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Momentum transfer to and elementary excitations of a Bose-Einstein condensate
by a time-dependent optical potential
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We present results of calculations on Bose-Einstein-condef{&itlatoms subjected to a moving standing-
wave light potential of the fornv (z,t) =V,(t)cos@z— wt). We calculate the mean-field dynamigke order
parameter of the condensate and determine the resulting condensate momentum in dhection,
P,(d,0,Vo,t,), whereV, is the peak optical potential strength angdis the pulse duration. Although the
local-density approximation for the Bogoliubov excitation spectral distribution is a good approximation for
very low optical intensities, long pulse duration and sufficiently large values of the wave geatdhe light
potential, for smallg, short duration pulses, or for not-so-low intensities, the local-density perturbative de-
scription of the excitation spectrum breaks down badly, as shown by our results.
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[. INTRODUCTION excitation process. We also find that a local-density Bogoliu-
bov description is not valid for small wave vectags We
Elementary excitations of a Bose-Einstein condensateélescribe the nature of the higher-order processes and their
(BEC) can be explored with matter-wave interference studiesnfluence on the momentum and energy of the BEC excita-
using two-photon Bragg pulse spectroscopy-10). In such  tion. We show how the simple Bogoliubov picture of the
studies, the momentum imparted to the BEC by a Ramanexcitation is modified over a range of momentum transfers
scattering process can be studied as a function of the tempgnd excitation energies due to higher-order light-scattering
ral duration of the optical pulses,, the detuning of the processes, finite BEC size, and inhomogeneity effects.
Bragg pulses from atomic resonancg, the intensity of the We consider Bose-Einstein-condens&&b atoms in the
Bragg pulses, the difference of the Bragg pulse wave vectorgF=2Mg=2) hyperfine state confined in a harmonic-
(which is denoted by the wave vectg), and the difference oscillator potential, an array of optical traps and a gravita-
o of the central frequency of the two laser pulses. In thetional field, and use parameters similar to those used in ex-
linear-response limit, the response of the BEC to a wealperiments carried out at the Weizmann Instit{ii®]. The
perturbation with wave vectay and energyiw is given in  initial BEC is cigar shaped witthN=10° atoms in a static

terms of the dynamic structure facts(q, ) [11], harmonic trap potentiaV/,(r) = (Mw3/2)z2+ (Mw; ,/2) (x*
+y?) with frequenciesw,=27x 25 Hz andw, ,=wx= wy

1 _ —_ 1/3_
W)= — e BEnl(ml So.Ind28( w— o =2wX220 Hz [0=(woyw,)"=27X106 HZ. The
Sae)=3 gﬁ [(ml dpglm) =80 = omy, (1 Bragg pulses propagate with wave vectkgsandk, in the

x-z plane with angles- 6/2 relative to thex axis. The central

whereB=1kT, i wyn,=En—E, is the difference of two en- frequency of one pulse is greatgr than that of the other,
ergy eigenvalues of the BEC, the density fluctuatiyny is ~ @2=@1— o, and the frequency difference is controlled
induced by a perturbation with wave vectpand frequency Using an acousto-optic modulator. The electric field takes
w that oscillates likee'(@"=“Y  and Z is the usual partiton the form E(t)=E;(t)exdi(k;-X— wt) + Ex(t)expli(kz- x
function. The momentum imparted to the BEC by the light — @2t), with lin || lin configuration for the field polarizations
potential and its dependence on the wave veqtand fre- and equal intensities for the two Bragg pulses. When the
quency w can be directly related to the structure factor Bragg pulses are switched on, the atoms are trapped at the
S(g,») and to the Bogoliubov dispersion relatioBg(q) gntlnodes.of a vertically orleqted, red-detuned optical mov-
versusq [12]. The excitation modes of a BEC have beening standing wave; the antinodes are separatedAlzy
measured 13,14 and can be directly related ®(q,w) and ~ =M/[2sin@2)]. The momentum transferred to an atom
Eg(q). The momentum transferred to a BEC by a movingUPon absorbing a photon from the field with wave vedtor
standing-wave light potential has also been directly mea2nd emitting a photon with wave vectip is given by#q
sured over a wide range @of and w [7,9,10, and it is of =7%(k;—k;)=%Aqz, where iq=27hk,,sin(@/2), and %ikpyp,
interest to calculate the momentum transfer vergasd © =2mh/N is the photon momentum. Hede=780 nm is the
so that the calculations can be compared with experiment. central wavelength of the Bragg pulses. The light potential
Here we report on the results of calculations of BEC ex-experienced by the atoms in the BEC as a result of the Bragg
citation by Bragg pulse spectroscopic techniques to obtaipulses is given byV (z,t)=Vy(t)cosqz—wt). The well
the momentum transfer versgsand o for weak and strong depth of the optical potentiaV/y(t) is proportional to the
optical excitations. We find that, even with what is ordinarily intensity of the Bragg pulses and inversely proportional to
considered weak intensity Bragg pulses, processes that afiege  detuning from resonance, A, i.e., V(i)
higher than first ordeflinear responseplay a role in the =#Q,(t)Q,(t)/4A, whereQ,(t) and Q,(t) are the Rabi

1050-2947/2002/6@)/0436145)/$20.00 66 043614-1 ©2002 The American Physical Society



Y. B. BAND AND M. SOKULER PHYSICAL REVIEW A 66, 043614 (2002

frequencies. The well-depth temporal dependerice), where €(q) = (2q)?/2m, n is the density, and the dynamic
whereV(t) =V, f(t), is taken to have a Gaussian rise time structure factor is given by5(q,»)=[e(q)/Eg(q)]é(h w
and fall time of widtht, =20 us; V(t) is constant for atime —Eg(q)). Hence, the momentum transferred is given by
durationt, between the rise and fdlif (t)=1 for the time

intervalt,, soVy(t)=V, in this interval. Pulses with short _m td N2 qe(q)

(t,=1 ms) and long pulse durations,6 ms) are used. Pz(t)_ﬁ fo t'Vo(t) Je(q)[e(q)+2gn]

The strength oW, which is used in the calculations will be

specified in recoil unitsERE(ﬁkph)Z/(Zm). Absorption of a X S(hw—Eg(Q)). (7)

photon from one pulse and stimulated emission into the other . )
pulse produces a perturbation with enefgy and momen- Thus, the momentum transferred by a moving standing-wave

tum#qz In the experiments, the light potential and the har-eXCita1ti0n o a “”‘fo”f“ conde_nsate_ Is nonva\_nishing only
monic potential are both switched offiropped, releasing whzn w:fQE(q.)’ andllts magmtu(;i’g IS é)roport;onal to the
the atoms to fall under the influence of gravity; and absorpprO uct of the |r_1tegra over tlme o an qe(q) Es(9). .
tion images are taken after the particles evolve for some FOr @ nonuniform BEC with density profile that varies

specified period of time under the influence of gravity. smqothly with position, one can define a local Bogoliubov
excitation energy,

Il. THEORETICAL FORMULATION EB(q,r)EﬁQB(q,r):\/E(q)[e(q)+2gn(r)], (8

We calculate the dynamics within a mean-field treatment g 5 |ocal-density approximation dynamic structure factor
using the time-dependent Gross-Pitaevskii equat@®RE 14t behaves locally as a uniform ga&:

[15,16],
1 €(q)
W (P , Stoa(dh@)=N"* | dr n(ng—o=s 8o~ Es(.n).
o =\ om TV alYl® g, 2 )
where Hence, in perturbation theorfy.e., smallV,), the momen-
tum transferred to the nonuniform condensate can be ap-
V(r,t)=V,o(r)—mgz+V, (zt) 3 proximated by substitutings, pa(q,») for S(q,w) on the

right-hand side of Eq(5). Thus, momentum transfer of a
is the potential and@j=4mNay#2/m is the atom-atom non- Nnonuniform condensate via a moving standing-wave excita-
linear interaction strength that is proportional to tawave tion is smeared over a range of frequencies around
scattering lengtla, and the total number of condensed atoms={g(d), and its magnitude is determined by carrying out an
N. The wave functiorforder parametény(r,t) is propagated average ofje(q)/Eg(q,r) over the local density.
with a split-operator fast-Fourier-transform methd®,20.

Due to the large number of grid points necessary in the lat- . RESULTS

tice directionz, we found it necessary to convert the three- . .

dimensional3D) GPE into an effective 1D GPE with similar Calculat_lons were carried out over a range of momentum
dynamics as described in Rgfl7]. The wave function in transferq (_|.e., a range of angles), frgquenq.e&u, pul_se
momentum spacel(k, .t), is determined by taking the Fou- duration timest,, and laser-pulse intensitiegpotential

rier transform ofy(z,t). The net momentum of the BEC at S'€NgthsVo). _
any timet is given by Figure 1 shows the calculated momentum imparted to the

BEC by the Bragg pulse®,(q,w,Vy,t,), as a function ofo
w for §=22.8 (q=0.390%k,,=80yAmw,) and pulse dura-
Pz(t)=J dk,y* (k,,t)(hk,) w(ky,,t). (4)  tion t,=6 ms. The calculations were performed for three
o different laser intensities corresponding to potential well
depthsV,=0.005%&, 0.016Ey, and 0.05&%. The low-

The expectation values of all dynamical quantiiesy., €n- jtensity curve peaks near the Bogoliubov frequency
ergies,(Az), etc) can be easily determined using the CalCU'QB(q)=8657 sL. This peak has a tail at lowes, which is

lated wave packets in either position or momentum space. 4 s to the nonuniform density of the BEEj(q,r) for po-
A perturbative estimate of the rate of momentum transfelions away from the center of the BEC is smaller than at
to the BEC by the Bragg pulses is given 8] the center, and this can give rise to the tail, as can be under-
Vo2 stood from Egs(9) and(5). At intermediate and high,, a
(70) [S(q,0)—S(—q,— ®)]. (5) power br_oadgnlng of the spectral c_ilstrlbutlﬁrzl(w) is evi-
dent in Fig. 1; at these values @, higher-ordernonlineay
processes that populate2g momenta take placésee Fig.
For a uniform zero-temperature BEC, the Bogoliubov exci-2). These phenomena cannot be understood from a perturba-

dP,(t) 2w
at a4

tation energy at momentum transfgis tive treatment. At even higher values 8§, the spectral dis-
tribution becomes even wider and the peak structure be-
Es(q)=%Q5(q)=Ve(q)[e(q)+2gn], (6) comes even more complicated and ragged.
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FIG. 3. Same as Fig. 1, except the pulse duration is 1 ms and an
additional well depth ofVy=0.54E (ultrahigh is included. The
arrow indicates the position ddg(q).

FIG. 1. MomentumP,(q,®,V,t,) versusw for §=22.8 (q
=0.390ik,p,) and pulse duratiot,=6 ms. Results for three differ-
ent laser intensities corresponding to potential-well depifys

=0.005£&% (low), 0.016Ey (intermediate and 0.05&g (high)
are shown. t,=6 ms for the low and intermediate intensities. The

shorter temporal duration and therefore larger bandwidth of
Figure 2 showsy(k,,t)|? versusk, for the low-intensity ~ the 1-ms Bragg pulses allows for a wider distribution in fre-
case appearing in Fig. 1 fas=8945 and 9597 §'. The net quency ofP,(w) versusw. The width hides the tail of the
positive momentumﬁpz(w)>0] resu'ting at these frequen_ distribution at lowerw due to the nonuniform BEC density.
cies in Fig. 1 is due to the fact that the peakkat=q  FOr the high-intensity case, the distribution does not change

(“0-39Oﬁkph=80m) is larger than that ak,=—q. very much from the low and intermediate cases. Moreover, it
The peak neak,=q has an additional high-frequency fea- is narrower than the high-intensity 6-ms result shown in Fig.

= 120V:ma.: - ; i« 1 because the pulse fluence is smaller, hence higher-order
tnuorte call;aarrlgul:]r?ézersltgof r_r;;oé ;szzrlgg gfzghlzrfeez[:#]isl;s processes do not signiﬂcantly broaden the distribution.. How-
two orders of magnitude reduced compared with khe ever, .for_the_ uItr_ahgh—mﬁensHy case, power broadenln.g of
+q peaks. As the intensity of the laseithe potential-well the dlstrlbutlon' is significant. Note that the perturbathn—
depths increase, the size of thie,= £2q peaks grow in theory e_xpre55|or(5_) cannot account for the time-domain
comparison with thé,, = + q peaks, andi(k, ,t)|2 grows at broadening shown in Fig. [&ince it is derived assuming that

. . S the spectral width oWV, is within that of S(q,w)]. Equation
intermediate values ok, between the peaks &, = *jq, . 0 X
wherej is a positive integer. (5) should be modified to account for the bandwidth of the

Figure 3 is similar to Fig. 1, except that the pulse durationOptIcal pulse:

was taken to be 1 ms. The width of the distribut®y( w) as dPt) .
a function ofw for t,=1 ms is considerably wider than for AV _ T it )
p dt th( /277_f dw e '“'|Vo(w)|*S(q,0) +c.c.|.

(10

This equation should then be integrated over time to obtain
an expression that replaces K@) for P,(t).

We now consider smaller values of momentum trangfer
such that the excitation wavelengths of the optical potential
are comparable or larger than the size of the condensate.
Figure 4 showsP, versus w for 6=10° (q=0.174k,,
=35.8yimw,) andt,=6 ms. The curve for low intensity,
V,=0.005%&R, is similar to the low-intensity result in Fig. 1
in the sense that a peak exists near the Bogoliubov frequency
i ' \ N 0s(q)=4164 s! and a low-frequency tail is present. In-

i creasing the intensity t&/,=0.054&y (the curve labeled
0001 A T A f/\ high) yields a multipeaked ragged spectrum due to higher-
IR T e U order nonlinear processes. Upon reducing the optical poten-
i tial by a factor of 0.3 from the low-intensity case 4,

FIG. 2. | (K, ,t)|? versusk, for the low-intensity case appearing =0.0016Eg (the curve labeled ultralow new features in
in Fig. 1 atw=28945 and 9597 s'. The units ok, are in harmonic- the spectrum become clear. The small feature near
oscillator momentum unit§%ma, (=2.44x 102 #ikpp). =860 s ! and the tail of the Bogoliubov peak at 2411's

(il
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0.05%& are shown. The arrow indicates the position(b(q).

which was presumably due to an inhomogeneous density et 10°2 7ik,,= 18 Vimw,), t,=6 ms, and potential-well

fect, become two ancillary peaks. The reason for the strucdepths V,=0.001 6E,
ture in the spectrum for the ultraloand low) intensity can

be understood by looking aij(k,,t)|? versusk, for this
hmw, are
clearly seen fow= 23807 s !, and these peaks fall within the poy frequencyg(q)=2061 s . At ultralow intensity the
tail of the oscillatory structures associated with the broadpeak at w~400s*' is even larger than that atw

case, as shown in Fig. 5. Peakskatq=35.

enedk,=0 condensate. These structurek,at q are respon-

0.005&¢, 0.016E;, and

0.05%&. At ultralow, low, and intermediate intensities, an
additional peak appears at~400 s 1. At all but ultralow

intensity, the main peak in the spectrum is near the Bogoliu-

~2000 s, andP, between these peaks becomes negative.

sible for the peaks in the spectral distribution in Fig. 4. Theagain, interference effects arising for reasons explained in
peak neaw=2860 s * and the minimum nean=1636 s*
in Fig. 4 result due to subtle interference of the=q peak
with the structure surrounding the centrdd,€0) peak in
Fig. 5. This kind of interference can occur wheriangle 6)

is sufficiently small that the peak kf= q is within the struc-

ture of the central peak. It does not occurét22.5 (q
=0.3907kpp,), rather it occurs only for angleg< 10°.
In Fig. 6 we plot P, versus w for #=5° (q=8.72
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connection with Fig. 5 are apparently responsible. A compli-
cated interference pattern appears around the valuks=of
+qin |y(k,,t)|? versusk, (figure not shown This interfer-
ence plays a role in the determination of the spectrum shown
in Fig. 6. The peaks iny(k,)|? at k,=q for =370 and
1687 s' are larger than the peak ak,=q for o
=990 s'!, and therefore maxima occur in the distribution
shown in Fig. 6 atw=2370 and 1687 s, and a minimum
between the peaks in the spectrum occurs«fer990 s 2.

Figure 7 showsP, versus o for 6=3°(q=5.24
X102 fikph=11VEimw,), t,=6 ms, and  V,
=0.0016Eg, 0.005£&g, 0.016Ey, and 0.05Ey. The
peak nearw=Qg(q)=1234 s for intermediate and high
intensities becomes broadened at low intensity, and then
splits into two peaks ab~400 and 1500 s* for ultralow
intensity, with the one ab~400 s ! being about four times
larger in magnitude than the one @t=~1500 s. The dip
between the two peaks for the ultralow intensity is appar-
ently also an interference effect that cannot be explained in
terms of a local-density approximation to the Bogoliubov
spectrum. For intermediate and high intensities, the peaks in
|(k,)|? at k,=q are so sufficiently large that interference
with the structure around the =0 peak does not occur, and
therefore the interference dip is absent.

FIG. 5. |y(k,,t)|? versusk,, for the ultralow-intensity case
shown in Fig. 4 atw=860 and 3807 s'. The units ofk, are in

IV. SUMMARY AND CONCLUSIONS

harmonic-oscillator
X102 fikpp).

momentum

units Vaimo,

(=2.44

For very low optical intensities, long pulse duration, and
sufficiently large values of the momentum transfer imparted
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0.16

y T - : - : . transferq (smaller angles¥) where the wavelength of the
/ Y optical potential becomes comparable to or larger than the
size of the condensate, interference effects play a role in the
012r ] dynamics, and directly affect the spectruf(q,w,Vy,tp)
ol / _________________________________________________ Alfralowx100 | versusw, and can produce additional maxima and minima in
' i Tow the spectrum. The power spectrum of the order parameter
o/ 100 1 after the optical potential is droppeldi(k,,t,)|* versusk,,
intermediate/10 can be used to understand the nature of the spectra
P,(9,w,Vq,t,) versusw andq.
One should keep in mind that the study performed here is
a 1D calculation of the full 3D dynamics; 3D effects may
modify details of the results we obtained. Nevertheless, we
believe that the qualitative features of the conclusions will
, v T ‘ . not change. We have detailed elsewhere how our quasi-1D
0 500 1000 1500 2000 2500 3000 3500 calculations of the type presented here model 3D aspects of
o (s71) . . ; . . .
the dynamics in cylindrically symmetric potentid21], but
FIG. 7. Same as Fig. 1 except fof 8q=5.24x10 2 fikpp,). this method cannot describe radial excitations of the BEC,
Results for four different laser intensities corresponding towhich might arise due to the optical potential via the mean-
potential-well depthd/,=0.001 6 g, 0.005£&, 0.016E E, and field interaction. To the extent that radial excitations are not
0.054&R are shown. The arrow indicates the position(hf(q). important, our method should be an adequate approximation
to the 3D dynamics.
by the light potential, the local-density approximation for the
Bogoliubov excitation spectrum is a reasonable first approxi-
mation; the response peaks R)(q,,Vy,t,) versusw are
broadened, particularly to lower values ©f However, we We are extremely grateful to the group of Nir Davidson at
have shown that even for relatively low optical intensities,Weizmann for sharing information about their experiments
power broadening results and higher-order processes occund for useful discussions. This work was supported in part
which correspond to moving the atoms from the wave packelby grants from the US-Israel Binational Science Foundation
with central momentunk,=q to wave packets with central (Grant No. 98-421 Jerusalem, lIsrael, the Israel Science
momentum 2 and 0, as well as addition&,=nq, with n Foundation(Grant No. 212/0], and the Israel MOD Re-
>2 andn=—1. Moreover, at lower values of momentum search and Technology Unit.

Momentum (harmonic oscillator units)
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