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Effects of self-steepening and self-frequency shifting on short-pulse splitting
in dispersive nonlinear media

Marek Trippenbach and Y. B. Band
Departments of Chemistry and Physics, Ben-Gurion University of the Negev, Beer-Sheva 84105, Israel

~Received 5 November 1997; revised manuscript received 20 January 1998!

We characterize the propagation of short optical pulses through dispersive media with a cubic self-focusing
nonlinear polarization, which incorporates self-steepening and self-frequency shifting. These effects can sig-
nificantly affect pulse propagation dynamics, both in the normal but especially in the anomalous dispersion
regimes. The nature of the dynamics is significantly different in the two regimes.@S1050-2947~98!09705-4#

PACS number~s!: 42.65.Re, 42.65.Sf, 42.25.Fx
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I. INTRODUCTION

Many recent studies have demonstrated that pulse s
ting occurs inx (3) media for optical pulses with powers be
yond the self-focusing threshold@1–4#. Here we show that
self-steepening~SS! and self-frequency shifting~SFS! can
suppress pulse splitting as it shocks the trailing edge of
pulse and introduces a low frequency spectral componen
a pulse in the anomalous dispersion regime@where very nar-
row temporal features are created due to the interplay
tween group velocity dispersion~GVD! and self-focusing#.
In the normal dispersion regime~where narrow temporal fea
tures are not produced!, SS and SFS are significant effec
only for extremely short input pulses; in this case SS a
SFS do not suppress pulse splitting in time or transve
spatial dimensions; rather, a shock at the trailing edge of
pulse is initially produced, spatial and temporal pulse sp
ting occurs, eventually enhancement of the leading pulse
sults, and a high frequency tail and a low frequency spec
component are generated. The amplitude of the lead
pulselet becomes larger than the trailing pulselet. SFS
hances the effects introduced by SS and also shifts the
quency of the pulse. The effects of SS have been well s
ied in one spatial dimension~i.e., optical fibers! @5–8# where
the transverse spatial dimensions are eliminated due to tr
verse mode constraints. There it was shown that the eff
of GVD to some extent wash out the shock front in bo
normal and anomalous dispersion regimes for 1D propa
tion ~we shall see that in 3D, before pulse splitting occu
the effects of the shock term are still readily apparent!. Here
we study the effects of SS and SFS for pulse propagatio
bulk dispersive media where the transverse dimensions re
in diffraction, a prominent aspect of the propagation. W
consider the high intensity regime above the threshold
spatial pulse splitting@4#. Recall@4# that above the threshol
for self-focusing, there are two separate thresholds for p
splitting. The lower pulse splitting threshold is for tempor
pulse splitting~for diffraction length smaller than dispersio
length!, wherein the pulse splits apart in time. The high
pulse splitting threshold is for temporal and spatial pu
splitting. We consider here energies above the second thr
old ~i.e., the spatial pulse splitting threshold!. However, even
for intensities above the temporal pulse splitting thresh
but below the spatial pulse splitting threshold, SS and S
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can affect short pulse propagation dynamics in a similar w
The propagation equation for the slowly varying envelo

of the electric field~SVE!, AW (xW ,t), can be derived by differ-
entiating it with respect to the position coordinate in t

direction of the central wave vectorKW 0, sW05KW 0 /uK0u, which
we choose to be along the space-fixedz axis @4,9–11#. For
linearly polarized light,
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wheregNL52px (3)v0 /„n(v0)c… and tR is the decay time
of the Raman gain (tR' 5 fs!. The last three terms on th
right-hand side of Eq.~1! are the self-focusingx (3) nonlinear
term, which gives rise to self-phase modulation~SPM!, the
self-steepening term, and the self-frequency shifting te
respectively. Hereb1 is the inverse group velocity,b2 the
group velocity dispersion,b3 the third order dispersion,gxx
the Fresnel diffraction coefficient, andg txx the coefficient of
the mixed space-time third order term that accounts for
spherical nature of the wavefront surface of a pulse origin
ing from a point source@10#. For a cylindrically symmetric
pulse of widthw0, or for a pulse whose transversey dimen-
sion is large and can therefore be ignored, Eq.~1! can be
written in terms of the following lengths~the smaller the
length, the more important the corresponding term in
PDE!: diffraction length LDF5gxxw0

2/25pw0
2/l0, where

gxx5c/„n(v0)v0…, dispersion lengthLDS5t0
2/b2, third or-

der dispersion lengthLTOD5t0
3/b3, third order dispersion-

diffraction length,LDSDF5t0w0
2/g txx , nonlinear lengthLNL

5(gNLuA0u2)21, whereA0 is the initial pulse peak ampli-
tude, the SS lengthLSS5v0t0(gNLuA0u2)21, and the SFS
lengthLSFS5(t0 /tR)(gNLuA0u2)21. Clearly, ast0 decreases
and uA0u2 increases,LSS and LSFS decrease~SS and SFS
become more important!. The propagation equation can b
written explicitly in terms of these length scales as follow
4791 © 1998 The American Physical Society
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FIG. 1. Pulse intensity versusx andct for various propagation distancesLz ~in mm! as indicated next to the label, for the anomalo
dispersion regime.
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FIG. 2. Pulse intensity versusx andct for various propagation distancesLz ~in mm! as indicated next to the label, for the anomalo
dispersion regime without SFS and SS.
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FIG. 3. Power spectrum versusdv/c5(v2v0)/c andKx . ~a! and ~b! correspond to Figs. 1~b! and 1~d! and ~c! and ~d! ~without SFS
and SS! correspond to Fig. 2~a! and 2~d!, respectively.
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Here we have gone to a frame moving with the pulse~trans-
forming z⇒z2t/b1) to eliminate theb1 term from the
propagation equation. The relative importance of each of
terms in the equation is determined in inverse proportion
the size of the corresponding length scales.

In what follows we consider pulse propagation in sili
(SiO2). For presentation purposes, we take they transverse
width to be very large and plotuA(x,z,t)u2 vs x and ct for
various propagation distancesLz in the frame traveling with
e
o

the group velocity, and the Fourier transformuA(Kx ,v)u2

versus (v2v0)/c andKx .

II. ANOMALOUS DISPERSION REGIME

We choose the following pulse parameters in the anom
lous dispersion regime: central wavelengthl051400 nm,
temporal pulse durationt0566 fs, initial spot sizew0
540l0 ('56mm!, and intensity 6.031010 W/cm2. The
length scales for these parameters are as follows:LNL
52220mm,LDF 5 7040mm,LSFS5 4.933104 mm,LSS

5 2.03105 mm, uLDSu 5 6.93105 mm,LDSDF5 8.63105

mm (LDS is negative since in the anomalous dispersion
gime b2,0). Figure 1 shows the pulse propagation dyna
ics as a function ofLz . The maximum propagation distanc
shown isLz59.23103 mm, which is smaller thanLSFS and
LSS. Nevertheless, because of the decrease in the temp
duration of the pulse in the anomalous dispersion regime
to the interplay between GVD and SPM, and because
peak intensity of the pulse increases, the propagation
tance over which SFS and SS become significant is actu
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FIG. 4. Pulse intensity versusx and ct for various propagation distancesLz ~in mm! for a very short pulse in the normal dispersio
regime including only the SPM nonlinearity~without SFS and SS!.
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smaller than the estimates given byLSFS and LSS. Without
SS and SFS~see Fig. 2!, self-focusing of the pulse occurs
and eventually the pulse splits in time into three pulse
with the central peak having an extremely short pulse du
tion. This central peak ultimately splits apart in the tran
verse spatial dimension@11#. Upon including SS, the trailing
s
-

-

edge of the pulse becomes shocked, the peak intensity o
pulse is increased, and the peak of the pulse moves tow
the trailing edge of the pulse. SFS serves to transfer pho
to lower frequency, and the lower frequency photons tra
slower in the anomalous dispersion regime. Hence the le
ing edge of the pulse is suppressed relative to the trai
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FIG. 5. Pulse intensity versusx andct for various propagation distancesLz for a very short pulse in the normal dispersion regime witho
SFS~with SPM and SS!. Propagation distances are the same as in Fig. 4.
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edge of the pulse because of both SS and SFS. Pulse bre
following self-focusing of the incident pulse is therefo
strongly suppressed.

Figures 3~a! and 3~b! show the power spectrum
uA(Kx ,v)u2 corresponding to Fig. 1~b! and 1~d!, respec-
tively, and Figs. 3~c! and 3~d! correspond to Figs. 2~b! and
kupFig. 2~d!. Without SS and SFS, a pedestal develops aro
the central peak inv-Kx space. With SS and SFS, the pe
estal becomes distorted, destroying the near symmetry~near
because of the small TOD! around the central frequency, s
that the lower frequency portion becomes more intense.
higher frequency feature, due to SS, is stretched over a w
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FIG. 6. Pulse intensity versusx andct for various propagation distancesLz for a very short pulse in the normal dispersion regime witho
SS ~with SPM and SFS!. Propagation distances are the same as in Fig. 4.
n

k
io

be
spectral range and is less intense than the low freque
feature, due to SFS. This is analogous to the 1D case@5#.

III. NORMAL DISPERSION REGIME

We now consider the normal dispersion regime and ta
l05800 nm. We consider an extremely short pulse durat
cy

e
n

since only then we expect the effects of SFS and SS to
evident in this regime. We taket0510 fs ~although qualita-
tively similar effects are present at 15 fs!, w0

520l0(16 mm), and an intensity of 9.7531011 W/cm2.
The length scales are as follows:LNL5333 mm
,LDF 51000mm,LSFS51111mm,LDS55511mm,LSS
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FIG. 7. Pulse intensity versusx and ct for various propagation distancesLz for a very short pulse in the normal dispersion regim
~including SPM, SFS and SS!. Propagation distances are the same as in Fig. 4.
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57867mm,LDSDF53.233104 mm,LTOD53.643104 mm.
Note that DSDF~and TOD! are not entirely negligible for
such a short pulse. In the series of Figs. 4–7 we show
pulse propagation dynamics as a function of propagation
tanceLz in the normal dispersion regime. First we includ
only SPM~Fig. 4!, then SPM and SS~Fig. 5!, next SPM and
e
s-

SFS~Fig. 6!, and finally we include all three nonlinear term
~Fig. 7!. The maximum propagation distance shown isLz

53300 mm. SPM due to the nonlinear polarization is stro
gest at the center of the pulse~small t and x) and self-
focusing results~Fig. 4!. GVD spatially separates the differ
ent colors in the pulse, broadening the pulse apart in ti



57 4799EFFECTS OF SELF-STEEPENING AND SELF- . . .
FIG. 8. Power spectra versusdv/c5(v2v0)/c andKx . ~a!, ~b!, and~c! correspond to Figs. 4~a!, 4~b!, and 4~e!, and~d!, ~e!, and~f!
correspond to Figs. 7~a!, 7~b!, and 7~f!, respectively.
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The pulse then breaks apart in time and forms two pulse
that are of different intensity due to the third order dispers
and the dispersion-diffraction terms@see Fig. 4~c!#. Shortly
after temporal pulse splitting occurs, satellite peaks fo
The two additional satellite peaks centered att50 and non-
ts
n

.

zero x are due to SPM and they are present even in
absence of SS and SFS@4# @see Figs. 4~d!–4~f!#. For pulses
propagating in fibers~1D propagation! in the normal disper-
sion regime, SS shocks the trailing edge of the pulse
delays the peak of the pulse so that it is nearer the trai
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FIG. 9. Power spectra versusdv/c5(v2v0)/c andKx with ~a! only SPM,~b! SPM and SS,~9! SPM and SFS, and~d! SPM, SS, and
SFS for a propagation distance ofLz5 . . . mm.
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edge of the pulse. In contradistinction, SFS shifts the
quencies of the photons in the pulse to lower frequencies
a stimulated Raman downshifting mechanism, and the lo
frequency photons have higher velocity in the normal disp
sion regime. The peak of the pulse is advanced in time
comparison with the dynamics obtained by including on
SPM. The SS scenario calculated here is strongly affecte
dispersion. Initially, the peak of the pulse is somewhat
tarded by SS, but as self-focusing at the center of the p
develops, population shifts from the initially shocked trailin
edge towards the front of the pulse, enhancing the inten
of the newly created leading pulselet@Figs. 5~c!–5~f!#. SFS
enhances the leading edge of the pulse even at the begin
of the propagation@see Fig. 6~b! and compare with Figs. 4~b!
and 5~b!# and enhances the leading pulselet once it has b
created@Fig. 6~c!#. The enhancement of the leading edge
the pulse is due to the shifting of the frequencies towa
lower frequency components by the stimulated Ram
downshifting. Interplay of all the nonlinear terms furth
suppresses formation of the trailing pulselet, and at the s
time suppresses the two off-axis satellite peaks~Fig. 7!.
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Figures 8~a!–8~f! show the power spectrauA(Kx ,v)u2
corresponding to Figs. 4~a!, 4~b!, and 4~e!, and Figs. 7~a!,
7~b!, and 7~f! ~i.e., the first three frames are without SS a
SFS, and the last three are with SS and SFS!. In both cases,
the central peak in the Fourier domain atdv5Kx50 slowly
evolves first forming a pedestal@Figs. 8~b! and 8~e!# and at a
later stage forming an annular ring around the central pe
Next the ring deforms as shown in Figs. 8~c! and 8~f! into the
spectral features at both lower and higher frequency, and
side peaks atKx5” 0. In Fig. 9 we show the power spectr
with only SPM @9~a!#, SPM and SS@9~b!#, SPM and SFS
@9~c!#, and finally SPM, SS, and SFS@9~d!# for a propagation
distance ofLz5 . . . mm. SS sharpens the low frequenc
peak, and evidently broadens the high frequency compon
forming a long tail at the high frequency edge. This tail
analogous to the 1D case where an ancillary frequency c
ponent to the blue of the central frequency is created@12#.
SFS damps the high frequency structure, strongly enhan
the low frequency structure, and moves it towards ev
smaller frequencies@Fig. 9~c!#. The evolution under the com
bined effects of SPM, SS, and SFS leads to the struc
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FIG. 10. dv(xW ,t) @in units of (ms!21# vs x andct for various propagation distancesLz in the normal dispersion regime.~a! and~b! are
the local instantaneous frequency shifts corresponding to the intensities shown in Figs. 4~b! and 4~d! ~without SS and SFS! and~c! and~d!
correspond to Fig. 7~b!, and 7~d! ~with SS and SFS!, respectively. The propagation distance for~a! and~c! is 1.1 mm and for~b! and~d! is
2.2 mm, respectively.
is

F
c
e

c
o
n

e
ns
i

e

-

ocal
of

lts

D
du-

the
ear
lse

fre-
pa-
s in
shown in Fig. 9~d!, where the lower frequency structure
enhanced and dowshifted relative to Fig. 9~a!, and the high
frequency structure is broadened and damped relative to
9~a!. This is consistent with what we see in the real spa
The strongly enchanted low frequency peak in the pow
spectrum is detuned below central frequencyv0 and is a
counterpart of the temporarily advanced peak in real spa
The peaks at finiteKx are due to self-focusing and are ass
ciated with the two additional satellite peaks in positio
space.

The dynamics described here are robust in the senc
generally occurring in a wide range of parameters for inte
short pulses, both in the normal and anomalous dispers
regimes.

IV. OPTICAL PHASE

Additional information can be obtained by monitoring th
phasef(xW ,t) of the SVE defined by the equationA(xW ,t)
5uA(xW ,t)uexp„if(xW ,t)…. We shall plot the instantaneous lo
cal frequency shift from the central frequencyv0, which is
ig.
e.
r

e.
-

of
e

on

directly related to the optical phase. The instantaneous l
frequency shift is defined as the negative of the derivative
the optical phase with respect to time@13#:

dv~xW ,t !52]f~xW ,t !/]t52ImS ]A~xW ,t !/]t

A~xW ,t !
D . ~3!

Figure 10 showsdv(xW ,t) vs x andct for various propagation
distancesLz in the normal dispersion regime. The resu
with @Figs. 10~a! and 10~b!# and without SFS and SS@Figs.
10~c! and 10~d!# show the linear frequency chirp due to GV
and the nonlinear chirp arising due to the self-phase mo
lation. The increase of the~almost-linear! frequency chirp
with increasing propagation distance is clearly evident in
results both with and without SFS and SS. The nonlin
chirp shifts the frequencies at the forward edge of the pu
to lower frequencies and the backward edge to higher
quencies. The increase of the chirp due to SPM with pro
gation distance is also evident. SFS shifts the frequencie
the leading edge of the pulse to even lower values@i.e.,
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FIG. 11. dv(xW ,t) @in units of (ms!21# vs x andct for various propagation distancesLz in the anomalous dispersion regime.~a! and~b!
are the local instantaneous frequency shifts corresponding to the intensities shown in Figs. 2~b! and 2~d! ~without SS and SFS! and~c! and
~d! correspond to Fig. 1~b! and 1~d! ~with SS and SFS!, respectively. The propagation distance for~a! and~c! is 4.1 mm and for~b! and~d!
is 7.5 mm, respectively.
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dv(xW ,t) becomes more negative at the leading edge of
pulse#, although this is difficult to see from the perspective
the figure, and SS changesdv(xW ,t) at the trailing edge of the
pulse so as to be more positive there. This results in a st
ening of the pulse at the trailing edge. Figure 11 is similar
Fig. 10, except for the anomalous dispersion regime. H
GVD is of opposite sign relative to Fig. 10, and the GVD
relatively weaker than the chirp due to SPM, and is theref
difficult to see in the figure. The nonlinear chirp shifts t
frequencies at the forward edge of the pulse to lower
quencies and the backward edge to higher frequencies.
sharp ancillary features in the frequency chirp evident
both Figs. 11~b! and 11~d! ~easiest to see in the contou
plots! are not present initially but begin to gradually devel
as the propagation proceeds. These features are asso
with the pulse breakup process.
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V. CONCLUSIONS

To summarize, we have shown how self-steepening
self-frequency shifting can affect pulse propagation dyna
ics, both in the normal but especially in the anomalous d
persion regimes. In the anomalous dispersion regime,
trailing edge of the pulse becomes more intense due to
and is shocked due to SS, and pulse breakup is stro
suppressed. In the normal dispersion regime, SFS shifts
frequency of the pulse to lower frequencies, and these lo
frequencies travel faster, thus enhancing the intensity of
leading pulselet.
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