap integral, respectively, owing to the field-induced
separation of the electron and hole wavefunctions towards

Figure 7. (a) The exciton binding and transition energies, (b) the
in-plane exciton radius and overlap integral of electron and hole
envelope wavefunctions and (c) radiative lifetimes of free and
localized heavy-hole excitons (X) at T = 50 K as a function of angle
between the QW growth direction and the c-axis direction for a 3 nm
thick In0.12Ga0.88N/GaN QW.

the opposite sides of the QW. The exciton binding energy
is proportional to the oscillator strength, while the radiative
lifetime is inversely proportional to the oscillator strength.
For the free exciton with an in-plane wavevector K⊥ = 0,
the oscillator strength 
 is well known and can be written
as [53, 54]


 = 
0k0na3
B�2

e–h(0)I 2
eh (19)

where 
0 and aB are the bulk exciton oscillator strength and
Bohr radius, n is the background refractive index, k0 =
2π/λpeak is the wavevector of the photon at the excitonic
resonance, Ieh is the overlap integral of electron and hole
envelope wavefunctions normal to the QW plane and �2

e–h(0)

is the amplitude of the exciton ground-state wavefunction
at the origin. An increase in the electric field inside the
QW results in a decrease of the overlap integral of the
electron and hole envelope wavefunctions, which according
to equation (19) causes a decrease of the oscillator strength
and the exciton binding energy and an increase of the radiative
lifetime. For angles θ > ∼49.5◦ only small variations on
the order of ∼10% in the exciton binding energies, transition
energies and excitonic radiative lifetime are observed for
narrow In0.12Ga0.88N/GaN QWs possessing widths less than
∼3.5 nm. These results are illustrated for the case of a 3 nm
thick QW in figures 7(a) and (c).

In figure 8 the exciton binding energies, the in-
plane exciton radius and radiative lifetimes of strongly
localized heavy-hole excitons are plotted as a function of

8
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Figure 8. (a) Exciton binding energy, (b) in-plane exciton radius and
(c) radiative lifetimes of localized heavy-hole excitons (X) as a
function of the well width, L , for different In0.12Ga0.88N/GaN QW
growth directions (θ = 0◦, 62◦, and 90◦). The inset in (b) shows the
overlap integral of electron and hole envelope wavefunctions versus
well width L for different QW growth directions.

In0.12Ga0.88N/GaN QW width for three different QW growth
directions û(θ): θ = 0◦ (0001), θ = 62◦ (11̄01), and
θ = 90◦(11̄00). The exciton binding energies increase as the
well width, L, becomes smaller, go through a maximum for
L = Lmax, and decrease when the electron and hole envelope
wavefunctions normal to the QW plane start to penetrate into
the barrier layers, as seen from figure 8(a). This is a well
known behavior of a finite-barrier QW [49, 50]. Spreading
of the electron and hole wavefunctions for L < Lmax results
in a decrease of the overlap integral, shown in the inset of
figure 8(b) for three QW growth directions, and leads to
a decreased oscillator strength (see equation (19)) smaller
binding energies, and larger in-plane exciton radii, as observed
in figures 8(a) and (b). We observe that Lmax (with EB and axy

B
at L = Lmax) depends on the QW growth direction and varies
from Lmax ≈ 1.7 nm (with EB = 43.9 meV and axy

B = 1.9 nm)
for QWs grown on the m-plane (θ = 90◦) with zero electric
field inside the QW to Lmax ≈ 1.1 nm (withEB = 39.8 meV
and axy

B = 2.05 nm) for QWs grown on the c-plane (θ = 0)
with an electric field on the order of ∼1.3 MV cm−1 in the QW
region, as seen from figure 5.

The decrease of the exciton binding energy with
increasing QW width obtained from our model for QWs
grown on the m-plane can be attributed to the decrease

of the quantum confinement, owing to a transition from a
2D to a 3D case. The exciton ground-state wavefunction
spreads out laterally in the QW plane, as the QW width
becomes larger, which results in the increase of the in-plane
exciton radius, and in the decrease in the amplitude of the
exciton ground-state wavefunction at the origin, �2

e–h(0),
as seen from figure 6. According to equation (19) the
decrease of �2

e–h(0) results in a decrease of the oscillator
strength and consequently a decrease of the exciton binding
energy. Figure 8(c) shows a semi-logarithmic plot of radiative
lifetimes of strongly localized heavy-hole excitons, τR , versus
QW width for three different In0.12Ga0.88N/GaN QW growth
planes. For thin QWs we find radiative lifetimes in the
range of several nanoseconds and almost independent of
the QW growth direction. At the same time the QW
growth direction has a strong effect on the radiative lifetimes
for thicker QWs. As seen from figure 8(c), for QWs
grown on the m-plane the radiative lifetimes are almost
independent of the QW width, while for QWs grown on the
c-plane the radiative lifetimes increase almost exponentially
with the well width, owing to the field-induced decrease of the
overlap integral, as seen from the inset in figure 8(b).

These trends reflect the often peculiar nature of
fundamental excitonic parameters on the specific InGaN/GaN
QW growth plane (hh̄0l) and its direction û(θ). From these
calculations, it is evident that a suitable choice of growth
planes, such as the (11̄01) plane, will result in a radiative
lifetime whose value is within a factor of two of the value of the
radiative lifetime for an m-plane growth of Inx Ga1−x N QWs
possessing thicknesses L �∼ 5 nm. These results suggest
that even a semi-polar plane such as (11̄01) can often be used
to achieve QW characteristics that are similar to that for the
non-polar m-plane over a practical range of Inx Ga1−x N QW
compositions and thicknesses. These observations are further
consistent with the recent fabrication of highly efficient and
bright LEDs on {11̄01} facets [18]. More recent time-resolved
photoluminescence results of Wunderer et al have shown that
InGaN/GaN QWs with L ≈ 4 nm grown on {11̄01} semi-
polar facets exhibit a drastically reduced lifetime of 650 ps
at T = 4 K, in comparison to a reference QW grown on
the c-plane, which exhibited a lifetime of 50 ns [19]. These
experimental results are indeed consistent with our calculations
of the radiative lifetimes for QWs grown on these planes, as
shown in figure 8(c). The approaches and results described in
this paper should help to stimulate further discussion on the
appropriate choice of substrates and facets for the fabrication
of InxGa1−xN/GaN LDs and LEDs with optimal radiative
quantum efficiencies.

4. Summary and conclusions

We have examined in detail crystal orientation effects on the
properties of excitonic emission from wurtzite InGaN/GaN
QWs with piezoelectric polarization using excitonic binding
and transition energy calculations based on a single-band
effective-mass theory. We have presented numerical results
for the bandgaps, effective heavy-hole masses, piezoelectric
polarizations and fields, exciton wavefunctions, exciton
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binding energies, transition energies and radiative lifetimes of
excitonic emission as a function of the QW growth direction.
Band-edge and effective-mass parameters for a given QW
growth direction û(θ) were obtained from In-composition-
and strain-dependent k ·p calculation for wurtzite Inx Ga1−x N,
using the 6 × 6 k · p Hamiltonian in appropriate {hkil}
representations. In particular, we examined the excitonic
properties for InGaN/GaN QW growth on the technologically
relevant family of {hh̄0l} planes. The excitonic ground- and
first-excited-state energies and wavefunctions were calculated
using an effective potential method. In this method the two-
body exciton problem is reduced to a radial eigenequation
involving the electron–hole relative motion in an effective in-
plane Coulomb potential. The Inx Ga1−x N crystal orientation
has a strong effect on the Inx Ga1−x N bandgap, the in-plane
and longitudinal heavy-hole effective masses and piezoelectric
polarization and electric field along the QW growth direction.
The averaged in-plane heavy-hole effective mass decreases
as θ changes from θ = 0◦ to 90◦. With increasing θ , the
Inx Ga1−x N bandgap initially decreases, reaches a minimum
for θ = 35◦ and increases again for larger angles. The
piezoelectric polarization and field in the QW change their
orientation twice for θ = 49.5◦ and 90◦. For these crystal
growth directions, electric fields in the QW and barrier
are equal to zero. The magnitude of the electric field in
Inx Ga1−x N/GaN QWs has a dominant effect on the transition
energy and oscillator strength, which increase with angle θ ,
for 0 � θ � 49.5◦, leading to a rapid increase in the
exciton binding energy and decrease in the excitonic radiative
lifetime. For angles θ > ∼49.5◦, only small variations
on the order of ∼10% in the exciton binding energies,
transition energies and excitonic radiative lifetime are observed
for narrow In0.12Ga0.88N/GaN QWs that possess widths less
than ∼3.5 nm. These results indicate that InGaN/GaN QW
materials grown on non-(0001)-oriented planes in a wide
variety of angles 49.5◦ � θ � 90◦ can be used for optimized
operation of optoelectronic devices.
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