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Four-wave mixing in Bose-Einstein condensate systems with multiple spin states
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We calculate the four-wave mixingfWM) in a Bose-Einstein condensate system having multiple spin wave
packets that are initially overlapping in physical space, but have nonvanishing relative momentum that causes
them to recede from one another. Three receding condensate atom wave packets can result in production of a
fourth wave packet by the process of FWM due to atom-atom interactions. We consider cases where the four
final wave packets are composed of one, two, three, and four different internal spin components. FWM with
one or two-spin state wave packets is much stronger than three- or four-spin state FWM, wherein two of the
coherent moving Bose-Einstein condensate wave packets form a spin-polarization grating that rotates the spin
projection of the third wave into that of the fourth diffracted waas opposed to the one- or two-spin state
case where a regular density grating is responsible for the diffractaiculations of FWM fof’Rb and®*Na
condensate systems are presented.
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[. INTRODUCTION ferent from the one- or two-spin state case. In particular, the
nonlinear coupling strength of the former depends on differ-
The realization of Bose-Einstein condensati®EC) of  ences of scattering lengths, greatly reducing the fourth wave
dilute alkali-metal gases has created considerable interest ﬁbnerated by FWM. In this latter case the grating is no
the field of nonlinear atom optics. In a BEC, pairwise atomiqonger a density grating but a spin-density grating, i.e., a
collisions whose strength is characterized by the two-bodypin-polarization grating, and the diffraction process rotates
s-wave scattering length gives rise to a nonlinear interac- the spin projection of the third wave packet into that of a
tion that can produce four-wave mixit§WM) phenomena. fourth diffracted wave packet. This is in analogy with the
The FWM process allows one to study a variety of phenomsityation in nonlinear optics wherein FWM of light waves
ena ranging from Bose stimulatiqd—3], elastic scattering can occur in nonisotropic media thereby producing a fourth
loss to empty modepd], entanglement and correlatiof|,  wave by the scattering of one of the input waves from a
and squeezing. The first experimental demonstration Ofolarization grating created by the two other input waves,
FWM of matter waves was reported by Deegal. [1] and  rather than a refractive-index grating created by the two
involved four BEC wave packets in identical internal spin gther input waves.
states. The theory of single spin matter-wave FWM was de- Thijs paper is organized as follows. Section Il provides a
veloped in Refs[2,3,6,7. But FWM is also possible for general description of the process of FWM of multispin
different internal spin stately’], where spin exchange colli- Bose-Einstein condensates including the Bragg output cou-
sions may be involved. pling technique for generating high momentum wave pack-
This paper makes predictions about the strength of thets. Wwe review general multispin wave packet coupled equa-
signal in multiple spin FWM experiments using a mean fieldtions of motion within the slowly varying envelope
theory with arbitrary internal spin BEC matter wave paCketSapproximation(SVEA) and formulate phase matching con-
including both elastic and inelastic loss processes. FWM cafitions for multicomponent spin systems. Section IIl de-
occur in BEC systems containing one, two, three, or fourscripes calculations for specific cases of two-, three-, and

different internal spin components. With one- or two-spinfoyr-component cases. Finally, Sec. IV gives a short sum-
states, the process of FWM is analogous to Bragg diffractionnary and conclusion.

of matter waves off a density grating formed by two of the
moving BEC wave packets, from which the third wave
packet can scatter to produce a fourth wave. We show that
the three- or four-spin state case is phenomenologically dif- A. Creating a moving BEC wave packet: Initial conditions

II. THEORY

Figure 1 schematically shows the process of creating

moving BEC wave packets via Bragg scattering wherein two
*Present address: Computer Sciences Corporation, 4090 S. Msets of Bragg laser pulses create two moving daughter wave
morial Pkwy MS-918, Huntsville, AL 35815, USA. packets from an original condensate wave packet. Two laser

1050-2947/2004/13)/0336068)/$22.50 70 033606-1 ©2004 The American Physical Society



BURKE et al. PHYSICAL REVIEW A 70, 033606(2004)

k, and what remains of the initial BEC, are the three nascent
[Fy:M,> wave packets that participate in the FWM process.
The duration of the Bragg pulses is taken to be short
(microsecond time scaleompared to the mean-field evolu-
IF .M. > IFuM>  |F M. IFyM,> tion of _th_e BEC(typically hundreds of _microsecon)dsAs a
k, k, k1e@ @%k3 result, it is easy to ensure conservation of energy and mo-
mentum in the Raman process that produces Bragg scatter-
ing. The whole momentum distribution of the initial BEC
%F“ M, >

e IF,,M,>

can therefore participate in the Bragg scattering process if

9 the Bragg pulses are sufficiently short. We therefore use a

t=0 fe 1 ms “copy” approximation for the initial conditions of each
slowly varying envelope created by Bragg scattefid@,9d.

FIG. 1. Bragg scattering at tinte-0 creates two moving daugh- When the temporal widths of the Bragg pulses are suffi-
ter wave packets from the original parent condensate. In the centegi€ntly short so that the spectral widths of the Bragg pulses
of-mass frame in position space, shown in the figure, all three wavéovers the whole range of velocities within the condensate,
packets are moving with momenta of magnitudé| related to the ~ the copy approximation is an excellent approximation. The
photon recoil energy. The nonlinear interaction of the three initiallythree nascent wave packets can be representeb, (&s0)
created wave packets generates a fourth wave packet moving in they/N,(0)/NWy(x,t=0), for r=1,2,3 attime t=0, ®4(x,0)
direction satisfying phase-matching criteria. &t1 ms the four =, whereW(x,0) is the spatial component of the initial
wave packets with spin statds;,M;), j=1,2,3,4,have moved  waye functionN is the total number of atoms, atg(0) is
away from one another. the initial number of atoms in theh component. Before the

Bragg pulses are applied, all the atoms are in the same inter-
pulses of central frequenay and w+ 5 and wave vectok, | spin state. If the Bragg pulse sequence triggering the
andk, s incident on a gas of Bose-condensed atoms imparg\w\ process is associated with a change in the internal spin
a well defined momentum “kick” to the atoms. We assumegiate of the atoms, the daughter wave packet has not only a
that the frequency is close to resonance with an atomic gifferent momentum from the parent, but also a different
transition, and the detuning frequendyis very small cOm-  jnteral spin component. It is essential that the Raman de-
pared withw. The frequencyw is chosen to be close t0 an yning from the excited hyperfine state is smaller than the

allowed atomic transitiortdetuned by gigaherizand 6 for v herfine splitting in order for Bragg pulses to change the
the pulse of central frequenay+ 6 is chosen to be in the jqiarnal spin state.

kilohertz range. The angle between the propagation direc-

tions of the light pulses i® (#=180° corresponds to the

counterpropagating pulsedVe consider a parent condensate B. SVEA equations
W'th atoms in a smgle_mternal spin staf§, M;). A set of .. Our zero-temperature theoretical model for FWM in-
optical light pulses incident on the parent condensate with

average momenturtP,)=0 can Bragg scatter atoms via Ra- volves condensate dynamics described by the Gross-
9 o 99 . Pitaevskii equatiofGPE) [10]. We start our analysis of dif-

) Yerent multispin component FWM processes by deriving a
a new daughter wave packet with momentyR=fi(K, gt of coupled GPEs for all the wave packets participating in

~Ka+s). This process is associated with absorption of 0ngne process. The Hamiltonian of the system in the second
photon from the first pulse and stimulated emission of ON&uantization can be written as

photon into the second light pulse. This is a resonant transi-

tion and occurs only if conservation of energy and momen- ~ +

tum are satisfied simultaneously. If the resulting velocity ac- H= Ea Vo)X O[T+ VX DIW (X, f)dx
quired by the atom is large compared to the speed of sound

in the condensate, the dispersion relation is quadratic, and 1 + to, ,
conservation of energy giveds=P?/2m+Eg . ~Er ., +§a§y§ W)W (X" DU g, y6(X = X')
wherem is the atomic mass, and the subscriptndi indi- " ', ,

cate the final and initial states, respectively. Conservation of XWX, )W s(x, )dxdx”, (1)

momentum yields the relatioP=2fk sin(6/2), wherek here the subscripta, 8, v, 8 denote different spin compo-
=2w/c; the atomic recoil momentum equals the differencegnis T =—(h2/2m)V2 is the kinetic energy operatov(x, t)
between the central momenta of two pulses. It is often CONg an exxternal pote)r(wtial imposed on the atoms ’M'(d

venient to specify thg velocr[y of the Bragg sgattered atoms_x,) is the interaction between particles, which for the dilute
in units of the recoil velocityvg=7%k/m (which equals

2.9 cm/s for*®Na). The intensity and duration of the optical Bose gas is conventionally taken to be of contact form,

pulses determine the number of atoms that receive the recoil
“kick” by undergoing the Raman process. The spin polariza- Uag,ys
tion and detuning of the lasers determine the final internal
spin state|F;,M). Two different sets of Bragg pulses are Herea,; ;s is thes-wave scattering length for the multispin
used to create two separate daughter wave packets. These|lision procesgsee belowandm is the atomic mass. The

2
(x=x) = 2T 280 ) @
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operators¥ (x,t) satisfy equal time bosonic commutation obtained from symmetrized scattering matrix elements, as
relations described by Stooét al. [12].
, . ‘0, The interaction of the atoms with an external trapping
[Va(x,0,Wp(X" )] =[P, (x,1), ¥p(x,)]=0,  (3) field, which could be magnetic or optical, results in a har-
monic oscillator potentiaV,(x,t) for each spin component.
[\Pa(x,t),\lf};(x’,t)] = 0(X = X") Op- (4) We allow for a time dependence of the potential in order to

account for the turning off of the trapping field in the experi-
The Heisenberg equations of motion for dil,(x,t) fields ments we model. g pping P

can be obtained by taking the commutator with the Hamil-  \yie consider only the case of zero or extremely weak
tonian(1). We consider the case when the total wave funCyagnetic field, such that the magnetic Zeeman shift is very
tion consists of four wave packets moving with different cen-g 5| compared to the recoil energk?/2m. In this case

tral momenta P =%k,,r=1,...,4. Within a mean-field ,55uming that the kinetic energy associated with the Bragg
approximation we decompose the total wave function intoyicks” is much larger than the chemical potential of the

separate wave packets, centered about monfgnta condensate, the momentum and energy conservation condi-
4 tions have the form
P(x,t) =, @, (x,Hexpik, - x —iowt)|q;, (5) K +kq—ks— k=0, (7)
r=1
where therth wave packet with internal spia, and mean kZ+ kK~ k5~ k=0 (in the c.m. framg. (8)

Kinetic energyﬁwr:ﬁzkf/Zm, d,(x,1), is the slowly varying
envelopa SVE) of packetr, 7k, is the central momentum of
packetr, and |a)=|F,,M,) labels the internal atomic spin
state of the wave packet

Each of the indices, q,s,t may take values between 1 and 4.

If there were a non-negligible Zeeman splitting in the ener-

gies of different spin components, then the energy conserva-

o . . tion condition would need to be modified to take into ac-

b Ukp_or: Stﬁbsé'ggng ﬁlhe t.SVEt expanS|c|Jtr_\ lfdf InbE?H (5) _count the energy released in the inelastic scattering process.
ack into the , collecting terms, mutliplying by the com-, general, one would expect the prospects for FWM to be

plex conjugate of the appropriate phase factors, and n.eglec reatly diminshed if the packets have large relative veloci-

ing all terms that are not phase matched, thereby making t s,

slfowly v?ré/mg en\t/_elopefapptrhoxmlanclir?o], we .obtam a lset Given our assumption of zero magnetic field, E@3.and

% COUp_I?h g(\q/uEa'lAlons or the slowly Vary";]g enve Opes(8) are automatically satisfied in two casés:r=q=s=t (all
((r,1). The was necessary to restrict the momentun] dices are equal or (b) r=s+# g=t (two pairs of equal in-

components only to those ground the qentral momgntum iceg. The corresponding terms describe what is called in
each of the wave packets in the numerical calculation; othy,,njinear optics self- and cross-phase modulation terms re-
erwise, the momentum range would have been too large tQpectively. The self- and cross-phase modulation terms do
treat num_encal!y. Solving for the S\./E. allows efﬂmgnt NU- 1ot involve particle exchange between different momentum
merical simulations and helps in painting a clear picture OIJc1omp0nents. They modify both the amplitude and phase of
the process since it separates out explicitly the fast oscnlatfhe wave packet through the mean-field interaction.
ing phase factors representing the central momentitn Particle exchange between different momentum wave
The SVEs®,(x,t) vary in time and space on much longer 5 yets occurs only when all four indices in the last term on
scales tha_n the phases. The multicomponent SVEA equationge right-hand side of Eq6) are different. In this case, sat-
can be written as isfying the conservation of momentum and energy is not au-
9 i 52 tomatic. FWM can be viewed as a process in which one
—+(-v,) -V + —(— —V2+Vr(x,t))}d>r particle is annihilated in each wave packet belonging to an
at A\ 2m initially populated pair of wave packets and simultaneously
i ) one particle is created in each of two wave packets of an-
- %Nurr,rr|q)r| @, (self-phasg other pair, one of which is initially populated and the other is
) initially unpopulated. Hence, FWM removes one atom from
_t 2 } each of the “pump” wave packegwithout losing generality
\ ﬁN(l+6“ﬁ)S(§r)Urs’rS|CDS| ®; (cross-phase we may call them 1 and)3and places one atom in the
i “probe” wave packetwe will call it wave packet and one
- —Nf,z.5, E ans@;cpscpt (FWM source, at_om in_ the FWM o_utput(_vva_lve packgt A The bo_so_nic
h sta(s#t#q#r) stimulation of scattering mimics the stimulated emission of
(6) photons in an optical medium. The phase-matching condi-
tions are particularly simple in the center-of-mass frame, de-
wherea, 8, 6,y are the respective spin components of wavefined by the conditiong;=ks, k,=k,, andk,=k;. This pic-
packetsq,r,s,t, andf,z 5,=2 if all spin components are the ture is a consequence of the nature of the nonlinear terms in
same[11] (see also Sec. Il A below 1 if there are two or  the four SVEA equations.
four distinct spin components, an@ if there are three dis- For the case of multicomponent FWM, there is an addi-
tinct spin components. We assume here that the scatteringnal degree of freedom that must be included. In this case
lengths that enter into the coupling constants in @j.are  there is a coupling between different internal spin compo-

\
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nents, introducing new selection rules, namely, are for the case when two atoms collide in the internal spin
levels (F1,My), (F3,M3) and with relative angular momen-
Fi=Fa=Fs=F,0rF=F; # F3=Fy, (9 tum ¢,m and end up in the level&,,M,), (F,,M,) with
and additionally relative angular momenturY ,m’. We assume that the col-
lision energy is low enough that onk/waves contribute, so
M1+M3:M2+M4. (10) that€:€,:0, m=m’=0.

To obtain the relevant quantum numbers, first vector

IT?e 'n'??rl‘ wt:?\ve _fgnchog |stonlt3aI|Ened. from the nymerlgal couple thelF;M;) and|F3Mj3) levels to obtain the resultant
solution of the ime-dependen using an imaginary Uimeynqgyjar momentum|F,Fsf,M;+M;) states, then vector

propagation in the presence of the magnetic potef@ialin o ple the relative angular momentuym) to get the total
the FWM experiments we model, after turning off the trap-angular momentum  statefF,F,f, €, F,, M;=M;+Mz+m).
ping potential, the BEC wave packet is allowed to freelyThe desired symmetrizéBmatrix element$12] are given in
evolve for a timeTg before the sets of Bragg pulses areterms of the indicegF,Fsf¢F} and are independent of the
applied to produce three initial wave packets with three dif-projection quantum numbeid;, M3, m, M,.
ferent momenta. To model this, we propagate the initial wave The only significant collisions we need to consider are
packet(in real timg for a period of timeTg to provide the  spin exchange collisions. These are possible only if the fol-
initial condition in Eq.(6). This free evolution causes a spa- lowing selection rules are obeyefl=¢’, m=m’, f=f’, and
tially varying phase to develop across the condensate as M;+M3;=M,+M,; for s wavest=0 andf’=f=F,. The four-
expands in the absence of the trapping potential due to th@ave mixing source term is proportional ta(st— qr)
mean-field interaction. Given the initial condition, the SVEA =-T_ /kg. Using the transformation of-matrix elements
equations can be used to propagate the envelope function @f the total angular momentum bagis4—16, assumingt
each wave packet, using the same numerical method used #¢’ =0, we obtain
propagate the ordinary time-dependent GPE.

a(FiMy,FsM3

C. Nonlinear coupling constants and loss terms — FaM3, FaMy)

. . . 1+5 1/2 1+36 1/2
The goal of this paper is to estimate the number of atoms _ F1F3 FoFy
in the created FWM wave packet in various realizations of T\ 1+68 6y 1+ 8¢ Sy
the multi spin FWM experiments. To accomplish this goal v 24

M3 2My

we must first determine the nonlinear coupling constants X > (FoF4f MMy, My + My)

Ugest for 2Na and®’Rb in theF=1 andF=2 internal spin f

states that appear in the GPE. We performed the calculations X (FrEfIM:MaM. + Ma)a " (F-F E.E

of the strength of the nonlinear coupling constary (k). (FaFaf[MiMs, My 2 (FiFs = FoFa),

which is determined by the following two-body scattering (13

process: where(|) are Clebsch-Gordan coefficients. Clearly four-wave
FaMg) + [FuMp — [Fo. Mg +[Fr,M,), (12) m|x.|ng_|s p055|ble_only if the collisions are energy degener-

ate:F,=F; andF,=F;.
at relative momentunkg=|ks—k. The nonlinear coupling For one- and two-component four-wave mixing, where

constant is defined by, si(Ks) /% =(4mh/m)(=Tq s/ K), M;=M3=M,=M, or M,=M; andM,=Mj, respectively, the
where S=1+2T is the unitary scattering matrix. For the product of Clebsch-Gordon coefficients is positive definite,
elastic collisioncase, and for small values of relative mo- and the sum will be of the same magnitude as the individual

mentumkg, the coupling constant is elements. On the other hand, for three- or four-component
four-wave mixing, there will be terms with the product of the
" Tast ag = Ay~ iBq, (120  Clebsch-Gordon coefficients being positive and terms with
Kst the product being negative. In this case, the scattering length

that controls the FWM source term in E@) will involve
differencesof scattering lengths of comparable magnitudes,
and will tend to be much smaller than for the one- or two-
component case. For example,

—

/ 2
al—lJLalaloz%{d%lrelb—dmﬂle1DL

whereag; is the complexs-wave scatttering lengtfi3]. The
total elastic cross section is given b3é|astic=(1+5st)47T(A§t
+BZ), and the total rate constant for inelastic collisions is
(KE® =g, (Ko)st.qr=(4n/m)Bg. The elastic and inelastic
collisional losses from the moving wave packets can be cal-
culated usingogasiic and K,, as described in Ref4]. We
calculate the varioug\, and B, values for>Na and®Rb
collisions using standard coupled channel models of thresh-
old scattering.

Insight into the nature of the four-wave mixing source
terms can be obtained by using a scattering representation V2. ) )
that is useful at low magnetic field, where the total angular = E[a (12— 12) -a9(12— 12)]. (15
momentumF,=F,+F3+|=f+| of the colliding pair of atoms
is conserved in a collision. The T-matrix elements we neednelastic energy-releasing exchange collisions are possible

(14)

al-1,2-1-10,2-2

[
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TABLE |. Scattering lengthsy, ; in nanometers for the source copy of the parent condensate wave function. This is a good
nonlinear coupling constatt; 3 ,, The scattering lengths are given approximation for Bragg pulses that are in the microsecond
to the nearest 0.01 nm, although these numbers are not necessariggime[9]. We shall consider the case where the initial three
accurate to 0.01 nm. The small numbers, depending on differencagave packets contain an equal number of at¢exsept for
of scattering lengths as in E@15), are, in particular, subject to the case corresponding to the original experimétitsvhere
revision as improved threshold scattering models develop based ahe ratio is 3:7:3

the most recent high quality experimental data. In the center-of-mass reference frame, all the wave pack-
ets (including the new FWM wave pacKetmove with the

Spin states BNa 8Rb same velocity. In the one- and two-spin component cases the
thresholds of the incoming and outgoing collision pairs co-

1 incide, i.e.,Fq+F,=F¢+F. Moreover,M¢ is a good quantum

11,-D1+[1,-D3—|1,-Do+[1,-D)y 2.89 5.63 number in the two-body collision requiringly+M,=Ms

2 +M; for all cases. The three initial wave packets can each be

11,-11+1,005—|1,-1),+|1,0), 289 563 |2r; an ar%itrary internal spin state of the alkali-metal atéon

I1,-D1+2,03— 1, -1,+[2,0 278 551 Na or*'Rb this is eithef==1 or F=2). The FWM process

Bt ' ' preferentially populates the fourth wave packet in a spin state

3 that satisfies the energy and angular momentum projection

11,-D1+[1,D3—[1,0,+[1,0), 0.14 -0.01 constraints.

[2,1)1+]2,-D3—1[2,0,+|2,0, 0.64 0.38 Of all the possible combinations of spin states we can

[2,+21+]2,05—2,1),+]2, 1), 0.78 0.44 start with, we find two distinct classes of combinatiofig:at

4 least two of the three initial wave packets are in the same

spin state, o(2) all three wave packets are in different spin

11, =D1+12,~15—11,005+12,-2)4 0.59 0.09 states. In both cases, the overlap of the coherently moving
[1,-D1+[2,05—1,02+[2,-1y4 0.36 0.06 BEC packets 1 and 2 form a gratieither a density grating
12,1)1+(2,03—2,2,+[2,-14 0.35 0.22 or a spin-density gratingthat 3 diffracts off, producing a

new wave packet 4. In the single spin case the number of
atoms in the fourth wave packet is four times larger than in
only for the case$F Ff}={122}, {220}, and{222 for ®Na  the two-spin case(Ny); spin~4(N4)2 spin €Ven if the scatter-
and®"Rb. For®'Rb, these loss collisions are anomously smalling lengths and initial numbers of atoms for these cases were
[17-19 and we can seB(F;F3)=0. exactly identical. The grating picture that explains the factor
Table | gives our calculated scattering lengths, based off 4 is as follows. For the one-spin state case, wave packets
coupled channel models of threshold collisions, whichl @nd 2 form a grating and wave packet 3 can scatter off the
should be used in th,  coupling constant that gives the 9rating to produce atoms that are in wave packesee Fig.
source term for FWM in Eq(6), i.e., Uy o= 47Taqrstﬁ2/m- 1), andwave packets 2 anq 3 form a grating and wave packt_at
We include several cases f6iNa andsﬁib involvi’ng one. 1 can scatter off the grating to produce atoms that are in

two, threg,_ and four spins. T_he three- an%al;cl)ur—spm casege probability is four times the probability that would be
have significantly larger coupling constants fdva than for obtained were there only one amplitude for producing the

“/Rb, because scattering length differences in @) tend ourth wave. For the two-spin state case, if packénrl3) is
to be much larger for the former case. The imaginary part OL !

: 4 he different spin state, it will scatter off the grating formed

the complex scattering length for the source term is smal y 2 and 3(1 and 3 and form the same spin state in a wave

compared to the real part, even foNa collisions, and is not packet with momenturk,. The gratings are dynamical ones

shown. that change in time as atoms are removed from wave packets
1 and 3 and placed in wave packets 2 and 4.

[ll. RESULT OF CALCULATIONS The s-wave scattering lengths were used to form the non-
linear coupling constantblqryst:477aq,,5[ﬁ2/m, and, in turn,
these were used in our numerical simulations of FWM. Fig-

In the numerical simulations we model a condensate comdre 2 shows the fraction of atoms in the newly generated
prised of magnetically trapped atoms without a discerniblevave packetf,=N,/N, versus the total number of atoms in
noncondensed fraction. We assume trap frequencies ir the the parent condensafe for a number of different FWM
y, andz directions of 84, 59, and 42 Hz, as in REf]. After  processes. We assumed a free expansion (e the delay
the magnetic trap is switched off, the condensate expand$me) of Tz=600 us, as in the experimeii]. The strongest
freely during a delay tim@g. Then the sequence of two sets FWM conversion is obtained fod,-1);+|2,03—|1,-1),
of Bragg pulses creates two moving wave packets 2 and 3 im|2,0), collisions of®’Rb atoms, since this case has the larg-
the laboratory frame, in addition to the initial stationary ests-wave scattering length in the source term. The satura-
wave packet 1. One can change the momentum of the wauion (and even decrease in tA&Rb casg of the FWM frac-
packets by changing the angle between the laser beams uséoh f,=N,/N with increasingN is clear from Fig. 2. The
for the Bragg outcoupling or by changing the laser frequen-origin of this saturation is discussed in RES] and is due to
cies. Our simulations neglect the detailed dynamics duringhe physical separation of the interacting wave packets, back-
the application of the Bragg pulses; instead, we assume thgbnversion from the newly formed wave packet 4, and elas-
after the Bragg pulses are applied, each wave packet is tic and inelastic scattering loss processes.

A. One- and two-spin component FWM
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23
0.15 Na (|1,-1>, +[1,0>, -> [1,-1>, + [1,0>,)
0-05 T T T I T T T I T T T l T T T
0.10 N = N, (1) +N, (1) +N, (1) +N, (t,) = 1.5x10° j
<, i — N,N,N/N° scaling |
< 0.04 -
0.05 T
z 4
Lo 2 00 -
0.00 == L L _
0 1.0x10°  20x10°  3.0x10° .
N 4
0.024- .
FIG. 2. Fractional FWM output versus total number of atdwins B
f4=N4/N, in cases when one- or two-spin components are present b
The simulations were carried out allowing the condensate to expantc 7
for 600 us before applying the Bragg pulses, as in the experiment 003 02 03 04 05
[1]. The solid circles are the experimental results obtainedea N, (t,)/N

|1,-1. In the two-spin component simulations the ratio of atoms in

the three initially populated wave packets are 1:1:1, whereas the FIG. 3. Fractional FWM output versull,(ty)/N. The solid

one-spin component simulation used the experimental ratios ofurve is the result of using the simple model in Ef§6) and the

7:3:7. triangles are the result of calculations. The trap is the same as used
in Fig. 2. The Bragg pulses are applied 36 after the trapping

For reference, we included in Fig. 2 the original data fromPotential is turned off.

the experimen{l]. Comparison of the experimental results
for 2Na |1,-1) with the theoretical results show that at the
highest values oN, the calculated number of atoms in the

—|1,-1,+|1,0, condensate collisions where the free-
expansion timelg between trap off and the Bragg pulses is
FWM wave packet is higher than in experiment. It is pos-300 #S. The velocities of the wave packets in the center-of-
sible that stimulated elastic scattering loss may have to b§'asS frame are indicated in Fig. 4 in units of the recoil
taken into account at largs [4,20,21. velocity UR (recall that the recoil velocity is deﬁned aR
The scaling of the fraction of atom output into the Fwi =7k/mwhich equals 2.9 cm/s fdPNa). The relative veloci-

wave packet withN,(to)/N for N=Nj(to)+Na(to) +Ns(ty) tie;s of Wa\f p;icketls 1 andI 3 or 2 and 4 arﬁ twicebthesfe
=N=1.5x 10f is shown in Fig. 3 for the case di,-1; V& ocities. As the relative velocity increases, the number o

+ ot e 23 atoms in the FWM packet decreases, since the duration of
11,051, D;+[1,0 collisions of Na atoms. Note the wave packet overlap essential to FWM decreases. For

that on the left part of the figurl,(to) =Ns(to) > Na(to), example, for the curve labeled 2Qin Fig. 4 it takes about

while on the right part of the figurdl;(tp) =Na(tg) > Ns(to). P f’ h £ th # g. K

In Ref. [3], we discussed how the fraction of atoms in the500 ps for the centers of the moving wave packets to sepa-

FWM wave packet would scale with the initial number of 2

atoms in the three nascent wave packets. There we showe "Na (L1 +11,0% — 11,-1>, + 11,0, )
how a simple argument predicts that the total FWM output L L L
fraction is given by N = 1.5x10°

VR =2.9 cm/s
N,(t t 2
f4— 4( COI) = flf2f3< tcc:-l) ’ (16)

0.125
0.5vy

0.100

where f;=N;(ty)/N, tco is the time for the wave packets to
separate, anty, is the characteristic nonlinear time scale, 2 9-075
ty.=n/u, wherew is the chemical potential. This is an upper

bound on the FWM output, since the mutual interaction of  0.050
the packets due to the self- and cross-phase modulation terrr

O TTT[TITT[TTTT[TTTT[TTTT[TTTT

(the self- and cross-interaction energy terrasd the elastic 0.025

and inelastic loss processes are not included in the estimats

The curve labeled{;N,N;/N? in Fig. 3 is obtained using Eq. MR B T B
1N2N3 g gEq 0.000 565 =E5 1000

I
(16). It follows the calculated results rather well. Clearly, for ts(gg)
cases wher&dl < 1.5x 1P, one expects that the simple argu-
ment will provide as good an estimate. FIG. 4. Ny(t)/N versust for N=1.5x 10° atoms for various
The dependence of the fraction of atoms in the FWMuvelocitiesfk/m of the wave packets. The trap is the same as used in
wave packet on the velocity of the condensate wave packetg. 2. The Bragg pulses are applied 3p8 after the trapping
is shown in Fig. 4 for the case dfNa |1,-1);+|1,0);  potential is turned off.
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PNa (111>, +11,05,— Na [1,-1> +11,0> ) \
N
0-06 T T l T T T I T T T I T T T 0.8_ -

L N=1.5x10° T.=0ps _
L i 0.6 b
<
- . Z N,
0.04 - =
z | '
Zﬂ'
L 1 N,
L | L | L
0.02} - % 500 1000 1500
L _ t (us)
i T FIG. 6. N(t), Ny(t), Nx(t), N3(t), andN4(t) versust for 87Rb\l,
- 1 —1),+]2,03—]1,-1,+|2,0), collisions withN=1.0x 1f atoms.
ol o 0 Lo 0 1 L 0 The trap frequencies are the same as used in Fig. 2. The Bragg
0 200 t?;?g) 600 800 pulses are applied 60@s after the trapping potential is turned off.

FIG. 5. N,(t)/N versust for N=1.5x 10° atoms for various |1’_ Dit |1'1>3_> |1’0>2+ |l’0>4 1

free.-expansion timese. The trap frequencies are the same as useggn pe thought of as a rotation of the “spin polarization” of
in Fig. 2. wave packet 3 due to scattering off the spin-density grating
formed by the overlap wave packets 1 and 2.
rate by the mean Thomas-Fermi diameter of the initial con- Figure 7 showsN,/N versusN for #Na |1,-1);+|1,1);
densate. The saturation &f/N is evident. For very slow —|1,0),+|1,0), and for #Na |1,-1);+|2,-1)3—|1,0),
relative velocities,N,/N actually begins to decrease with +|1,-2), condensate collisions. Figure 8 shows the time-
time due to backconversion via FWM, as first described independent population fractions for the latter four-component
Ref. [3]. case forN=2.0x 10° atoms. Thes-wave scattering length in
The dependence of the fraction of atoms in the FWMthe source term for the former process as0.14 nm,
wave packet on the free-expansion tifigbetween turning  whereas for the latter proceas 0.59 nm. Taking an angle of
off the harmonic potential and applying the Bragg pulses i20° between the Bragg laser pulses ensures a relatively low
shown in Fig. 5 for the case dfNa |1,-1);+|1,0;—|1,  velocity of #k/m=1 cm/s for the moving packets. This al-
-1),+|1,0)4 condensate collisions when the wave packet velows the packets to remain overlapped long enough to gen-
locity is vg=2.9 cm/s. During the free expansion of the con-erate an observable fourth wave.
densate, a spatially varying phase develops across the parent
condensate, and this phase deleteriously affects the phase IV. SUMMARY AND CONCLUSIONS

matching required for FWM. This has already been dis- e have developed a general theory for describing four-
cussed in the single component studies that were publishegave mixing of matter-waves in arbitrary internal spin states

previously[3]. within the context of a mean-field theory using the Gross-
Figure 6 shows the total number of atoms in all the wave

packets and the number of atoms in each of the wave packets 10" T T

during the FWM half collision versus time for tféRb |1, BNa: [1,-1>+[2,15; > [1,05,4[2,-2>,

-1);+|2,0;—|1,-1),+|2,0), case. A substantial loss of the

condensate atoms due to elastic and inelastic scattering col- 102

lisions occurs, but nevertheless the newly created FWM =

wave packet contains 120 000 atoms after full separation. E*r BNa: [1,-1>,+[1,1>5 > [1,0>, +|1,0>,

This number of atoms can be easily detected. In fact, for all 3

the cases shown in Fig. 2, the generated FWM signal is 10 /' |

strong enough to be detected in real experiments wken v,=1.0cm/s

=1.0x 1C° atoms. 6 =20°
-4 | |

107,

B. Three- and four-spin component FWM 1x10° 2x10° 3x10°
N

FWM is possible with any combination of arbitrary inter-
nal spin states, providelill- is conserved in the elastic two-  F|G. 7. Fractional FWM output versus total number atos
body scattering process. FWM processes cannot be integalculated upon allowing the condensate to expand for &0®e-
preted as Bragg diffraction off density gratings in three- orfore applying the Bragg pulses féfNa |1,-1);+|1,1)3—|1,0),
four-spin FWM. Instead, a “spin-polarization grating” scat- +|1,0), and for>Na |1,-1);+|2,-1)3—|1,0,+|2,-2),. The ini-
ters the atoms, as described above. For example, the foutal ratio of atoms in the three populated wave packets are 1:1:1.
mixing output(packet 4 in the process The trap frequencies are the same as used in Fig. 2.
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smaller than the one-spin state case by a factor of about 4
due to the coherent addition of two amplitudes for scattering
off the density gratings formed in the one-spin case, whereas
only one scattering amplitude occurs for the two-spin state
case. FWM with three- or four-spin states is generally a
much weaker process; in the three- or four-spin state cases,
the coherently moving BEC wave packets form a polariza-

0.1 2 -2 7 tion grating(a spin-density gratingthat rotates the spin pro-
T jection of the diffracted wave.
% 1650 5050 3000 Calculations of multicomponent FWM féfRb and®*Na
t (us) condensate systems have been presented. In these calcula-

tions the three- and four-spin state FWM output signals are
FIG. 8. Ny(t), Ny(t), Na(t), and N(t) versust for N=2x 10° lower by roughly an order of magnitude than for one- and
atoms and®®Na |1,-1);+|2,-13—|1,0),+|2,-2,. The trap fre- two-spin state FWM cases. The reduction is due to the much
quencies are the same as used in Fig. 2. The Bragg pulses agenaller source term for FWM in the three- and four-spin
applied 600us after the trapping potential is turned off. state cases, since the coupling strength involves differences

. , ) i _of scattering length§see Eq.(15)] of comparable magni-
Pitaevskii equation. The slowly varying envelope approxi-y,des.

mation is used to write separate equations for each of the

condensate wave packets. The atom-atom interactions of the

BEC atoms result in both the mean-field interac_tion terms, ACKNOWLEDGMENTS
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