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Abstract. The throughput capacity of arbitrary wireless networks under the physical Signal to Inter-
ference Plus Noise Ratio (SINR) model has received a greater deal of attention in recent years. It has
been shown that power control can increase the capacity of a network significantly compared to the
case where all transmitters emit signals of uniform power. However, the published examples exhibit one
common property: they usually position the nodes in an area of exponential size in the number of nodes
and they require transmission power levels that differ by a factor exponential in the number of nodes. In
this paper, we quantify the gap induced by the ability to adjust the transmission power if the available
resources are bounded. We investigate the question of how much the worst-case performance of uniform
and non-uniform power assignments differ under constraints such as a bound on the area where nodes
are distributed or restrictions on the maximum power available. We determine the maximum factor by
which a non-uniform power assignment can outperform the uniform case. More precisely, the uniform
assignment is at most a factor of O(logPmax) worse than the non-uniform assignment if the maximum
power is Pmax. If the length of the network is Lmax, the capacity of a non-uniform assignment exceeds
a uniform assignment by at most a factor of O(logLmax) in a one-dimensional setting. Due to lower
bound examples in previous work, these results are tight in the sense that there are networks where
the lack of power control causes a performance loss in the order of these factors. In contrast to earlier
work our arguments do not rely on the assumption that the path-loss exponent α exceeds two, i.e.,
our results are valid for positive α ≤ 2 as well. As a consequence, engineers and researchers may prefer
the uniform model due to its simplicity if this degree of performance deterioration is acceptable. Both
results are tight.

1 Introduction

The great success of wireless networks is mainly due to the fact that any device can exchange information with
any other device in its reception range. However, this advantage is also the most problematic characteristic of
wireless networks. Since the communication medium is shared by all participants, it is necessary to address the
problem of interference. Simultaneous communication attempts cause interference and might even prevent
the correct reception of a signal. To tap the full potential of a network, algorithms that coordinate the
transmission of messages are necessary. To reach the throughput capacity of a network, we have to solve the
problem of assigning time slots, frequencies and (depending on hardware capabilities) transmitting power
levels to a set of n pairs of wireless transmitters (senders) and receivers distributed in a given area.

When attempting to solve this and related problems, we must first choose the appropriate interference
model. The most popular models can be divided into two classes: graph-based models (protocol models)
and fading channel models. Graph-based models, such as the unit disk graph (UDG) model [3], describe
interference as a binary property by a set of interference edges. The existence of an edge between two
communication pairs, usually based on the distance between nodes, implies that the two pairs cannot transmit
successfully at the same time (or on the same frequency). Such models, which serve as a simple abstraction of
wireless networks, have been very useful for the design of efficient distributed algorithms. Nevertheless, graph-
based models bear the limitation of representing interference as a local property. In reality, the interference
of several concurrent senders accumulates and can interrupt the reception at a far-away receiver. Therefore,
the focus of the algorithmic networking community has recently shifted from graph-based models to the more



realistic fading channel models, such as the physical Signal to Noise plus Interference (SINR) model [8] that
we use in this paper. In this model, a message is received successfully if the ratio between the strength of the
sender signal at the receiving location and the sum of interferences created by all other simultaneous senders
plus ambient noise is larger than some hardware-defined threshold. Interference is modeled as continuous
property, decreasing with the distance from the sender, based on the value of the so-called path-loss exponent
α. While many algorithmic aspects of graph-based models are well understood, the analysis of problems in
the SINR models is more intricate, due to the non-binary and accumulative features of these models. In
the past decade, a number of papers have dealt with comparisons of SINR and graph-based models, but
only recently have some theoretical guarantees for SINR-based algorithms been provided. One of problems
under scrutiny is the scheduling problem. Given a set of n pairs of senders and receivers along with the
power level of the transmitters, the goal is to devise a scheduling scheme that minimizes the total number
of rounds that will satisfy all the communication requests of every pair. In addition to the timing, the signal
strengths of the transmitting nodes greatly influence the performance of wireless networks, since the number
of simultaneous transmissions can be increased if the nodes are able to emit signals of different power levels.
Thus, power control constitutes an additional aspect of interest. Orthogonally to the scheduling problem, it
is necessary to address the power assignment problem, i.e., determining a power assignment for each sender
of a given set of communication pairs in such a way that the total number of communication requests in one
round is maximized. The two problems are often combined, and many algorithms addressing the problem
of joint power control and scheduling of a set of links have been devised (see related work section). Since
power control, i.e., the possibility to assign a different power level to each sender, may play a major role in
the complexity of the problems or the performance of the algorithms, we distinguish between two settings:
non-uniform power (i.e., power control), where each transmitter can transmit with a different power, and
uniform power, where there is only one power level. It has been demonstrated [15, 16] that uniform power has
significant performance disadvantages compared to the non-uniform case. However, examples of situations in
which power control algorithms outperform uniform energy assignment schemes usually position the nodes
in an area of exponential size in the number of nodes and require transmission power levels that differ by a
factor exponential in the number of nodes.

On the other hand, a uniform power assignment has several important advantages due to its simplicity.
While the benefits of power control are obvious, wireless devices that always transmit at the same power
are less expensive and less complicated to build. Therefore, the uniform power assignment has been widely
adopted in practical systems.From the algorithmic perspective, the lack of freedom in choosing power levels
makes reaching a decision much simpler. Moreover, recently a study of SINR diagrams1 [1] showed that the
reception zones of all senders are convex for a uniform scheme but not necessarily for non-uniform power
assignments. This finding suggests that designing algorithms may be much simpler for uniform networks
than for non-uniform networks.

In this paper, we compare the uniform and non-uniform cases and study the trade-off involved between the
two, i.e., of simplicity vs. performance. As mentioned above, in the absence of restrictions, the performance
of the non-uniform model clearly exceeds the uniform model. However, by taking a closer look, we notice that
this conclusion is based on examples that involve unbounded resources. Of course, resources are restricted in
reality, e.g., the maximum available power for a transmitter or the space where nodes are distributed may
be limited. This observation has motivated us to ask the following question:

In a resource-constrained setting (i.e., bounded area, bounded power), what is the worst-case
performance difference between the uniform and non-uniform case?

In a nutshell, we show that with bounded resources the two cases are not significantly different; therefore,
engineers and researchers may actually prefer the uniform model due to its simplicity.

1 The SINR diagram of a set of transmitters divides the plane into n+ 1 regions or reception zones, one region for
each transmitter that indicates the set of locations in which it can be heard successfully, and one more region that
indicates the set of locations in which no sender can be heard. This concept is perhaps analogous to the role played
by Voronoi diagrams in computational geometry.
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1.1 Problem Statement and Overview of Our Results

We approach this question as a game between two players, a non-uniform (power control) player and a
uniform player. The non-uniform player begins by setting up a configuration by selecting an arbitrary number
of communication pairs where each pair consists of a sender and a receiver and their locations. For these
pairs the following two conditions must be met:

1. The distance between a sender and its intended receiver is at least one.
2. There exists a power assignment such that the receivers are able to decode the messages of their senders

when all senders transmit simultaneously with the same frequency, i.e., the non-uniform configuration is
feasible.

After the first player has reached its decision, the uniform player can, in turn, choose a subset of these pairs
that can transmit simultaneously with uniform power, i.e., a feasible uniform configuration. The non-uniform
player tries to position the sender/receivers in such a way that the uniform player can pick only a small subset
of the available pair, without causing too much interference. On the other hand, the uniform player tries to
select as many pairs as possible.2

Let the size of a configuration be the number of pairs in the configuration. Our first result concerns the
two-dimensional case. If the power assignment that makes the non-uniform player’s configuration feasible
assigns powers in the range [1, Pmax] then we can state the following:

Theorem 1. For any feasible non-uniform configuration, there is a feasible uniform configuration of size at
least Ω(1/ logPmax)-fraction of the non-uniform configuration.

This result is tight in the sense that from previously known examples [14] there are feasible non-uniform
configurations for which any feasible uniform configuration is at most of size O(1/ logPmax)-fraction of
the non-uniform configuration. Our proof is constructive, and we present an algorithm that achieves our
bound. This algorithm, combined with previous algorithms, can be used as an approximation scheme for
the uniform scheduling problem and the uniform power assignment problem. In both cases, one can take the
output a non-uniform scheduling and/or power assignment algorithm produces, which is basically a non-
uniform configuration, and obtain a uniform configuration by “paying” an additional approximation price of
logPmax.

In the one-dimensional case, if the non-uniform player can place its configuration on a interval of length
at most Lmax, then we can state the following:

Theorem 2. For any feasible non-uniform configuration, there is a feasible uniform configuration of size at
least Ω(1/ logLmax)-fraction of the non-uniform configuration.

This result is also tight since there is a non-uniform configuration for which the uniform player can at
most select O(1/ logLmax)-fraction of the non-uniform configuration.

It follows from Theorem 1 and Theorem 2 that if we bound either Pmax or Lmax to n in the one-dimensional
case, then a uniform power assignment is at most log n worse than the best non-uniform power assignment.
In the two-dimensional case, this is true only if we bound Pmax. It remains an open problem to determine
whether this result still holds in the two-dimensional case if we bound the available area to n (and place no
restrictions on the power).

The number of links able to transmit simultaneously crucially depends on the path-loss exponent α. The
faster the signal strength falls, the smaller an amount of interference is caused. In [17], measurements of
indoor and outdoor path-loss exponents at various frequencies are reported, ranging from 1.6 to 6. Most
existing work relies on the assumption that α > 2, exploiting the fact that in this case the interference of
far away nodes can be bounded easily. For α ≤ 2 the situation changes dramatically and different arguments
are necessary. In this paper, all results hold for α ∈ [0, 8.24].

2 Observe that the players are assumed to have unlimited computational power, since the problem of selecting the
largest subset of nodes transmitting with fixed power levels has been shown to be NP-hard [6].

3



2 Related Work

The seminal work of Gupta and Kumar [8] initiated the study of the capacity of wireless networks. The
authors bounded the throughput capacity in the best-cases (i.e., optimal configurations) for the protocol
and the physical models for α > 2. More recently [13] a worst-case view point was adopted, i.e., proving
lower bounds for every possible network. We adopt this approach in the current paper as well.

For both model classes, many scheduling algorithms have been suggested. E.g., [9, 10, 18] analyze algo-
rithms in graph-based models. Typically, these algorithms employ a coloring strategy, which neglects the
aggregated interference of nodes located further away. The resulting inefficiency of graph-based scheduling
protocols in practice is well documented, both theoretically and by simulation [7, 15] as well as experimen-
tally [16]. Recently, Lebhar et al. [11] consider the case of α > 2 and senders that are deployed uniformly at
random in the area. They showed how a UDG protocol can be emulated when the network operates under
the SINR model. Their emulation cost factor is O(log(n)3). The fact that interference is continuous and
accumulative as well as the geometric constraints lead to an increased difficulty of the scheduling task in the
SINR model, even if the transmission power of the nodes is fixed. Two scheduling problems are shown to be
NP-complete in the physical SINR model in [6]. Goussevskaia et al. propose in [5] a scheduling algorithm
with an approximation guarantee independent of the network’s topology. Their algorithm gives a constant
approximation for the problem of maximizing the number of simultaneously feasible links and leads to a
O(log n) approximation for the problem of minimizing the number of time slots to schedule a given set of
requests. For a given set of links, the highest achievable signal to noise ratio can be computed in polynomial
time [21], yet the complexity of the problem of joint scheduling and power control in the physical SINR model
taking into account the geometry of the problem is unknown. Nevertheless many algorithms and heuristics
have been suggested, e.g., [2, 4, 12, 15, 20, 21]. See [14] for a classification and more detailed discussion of
these approaches.

Non-uniform power assignment can clearly outperform a uniform assignment [16, 15] and increase the
capacity of the network, therefore majority of the work on capacity and scheduling addressed non-uniform
power. As we discussed earlier, the study of the uniform case is still worthwhile, due to its simplicity, but
to the best of our knowledge, the gap between these two models has not been investigated under restricted
resources.

Very few papers have been devoted to the one-dimensional case, as the capacity is more restricted than
in two dimensions, especially for randomly distributed nodes. Nevertheless, Moscibroda et al. [15, 14] showed
that the capacity of one-dimensional networks can be linear in the number of the links, at the expense
of exponentially long links and and exponentially high power. Hence, we are among the first to study the
capacity for uniform and non-uniform power assignments in one dimension.

The proof of the scheduling algorithm for fixed power levels in [5] can be adapted to conclude that the
number of links that are able to communicate concurrently with uniform power is bounded logarithmically
in the ratio of the highest and the lowest power, yet the analysis of their algorithm depends on the fact
that α > 2. In addition, the authors adopt a different viewpoint: Given a set of links, they try to find an
approximation of the shortest schedule without power control. In contrast, we are concerned with the lower
bound of the size of the largest subset of links that are able to communicate simultaneously with uniform
power under the assumption that the original set was feasible with a non-uniform assignment.

3 Model

A standard interference model that captures some of the key characteristics of wireless communication and
is sufficiently concise for rigorous reasoning is the physical SINR model [8]. In this model, the successful
reception of a transmission depends on the strength of the received signal, the interference caused by nodes
transmitting simultaneously, and the ambient noise level.

The received power Pr(si) of a signal transmitted by a sender si at an intended receiver ri is Pri(si) =
P (si) · g(si, ri), where P (si) is the transmission power of si and g(si, ri) is the propagation attenuation
(link gain) modeled as g(si, ri) = d(si, ri)−α. The path-loss exponent α is a constant between 1.6 and 6,
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whose exact value depends on external conditions of the medium (humidity, obstacles, etc.) and on the exact
sender-receiver distance. Measurements for indoor and outdoor path-loss exponents can be found in [17].

Given a sender and a receiver pair li = (si, ri), we use the notation Iri(sj) = Pri(sj) for any other
sender sj concurrent to si in order to emphasize that the signal power transmitted by sj is perceived at
ri as interference. The total interference Iri(L) experienced by a receiver ri is the sum of the interference
power values created by the set L of nodes transmitting simultaneously (except the intending sender si),
i.e., , Iri(L) :=

∑
lj∈L\{li} Iri(sj). Finally, let N denote the ambient noise power level. Then, ri receives si’s

transmission if and only if

SINR(li) =
Pri(si)

N + Iri(L)
=

P (si)g(si, ri)
N +

∑
j 6=i P (sj)g(sj , ri)

=
P (si)

d(si,ri)α

N +
∑
j 6=i

P (sj)
d(sj ,ri)α

≥ β,

where β is the minimum SINR required for a successful message reception. In the sequel we assume β = 1.
For a uniform power assignment, we say a set of links L = {l1, . . . , lk} is uniformly feasible if P (si) = 1 and
SINR(li) ≥ β for all links li ∈ L. If the power level of a device is adjustable, we denote a set L to be PC
feasible if there exists a power assignment such that SINR(li) ≥ β for all links li ∈ L.

For the sake of simplicity, we set N = 0 and ignore the influence of noise in the calculation of the SINR.
However, this has no significant effect on the results.

4 Preliminaries

Zander [21] showed that the maximum achievable SINR (denoted SINR∗) for wireless networks can be com-
puted efficiently. Consider the gain matrix G = [g(si, rj)] and its normalized correspondent Z =

[
g(si,rj)
g(si,ri)

]
.

Note that Z is a matrix consisting of positive values only. This property is very useful, since finding a power
assignment yielding the maximal SINR level is essentially solving an eigenvalue problem for the normal-
ized gain matrix Z. For positive matrices, there is exactly one real eigenvalue λ∗ for which all elements
of the corresponding eigenvector have the same sign. Then, the maximum achievable SINR, is given by
SINR∗ = 1/(λ∗ − 1). Furthermore, the corresponding eigenvector P∗ is a power vector reaching this max-
imum for all links, i.e., they all have the same SINR level. Since we defined β = 1, this means that the
largest eigenvalue of Z has to be less than 2, otherwise the successful concurrent transmission of all links is
impossible.

Theorem 3 (Zander [21]). A set of senders can transmit simultaneously if the largest eigenvalue of the
normalized link gain matrix is less than 2.

We use the following equations from linear algebra repeatedly.

Theorem 4 (eigenvalue relationships). Given an n-by-n matrix with real or complex entries where
λ1, . . . , λn are the (complex and distinct) eigenvalues of A, then it holds for k ∈ N that for the trace of
Ak, tr(Ak) =

∑
λki . In contrast, the determinant of A is the product of its eigenvalues; i.e., det(A) =

∏
λi.

5 Power Restriction

Even if the transmission power of a device is adjustable, there is typically a bounded range for the power or,
even more restricted, a set of available power levels. In these situations, a uniform assignment can achieve
a substantial fraction of the capacity a power control scheme can reach. In the following we examine the
difference between the two strategies if the first player can place the nodes in arbitrary positions and use
transmission power levels in the range [1, Pmax]. We rephrase Theorem 1:

Theorem 1. At least a Ω(1/ logPmax)-fraction of a PC-feasible set is uniformly feasible in the two-
dimensional Euclidean space
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We construct an algorithm that given a PC-feasible set of n links placed in the two-dimensional Eu-
clidean plane returns a uniformly feasible set that contains at least n/ logPmax links. Before we start with
the description of the algorithm we elaborate on the problems that our algorithm faces. Since the senders
in the resulting set of links have to be able to transmit with the same power and since there is typically
background noise we are forced to increase the power levels (of a selected subset of transmitters) to the same
power level. Consequently, the interference raises and we need to push the interference back to the level it
was. We can do this by further reducing the number of senders. The main challenge is to keep the number
of senders as large as possible. So far we have only considered the senders. In order to ensure that the signal
to interference ratio is high enough at the receivers as well, we use the fact that from far away the position
of the sender and the receiver almost coincide.3

background noise we are forced to increase the power levels (of a selected subset of transmitters) to the same
power level. Consequently, the interference raises and we need to push the interference back to the level it
was. We can do this by further reducing the number of senders. The main challenge is to keep the number
of senders as large as possible. So far we have only considered the senders. In order to ensure that the signal
to interference ratio is high enough at the receivers as well, we use the fact that from far away the position
of the sender and the receiver almost coincide. 3

Algorithm 5.1 2D log(Pmax)-approximation
Input: PC-feasible set L = {l1, . . . , ln}
Output: uniformly feasible set S ⊂ L

1: set µ := 1 + 2α and ν :=
⌈
(2 · µ

µ−1 )α
⌉
− 1

2: determine power assignment for L (Zander)
3: partition L into subsets Li = {lj |2i ≤ P (sj) < 2i+1},

i = 0, . . . , log Pmax − 1
4: set T1 := Larg max0≤i<log(pmax) |Li|, T2 = ∅, T3 = ∅, S = ∅
5: repeat
6: move longest link lj from T1 to T2

7: remove li from T1 if d(sj , ri) < µd(si, ri)
8: until T1 = ∅
9: repeat

10: move longest link lj from T2 to T3

11: partition plane into 6 sectors of 60◦ around sj

12: in each sector remove the ν links
with the closest senders to sj from T2

13: until T2 = ∅
14: repeat
15: move shortest link lj from T3 to S
16: partition plane into 6 sectors of 60◦ around sj

17: in each sector remove the ν links
with the closest senders to sj from T3

18: until T3 = ∅
19: return S;

Proof (of Theorem 1). Our algorithm (cf. Algorithm 5.1 for a description in pseudo code) starts by
computing an optimal power assignment for the given set of links. Then, we divide the links into classes of
similar power levels, i.e. we build subsets of links where the highest transmission power is at most twice the
lowest power. Among these sets, we choose the one of greatest cardinality. The intuition for this step is that
we now have a fairly homogeneous set of links and the difference between a uniform power assignment and
arbitrary power levels is negligible. We remove some links of this set to guarantee that all remaining senders
can transmit concurrently. To this end, we start with the longest link l1 and we first clean an area around
its receiver, i.e., we delete links with senders too close to r1. We assign l1 candidate status and repeat this
procedure with the remaining links until no links are left. These steps ensure that we can treat sj and rj

as essentially one point in the plane. Next, we remove more links to guarantee that the remaining set is
uniformly feasible. We pick one link lj of the candidate set T1 and we partition the plane into six sectors
of 60◦ around sj . In each sector we remove the links whose senders are closest to sj . Thereafter we add li
to the set T2 and recursively repeat the partitioning and removal with the remaining links. Before finally
3 This algorithm can be generalized to higher dimensions at the expense of a higher constant in its approximation

guarantee. The only adjustments affect the lines 11-12 and 16-17, where cones instead of sectors are considered.
We omit the explicit treatment of higher dimensional cases to increase the clarity of the arguments and more than
three dimension are unlikely to be of practical importance.
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We show now that the set S produced by this algorithm is uniformly feasible and at most a factor of
1/ logPmax smaller than the original set L. Line 4 determines the largest set of similar power levels. A set of
links where the feasible power levels differ by at most a factor of two is very similar to a uniformly feasible
set. For instance the number of senders in close proximity to a receiver is limited. This can be shown by
adapting Lemma 4.2 from [5] to this case.

Lemma 1 (Extension of Lemma 4.2 from [5]). Let L be a PC-feasible set where the maximum trans-
mission power is at most twice the minimum power, i.e., Pmax/Pmin < 2. For any link li ∈ L the number of
senders within distance c · d(si, ri) from the receiver ri is at most 2cα/β.
3 This algorithm can be generalized to higher dimensions at the expense of a higher constant in its approximation
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Proof. Without loss of generality we assume that the minimum power is 1 and the maximum power is 2. Let
L′ be the set of links where the sender is within distance c · d(si, ri) from the receiver ri. The SINR of a link
li is maximized if si transmits with power 2 and all the concurrent senders with power 1. By assuming that
there are no concurrent senders outside the disk with radius c · d(si, ri) around ri, we increase the maximum
possible number of sender in the vicinity of ri. Suppose |L′ \ {li}| > 2cα

β , we get

SINR(li) ≤
2/d(si, ri)α∑

lj∈L\{li} 1/d(sj , ri)α

≤ 2/d(si, ri)α∑
lj∈L′\{li} 1/(c · d(si, ri))α

=
2cα

|L′ \ {li}|
< β,

leading to a contradiction since the set is PC-feasible and SINR(li) always has to exceed β. Therefore the
claim holds. ut

Thus we can conclude that this algorithm runs in polynomial time and the original set size is reduced by a
factor of 1/logPmax in line 3, by 2µα

β in lines 4-7 (due to Lemma 1), by 1
6ν in lines 8-12 and by 1

6ν in lines 13-

17. Consequently, the ratio between the input and the output set is L
S ≤

nβ
72µαν2 logPmax

∈ O
(

n
logPmax

)
. It

SSj60

Fig. 1. Let sj be the sender of the link we chose in line 10 (or, analogously, in line 16) and ν = 2. The links of the
two closest senders in each sector have been removed from T2 (T3) and are ignored from now on. The links the dark
sender nodes belong to have survived this execution of the loop, but they might face a removal in the next round.

remains to demonstrate that the resulting set is indeed uniformly feasible. By setting the transmission power
to two for every sender, the strength of the interference at the receivers is at most doubled. As a consequence
we have to reduce the number of simultaneous transmission such that the interference is halved in order to
obtain a uniformly feasible set. Clearing a disk around each receiver and removing close senders diminishes
the interference by half. We prove this in two steps. First we show how much the interference experienced at
the senders is decreased and then we derive the resulting amount of interference at their respective receivers.

Lemma 2. Given a link li out of S, it holds that the interference caused by S at si is at least a factor 1
ν+1

smaller than the interference accrued when all links of L are transmitting. More formally, Isi(S) < 1
ν+1Isi(L).
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Proof. To prove this statement, we show that it holds for each link lj in S \ {li} that we can remove ν links
lk of T1 \S the sender of which is closer to ri than the sender of lj . Assume this is not the case and the link lj
is shorter (longer) than li. Consider the sectors constructed during the execution of the algorithms. Since li
has not been removed from T1 (T2) in line 12 (line 17), that means there were ν senders closer to sj than si
in the sector originating at sj that includes si. Because the angle of the sector is 60◦, any node in this sector
that is closer to sj than si is at most at distance d(sj , si) from si as well. Thus we have a contradiction. ut

We know now that the algorithm reduces the interference at the sender by a factor 1
ν+1 . It remains to

show that this reduction suffices to let the receiver decode messages correctly.

Lemma 3. For any link li ∈ S it holds that the interference at the sender si is at most
(

µ
µ−1

)α
times

weaker than at the receiver ri, i.e., Iri(S) < ( µ
µ−1 )αIsi(S).

Proof. Due to the lines 5-8 we can be sure that for each link li ∈ S the closest senders are in distance at
least µ · d(si, ri) of ri and consequently d(sj , ri) ≥ µ

µ−1d(sj , si). Thus we can bound the interference at ri by

Iri(S) =
∑
lj∈S

1
d(sj , ri)α

≤
∑
lj∈S

(
µ

(µ− 1)d(sj , si)

)α
=
(

µ

µ− 1

)α
Isi(S).

ut

As a consequence of the two lemmata above we know that the algorithm has reduced the interference at
the receivers by at least a factor of

1
ν + 1

·
(

µ

µ− 1

)α
=

1⌈
2
(

µ
µ−1

)α⌉ · ( µ

µ− 1

)α
≥ 1

2
·
(
µ− 1

2µ

)α
·
(

µ

µ− 1

)α
=

1
2
.

Therefor all transmitters that survive can transmit at power 2, while their receivers are guarantee decode
the message successfully. This concludes the proof that there always exists a uniform power O(logPmax)-
approximation of a power control problem. ut

6 One Dimension: Length Constraint

Similarly to the previous section we aim at determining the advantage of power control. This time, we
investigate the bounds a line of length Lmax causes. We prove that at most a factor of logLmax more
links can be scheduled with power control than without. As a first step, we show that, even when power is
adjustable, two links transmitting concurrently must not cross, otherwise at least one of the receiver cannot
decode the message.

Lemma 4 (Crossings). Two senders s1 and s2 cannot transmit successfully at the same time if their
respective receiver is closer to the other sender, i.e., if d(s1, r1) > d(s1, r2) and d(s2, r2) > d(s2, r1).

Proof. Let the shorter of the two links be of length one. There are three possible situations with a crossing
of two links. Their corresponding link gain matrices are

t1 t2

r2s1 r1 s2

1

t1 t2

s2r1 s1 r2

1

t1 t2

s2s1 r1 r2

1

Zsrrs Zrssr Zssrr(
1 1

tα2
(t1+t2)

α

(1−t1)α 1

) (
1 1

(1−t1)α
(t1+t2)

α

tα2
1

) (
1 1

tα1
(t1+t2)

α

(1+t2)α
1

)
.
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Due to t1 < 1 and t1t2 < t2 the determinants of these matrices are negative. By applying Theorem 4
we can deduce that they all have one positive and one negative eigenvalue. Since the trace of each matrix is
two, the sum of their eigenvalues has to be two as well which entails that the positive eigenvalue is greater
than two. This, in turn, implies that there is no power assignment allowing a simultaneous transmission by
Theorem 3. ut

1t1 t2 t3 t4

s3 s1s2 r1 r2 r3

Fig. 2. Three nested links.

Nested pairs however are possible. But, as soon
as there are more than two nested pairs, they can-
not be too close to each other, since the interfer-
ence is too high otherwise. More precisely, we can
show that no matter how we position three nested
sender/receiver pairs in an interval of length three
and regardless of the power levels we assign to them,
they cannot transmit simultaneously.

Lemma 5 (Nestings). Three nested communication pairs need at least an interval of three times the short-
est link distance, otherwise they cannot transmit simultaneously.

Proof. For simplicity’s sake we set α = 2 in our proof. Note that the same arguments can be applied for any
alpha between zero and 8.24.4 We consider the following scenario of three nested pairs depicted in Figure 6.
For the first part of our proof, we assume that they all send in the same direction, a restriction we levy later.
We apply Zander’s Eigenvalue decomposition to show that no power vector reaching the minimum SINR
level necessary for a successful transmission exists for these scenarios. The sender node s3 of the longest link
is at the location 0, the second sender node s2 at distance t1, followed by another sender s1 at t1 + t2. The
receiver node r1 waiting for messages from s1 resides at t1 + t2 + 1. Note that this ensures that the signal
from s1 has to cover the smallest possible area. The next receiver r2 is positioned at t1 + t2 + 1 + t3 followed
by r3 at t1 + t2 + 1 + t3 + t4. We want to show that the distance between s3 and r3 is at least three, i.e.,
t1 + t2 + 1 + t3 + t4 ≥ 3. To this end we bound the largest eigenvalue of the link game matrix and apply
Theorem 3.

The normalized link gain matrix for our set of nodes is

Z =

 1 1
(1+t2)2

1
(1+t1+t2)2

(1+t2+t3)
2

(1+t3)2
1 (1+t2+t3)

2

(1+t1+t2+t3)2

(1+t1+t2+t3+t4)
2

(1+t3+t4)2
(1+t1+t2+t3+t4)

2

(1+t2+t3+t4)2
1

.

Let the three eigenvalues of this matrix be λ1, λ2 and λ3. We use Theorem 4 to gain some insights on the
range of the eigenvalues of this matrix. Clearly, the trace of this matrix is three, thus we know that the sum
of the eigenvalues is three as well, independent of the values of t1, t2, t3 and t4. As a next step we examine
the trace of the square of this matrix. The smaller this trace is, the smaller the eigenvalues of Z and our
chances of transmitting rise.

tr(Z2) = 3 +
2(1 + t2 + t3)2

(1 + t2)2(1 + t3)2
+

2(1 + t1 + t2 + t3 + t4)2

(1 + t1 + t2)2(1 + t3 + t4)2

+
2(1 + t2 + t3)2(1 + t1 + t2 + t3 + t4)2

(1 + t1 + t2 + t3)2(1 + t2 + t3 + t4)2
.

Since t1, t2, t3 and t4 are positive values, we can verify that both ∂ tr(Z2)/∂t4 and ∂ tr(Z2)/∂t1 are negative.
Hence, we can deduce that tr(Z2) is monotonically decreasing in t1 and t4. This means, that the greater the
4 The feasibility of three nested links depends on the fact that the trace of Z2 exceeds 4.5. By differentiating tr(Z2)

with respect to α term by term, we can observe that the derivative is always negative, thus tr(Z2) is monotonically
decreasing in α and reaches 4.5 at α = 8.24.
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values t1 and t4, the higher our chances for a successful transmission. Thus we can use the highest possible
values for t1 and t4. Since the sum of t1, t2, t3 and t4 is less than two, we have t2 + t3 < 2 and we can set
t1 = t4 ≤ 2− t2 − t3 as we only decrease the trace by this decision.

tr(Z2) > 3 +
2(5− t2 − t3)2

(3− t2)2(3− t3)2
+

2
81

(5− t2 − t3)2(1 + t2 + t3)2 +
2(1 + t2 + t3)2

(1 + t2)2(1 + t3)2
.

We proceed by arguing that in this case the trace is minimized when t2 = t3 = t. To this end, it suffices
to consider (3 − t2)2(3 − t3)2 and (1 + t2)2(1 + t3)2, which are maximized if t2 = t3 = t. Consequently, we
can rewrite the trace as

tr(Z2) > 3 +
2(5− 2t)2

(3− t)4
+

2
81

(5− 2t)2(1 + 2t)2 +
2(1 + 2t)2

(1 + t)4
.

The derivative of this polynomial in t has one real root in [0, 1], t = 1, constituting a maximum. Since
t has to be less than one to ensure that t1 + t2 + t3 + t4 < 2, we know that tr(Z2) is increasing in t in the
range of our interest.

In[83]:= Z = 881, 1� Ht2 + 1L^2, 1� Ht1 + t2 + 1L^2<,
H1 + t2 + t3L^2 81� H1 + t3L^2, 1� H1 + t2 + t3L^2, 1� Ht1 + t2 + 1 + t3L^2<,
Ht1 + t2 + 1 + t3 + t4L^2 

81� H1 + t3 + t4L^2, 1� H1 + t2 + t3 + t4L^2, 1� Ht1 + t2 + 1 + t3 + t4L^2<<

Out[83]= ::1,
1

H1 + t2L2
,

1

H1 + t1 + t2L2
>, :

H1 + t2 + t3L2

H1 + t3L2
, 1,

H1 + t2 + t3L2

H1 + t1 + t2 + t3L2
>,

:
H1 + t1 + t2 + t3 + t4L2

H1 + t3 + t4L2
,

H1 + t1 + t2 + t3 + t4L2

H1 + t2 + t3 + t4L2
, 1>>

In[84]:= MatrixForm@ZD

Out[84]//MatrixForm=

1 1

H1+t2L2
1

H1+t1+t2L2

H1+t2+t3L2
H1+t3L2

1
H1+t2+t3L2

H1+t1+t2+t3L2

H1+t1+t2+t3+t4L2
H1+t3+t4L2

H1+t1+t2+t3+t4L2
H1+t2+t3+t4L2

1

In[85]:= TrZ2 = Tr@Z.ZD

Out[85]= 3 +
2 H1 + t2 + t3L2

H1 + t2L2 H1 + t3L2
+

2 H1 + t1 + t2 + t3 + t4L2

H1 + t1 + t2L2 H1 + t3 + t4L2
+
2 H1 + t2 + t3L2 H1 + t1 + t2 + t3 + t4L2

H1 + t1 + t2 + t3L2 H1 + t2 + t3 + t4L2

In[86]:= TrZ2 = Tr@Z.ZD �. t2 ® t �. t3 ® t �. t1 ® 2 - 2 t �. t4 ® 2 - 2 t

Out[86]= 3 +
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+

2

81
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2 H1 + 2 tL2

H1 + tL4

In[88]:= PlotB3 +
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H3 - tL4
+

2

81
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, 8t, -1, 3<F
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In[89]:= NMinimizeB:3 +
2 H5 - 2 tL2

H3 - tL4
+

2

81
H5 - 2 tL2 H1 + 2 tL2 +

2 H1 + 2 tL2

H1 + tL4
, t >= 0, t £ 2>, tF

NMinimize::cvmit :  Failed to converge to the requested accuracy or precision within 100 iterations. �

Out[89]= 86.23457, 8t ® 2.<<

In[91]:= N@TrZ2 �. t ® 0D

Out[91]= 6.23457

Fig. 3. tr(Z2) as a function of t2 = t3 = t when t1 = t4 = 2.

Therefore we can conclude that the trace of Z2 for values that satisfy t1 + t2 + t3 + t4 < 2 exceeds

tr(Z2)|(t1=2,t2=0,t3=0,t4=2) = 6.23457.

This gives us another inequality, needed to determine the minimum value for the largest eigenvalue. We
now have three inequalities to satisfy.

(i) λ1 + λ2 + λ3 = 3 (tr(Z))
(ii) λ2

1 + λ2
2 + λ2

3 > 6.23457 (tr(Z2))
(iii) λ1 < 2 (otherwise no feasible solution, Theorem 3)

The following lemma gives us even more information about the eigenvalues.

Lemma 6. The determinant of Z is positive. [Proof in the appendix]

Due to Lemma 6, we know that det(Z) > 0. Hence, there are three possible cases for the eigenvalues:
They can be positive, or one eigenvalue is positive and the others are negative, or one eigenvalue is positive
and the others are complex. We start with the easiest case where two eigenvalues are negative. Clearly since
λ2 < 0 and λ3 < 0, we know that λ1 > 3 and this violates (iii). If we have two complex eigenvalues they
have to be conjugate, i.e., λ1 < 2, λ2 = x+ Iy and λ3 = x− Iy for some values x, y. Because the sum of the
eigenvalues is three, we have λ1 = 3− 2x and x > 1/2 due to (iii). Moreover, the absolute value of λ2 and λ3

has to be less than λ1 thus x and y have to satisfy
√
x2 + y2 < 3−2x and thus x < 1. These constraints lead

to a maximum of 4.5 for λ2
1 +λ2

2 +λ2
3 = 9−12x+6x2−2y2 which clearly violates requirement (ii). To conquer

the case with three positive eigenvalues, we introduce three variables a, b, c ∈ R and rename the eigenvalues
as follows: λ1 = a + b + c, λ2 = a + b and λ3 = a. Note that a, b and c are positive. If c ≤ 1 and we have
a+2(a+ b) ≥ 2 from(i), thus a+ b ≥ (2−a)/2. Using (ii), we get a2 +((2−a)/2)2 +(((2−a)/2)+1)2 > 6.23

10



by replacing a + b with (2 − a)/2. For this to be true a must be larger that 2 and we get a + b + c > 2
which contradict (iii). Therefore we try to be more successful with c > 1. In this case, we know from (iii)
that a + b < 1 and inequality (i) translates to 3a + 2b < 2. Thus, a < 2/3 and a + b < (2 − a)/2. We plug
these into (ii) assuming that a+ b+ c = 2 and the result is a2 + ((2− a)/2)2 + 4. Regardless of the value we
assign to a, a2 + ((2− a)/2)2 + 4 < 6.23457. Hence we have shown that there exists no solution satisfying all
three inequalities for the eigenvalues.

This concludes our proof of the claim that three nested links sending in the same direction cannot transmit
simultaneously if the largest distance between a sender and receiver pair is less than three and the shortest
distance is 1. It remains to consider the cases where at least one link sends in the opposite direction, i.e., there
are three more scenarios to scrutinize. We can proceed similarly to the first case. The trace of the respective
link gain matrix is always 3, but the trace of the square of the matrix increases and the same arguments can
be applied. Due to lack of space, we moved the proof of the remaining cases to the appendix. ut

Corollary 1 (Nestings). At most O(logLmax) links can be nested on a interval of length Lmax, otherwise
there exists no power assignment allowing them to transmit simultaneously.

Proof. We know from Lemma 5 that three nested links require an interval of more than three times the
shortest link distance. Let the shortest distance be one. If we want to add three additional nested links that
include the first three links we need at least an interval of length 32, if we neglect the interference from the
three inner most links. We can repeat this procedure at most O(logLmax) times, before we cover the entire
interval length Lmax. ut

Apart from crossing and nested links, we need to consider parallel links as well.

Lemma 7. Out of m parallel links (no crossings, no nestings) where the length of the longest link is at
most twice the length of the shortest link, there are at least k = d2(π2/3)(1/α)e senders that can transmit
successfully at the same time with a uniform power assignment.

Proof. Starting from the left, we pick every kth link for a simultaneous transmission. We examine the
interference the lth link out of these m/k links has to endure. The shortest link amont all these links is
at least d(sl, rl)/2 long. Thus the ith closest sender on the lefthand side of link l is at distance at least
ikd(sl, rl)/2 from rl. The same holds for the senders on the righthand side of l. Assume that every sender
transmits with power one. Consequently, the total interference amounts to less than

m/k∑
i=1

2
(ikd(sl, rl)/2)α

<
2π22α

6kαd(sl, rl)α
<

1
d(sl, rl)α

and the Signal-to-Interference-plus-Noise ratio is above one. ut

We have now all the ingredients necessary to conclude how much the capacity in a uniform power setting
suffers from the lack of power control. We rephrase Theorem 2:

Theorem 2. Consider an interval of length Lmax. At least a Ω(1/ logLmax)-fraction of a PC-feasible
set is uniformly feasible.

Proof. Given a set of links, we divide the links into logLmax length classes such that the class k contains the
links of length in the interval [2k−1, 2k]. We pick the class containing the largest number of links. At least
half of them transmit in the same direction. If there are any nested links, we know thanks to Lemma 5 that
there are at most two nested links in the same length class. As a next step we can apply Lemma 7 by picking
the first and every d2(π2/3)(1/α)eth of these links and let them transmit concurrently with a uniform power
assignment. Due to this procedure, a power control algorithm can schedule at most log n · 2 · 2 · 10 more links
simultaneously and the claim follows. ut
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7 Conclusion and discussion

In this paper we show that for limited resources, e.g., an upper bound on the maximum transmission
power or the maximum distance between a sender and a receiver, a uniform power assignment provides
a log-approximation for the achievable capacity by a non-uniform power assignment. These results can be
understood in two ways. We can design and solve algorithmic problems in the uniform power model instead
of the non-uniform power model and lose a log factor in the solution. The result presented in this paper
suggest the following methodology for solving algorithmic problems in the non uniform power models. First
solve the same problem in the uniform power model (this task is usually simpler and less general). Use this
solution as a guide line for the general case involving power control and try to eliminate the logarithmic
factor.

A natural questions remains open, namely how much the two-dimensional case differs from the one-
dimensional case, i.e., it would be interesting to extend Theorem 2 to the two-dimensional case.
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A Proof of Lemma 6

Lemma 8. The determinant of Z is positive.

Proof. Since multiplying the determinant by a positive real number does not influence the sign, we can
calculate

det(Z) := (t1 + t2 + t3 + 1)2(t2 + t3 + t4 + 1)2(t3 + 1)2(t1 + t2 + 1)2(t2 + 1)2(t3 + t4 + 1)2/(t3t4t1t2) =
36t1t3t2 +12t31t3t2 +36t3t4t1 +24t3t4t31 +144t1t33t2 +40t23t

2
1 +24t23t1 +180t3t4t1t2 +180t33t4t1t2 +288t23t4t1t2 +

344t1t4t22t
2
3+200t2t4t21t

2
3+144t24t1t2t

2
3+288t1t4t22t3+168t2t4t21t3+168t24t1t2t3+36t3t4t31t2+72t1t3t22+72t1t4t22+

120t3t4t22 + 36t1t4t2 + 36t3t4t2 + 42t2t3t21 + 42t2t4t21 + 120t23t1t2 + 60t24t1t2 + 6t1t3 + 6t1t4 + 6t2t3 + 6t2t4 +
24t3t22+24t4t22+36t32t3+36t32t4+80t23t

2
2+24t23t2+40t24t

2
2+12t24t2+60t3t4t21+12t3t21+20t24t

2
1+12t24t1+12t4t21+

72t1t23t4 + 42t1t3t24 + 72t2t23t4 + 42t2t3t24 + 60t33t4t1 + 172t1t33t
2
2 + 192t1t23t

2
2 + 120t33t4t

2
2 + 192t23t4t

2
2 + 60t33t4t2 +

100t2t33t
2
1 + 112t2t23t

2
1 + 72t43t1t2 + 36t1t33 + 96t21t

2
2t

2
3 + 36t2t33 + 24t43t

2
1 + 48t33t

2
1 + 24t43t1 + 96t33t

2
2 + 86t32t

3
3 +

96t32t
2
3 +48t43t

2
2 +24t43t2 +120t1t32t

2
3 +172t32t4t

2
3 +96t24t

2
2t

2
3 +48t24t2t

2
3 +60t33t4t

2
1 +96t23t4t

2
1 +48t24t

2
1t

2
3 +48t24t1t

2
3 +

18t1t43t4 + 18t1t33t
2
4 + 18t2t43t4 + 18t2t33t

2
4 + 48t21t

2
2t3 + 60t1t32t3 + 144t32t4t3 + 112t24t

2
2t3 + 56t24t

2
1t3 + 14t31t

3
3t2 +

56t21t
3
3t

2
2+24t23t

3
1t2+6t31t3t

2
2+18t21t3t

3
2+6t31t4t

2
2+18t21t4t

3
2+48t21t4t

2
2+12t31t4t2+12t24t

3
1t2+48t24t

2
1t

2
2+56t24t

2
1t2+

60t4t32t1 +48t42t
2
3 +24t42t3 +6t1t53 +6t2t53 +16t23t

3
1 +6t31t3 +6t31t4 +8t24t

3
1 +144t3t4t21t

2
2 +5t33t4t

3
1t2 +20t33t4t

2
1t

2
2 +

80t33t4t
2
1t2 +28t23t4t

3
1t2 +112t23t4t

2
1t

2
2 +4t31t4t

2
2t

2
3 +12t21t4t

3
2t

2
3 +4t24t

3
1t2t

2
3 +16t24t

2
1t

2
2t

2
3 +64t24t

2
1t2t

2
3 +12t31t4t

2
2t3 +

36t21t4t
3
2t3 + 16t24t

3
1t2t3 + 64t24t

2
1t

2
2t3 + 116t24t

2
1t2t3 + 180t3t4t32t1 + 25t33t4t1t

3
2 + 140t33t4t1t

2
2 + 140t23t4t1t

3
2 +

12t1t4t42t
2
3 + 20t24t1t

3
2t

2
3 + 112t24t1t

2
2t

2
3 + 36t1t4t42t3 + 80t24t1t

3
2t3 + 200t24t1t

2
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4t1 + 36t2t43t4t1 + 36t2t33t

2
4t1 + 28t33t

4
2 + 2t52t

3
3 + 8t52t

2
3 +

4t43t
4
2 + 28t43t

3
2 + 8t53t

2
2 + 2t32t

5
3 + 4t52t4t

2
3 + 8t24t

4
2t

2
3 + 56t24t

3
2t

2
3 + 6t32t

4
3t4 + 24t22t

4
3t4 + 6t32t

3
3t

2
4 + 24t22t

3
3t

2
4 + 12t52t4t3 +

32t24t
4
2t3 + 12t32t

2
4t

2
1 + 4t52t

2
4 + 4t24t

3
1t

2
2 + 12t42t

2
4t1 + 2t52t3t

2
4 + 6t32t

2
4t

2
1t3 + 6t42t

2
4t1t3 + 2t22t

3
1t3t

2
4 + 12t34t1t2t

2
3 +

24t34t
2
2t3 + 12t34t2t3 + 12t34t

2
1t3 + 12t34t1t3 + 6t1t23t

3
4 + 6t2t23t

3
4 + 36t34t1t2t3 + t34t

3
1t2t3 + 4t34t

2
1t

2
2t3 + 16t34t

2
1t2t3 +

8t34t
2
2t

2
3 + 4t34t

2
1t

2
3 + 2t34t

3
1t3 + 2t34t

4
2t3 + 14t34t

3
2t3 + 2t34t

2
1t2t

2
3 + 4t34t1t

2
2t

2
3 + 5t34t

3
2t1t3 + 28t34t

2
2t1t3 + 28t1t34t

2
2 +

24t1t34t2 +16t2t34t
2
1 +2t32t

3
4t

2
3 +6t1t34 +6t2t34 +16t34t

2
2 +14t32t

3
4 +8t34t

2
1 +2t31t

3
4 +4t34t

4
2 +8t21t

3
4t

2
2 +2t31t

3
4t2 +10t34t

3
2t1.

The observation that this sum does not contain any negative terms concludes the proof.

B Proof for Mixed Directions Lemma 5

1t1 t2 t3 t4

r3 s1s2 r1 r2 s3

Fig. 4. Scenario rss.

Let us start with the scenario to examine the link covering the longest distance transmits in the opposite
direction (see Figure 4). The corresponding link gain matrix is

Zrss =


1 1

(1+t2)2
1

(t3+t4)2

(1+t2+t3)
2

(1+t3)2
1 (1+t2+t3)

2

t24
(1+t1+t2+t3+t4)

2

(t1+t2)2
(1+t1+t2+t3+t4)

2

t21
1

 .
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The trace of the square of this matrix is

tr(Z2
rss) = 3 +

2(1 + t2 + t3)2

(1 + t2)2(1 + t3)2
+

2(1 + t1 + t2 + t3 + t4)2

(t1 + t2)2(t3 + t4)2

+
2(1 + t2 + t3)2(1 + t1 + t2 + t3 + t4)2

t21t
2
4

.

Since t1, t2, t3 and t4 are positive values, this trace decreases monotically in t1 and t4.

∂ tr(Z2
rss)

∂t1
=

4(1 + t1 + t2 + t3 + t4)(1 + t2 + t3)2

t21t
2
4

(
1− 1 + t1 + t2 + t3 + t4

t1

)
+

4(1 + t1 + t2 + t3 + t4)
(t1 + t2)2(t3 + t4)2

(
1− 1 + t1 + t2 + t3 + t4

(t1 + t2)2

)
< 0.

∂ tr(Z2
rss)

∂t4
=

4(1 + t1 + t2 + t3 + t4)(1 + t2 + t3)2

t21t
2
4

(
1− 1 + t1 + t2 + t3 + t4

t4

)
+

4(1 + t1 + t2 + t3 + t4)
(t1 + t2)2(t3 + t4)2

(
1− 1 + t1 + t2 + t3 + t4

(t3 + t4)2

)
< 0.

This allows us to set t1 = t4 = 2− t2− t3 as we only decrease the trace by this decision. We observe now
that the trace of Z2

rss is symmetric in t2 and t3 and it is minimized when t2∗ = t3∗ = t = (t2 + t3)/2.

tr(Z2
rss) > 3 +

2(5− t2 − t3)2

(2− t2)2(2− t3)2
+

2(5− t2 − t3)2(1 + t2 + t3)2

(2− t2 − t3)4
+

2(1 + t2 + t3)2

(1 + t2)2(1 + t3)2
.

Consequently, we can rewrite the trace as

tr(Z2
rss) > 3 +

2(5− 2t)2

(2− t)4
+

2(5− 2t)2(1 + 2t)2

(2− 2t)4
+

2(1 + 2t)2

(1 + t)4
.

In[57]:= Z = :81, 1� Ht2 + 1L^2, 1� Ht4 + t3L^2<,
H1 + t2 + t3L^2 81� H1 + t3L^2, 1� H1 + t2 + t3L^2, 1� Ht4L^2<,

Ht1 + t2 + 1 + t3 + t4L^2 :1� Ht2 + t1L^2,
1

Ht1L2
, H1 + t1 + t2 + t3 + t4L^H-2L>>

Out[57]= ::1,
1

H1 + t2L2
,

1

Ht3 + t4L2
>, :

H1 + t2 + t3L2

H1 + t3L2
, 1,

H1 + t2 + t3L2

t42
>,

:
H1 + t1 + t2 + t3 + t4L2

Ht1 + t2L2
,

H1 + t1 + t2 + t3 + t4L2

t12
, 1>>

In[58]:= MatrixForm@ZD

Out[58]//MatrixForm=

1 1

H1+t2L2
1

Ht3+t4L2

H1+t2+t3L2
H1+t3L2

1
H1+t2+t3L2

t42

H1+t1+t2+t3+t4L2
Ht1+t2L2

H1+t1+t2+t3+t4L2
t12

1

In[59]:= TrZ2 = Tr@Z.ZD

Out[59]= 3 +
2 H1 + t2 + t3L2

H1 + t2L2 H1 + t3L2
+
2 H1 + t2 + t3L2 H1 + t1 + t2 + t3 + t4L2

t12 t42
+
2 H1 + t1 + t2 + t3 + t4L2

Ht1 + t2L2 Ht3 + t4L2

In[60]:= TrZ2 = Tr@Z.ZD �. t2 ® t �. t3 ® t �. t1 ® 2 - 2 t �. t4 ® 2 - 2 t

Out[60]= 3 +
2 H5 - 2 tL2

H2 - tL4
+
2 H5 - 2 tL2 H1 + 2 tL2

H2 - 2 tL4
+
2 H1 + 2 tL2

H1 + tL4

In[61]:= PlotB3 +
2 H5 - 2 tL2

H2 - tL4
+
2 H5 - 2 tL2 H1 + 2 tL2

H2 - 2 tL4
+
2 H1 + 2 tL2

H1 + tL4
, 8t, -1, 3<F

Out[61]=

-1 1 2 3

5000

10 000

15 000

20 000

25 000

In[56]:= NMinimizeB:3 +
2 H5 - 2 tL2

H2 - tL4
+
2 H5 - 2 tL2 H1 + 2 tL2

H2 - 2 tL4
+
2 H1 + 2 tL2

H1 + tL4
, t >= 0, t £ 2>, tF

Out[56]= 8255.719, 8t ® 1.52155<<

In[63]:= N@Tr@Z.ZD �. t2 ® 0 �. t3 ® 0 �. t1 ® 2 �. t4 ® 2D

Out[63]= 11.25

4   nur2.nb

Fig. 5. tr(Z2
rss) as a function of t2 = t3 = t when t1 = t4 = 2.

This polynomial in t has one local mininimum in the interval (-1,1), namely at t = −0.506043.
Hence the trace of Z2

rss is increasing between 0 and 1 and we can set t = 0. Therefore we can conclude
that the trace of Z2 for values that satisfy t1 + t2 + t3 + t4 < 2 exceeds

tr(Z2)|(t1=2,t2=0,t3=0,t4=2) = 11.25.

Unfortunately, the determinant of Zrrs is not always positive. Hence we have to be more careful when
reasoning whether or not the eigenvalues can satisfy
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1t1 t2 t3 t4

r3 s1r2 r1 s2 s3

Fig. 6. Scenario rrs

(i) λ1 + λ2 + λ3 = 3 (tr(Zrrs))
(ii) λ2

1 + λ2
2 + λ2

3 > 11.25 (tr(Z2
rrs))

(iii) λ1 < 2 (otherwise no feasible solution).

If all eigenvalues are positive, the result from the case where all senders try to reach a receiver in the
same direction carries over, since tr(Z2

rrs) > tr(Z2
sss). The same holds for the case where two eigenvalues

are negative or complex. If only one eigenvalue is negative, and we use the notation λ1 = b+ c, λ2 = b and
λ3 = a for some a < 0, b >= 0, c > 0. Since a + 2b + c = 3, b < c and b + c < 2 it must hold that a > −1
and b < 2. Consequently, λ2

1 + λ2
2 + λ2

3 = a2 + b2 + (b+ c)2 < 1 + 4 + 4 = 9 and thus there are no eigenvalues
that can satisfy requirement (ii).

Turning to the scenario where the inner most communication pair transmits in the opposite direction,
see Figure 6), we study the link gain matrix

Zrrs =


1 1

t23

1
(t3+t4)2

(1+t2+t3)
2

t22
1 (1+t2+t3)

2

(1+t2+t3+t4)2

(1+t1+t2+t3+t4)
2

(t1+t2)2
(1+t1+t2+t3+t4)

2

(1+t1+t2+t3)2
1

.

The trace of the square of this matrix is

tr(Z2
rrs) = 3 +

2(1 + t2 + t3)2

t22t
2
3

+
2(1 + t1 + t2 + t3 + t4)2

(t1 + t2)2(t3 + t4)2

+
2(1 + t2 + t3)2(1 + t1 + t2 + t3 + t4)2

(1 + t1 + t2 + t3)2(1 + t2 + t3 + t4)2
.

Not surprisingly, this trace is monotonically decreasing in t1 and t4 as well.

∂ tr(Z2)
∂t4

=
4(1 + t1 + t2 + t3 + t4)

(t1 + t2)2(t3 + t4)2

(
1− 1 + t1 + t2 + t3 + t4

t3 + t4

)
+

4(1 + t2 + t3)2(1 + t1 + t2 + t3 + t4)
(1 + t1 + t2 + t3)2(1 + t2 + t3 + t4)2

(
1− 1 + t1 + t2 + t3 + t4

1 + t2 + t3 + t4

)
< 0.

∂ tr(Z2)
∂t1

=
4(1 + t1 + t2 + t3 + t4)

(t1 + t2)2(t3 + t4)2

(
1− 1 + t1 + t2 + t3 + t4

t1 + t2

)
+

4(1 + t2 + t3)2(1 + t1 + t2 + t3 + t4)
(1 + t1 + t2 + t3)2(1 + t2 + t3 + t4)2

(
1− 1 + t1 + t2 + t3 + t4

1 + t1 + t2 + t3

)
< 0.

We proceed by setting t1 = t4 = 2− t2 − t3 as we only decrease the trace by this decision. Note that the
trace of Z2

rrs is symmetric in t2 and t3 and it is minimized when t2∗ = t3∗ = t = (t2 + t3)/2.
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tr(Z2
rrs) > 3 +

2(5− t2 − t3)2

(2− t2)2(2− t3)2
+

2
81

(5− t2 − t3)2(1 + t2 + t3)2 +
2(1 + t2 + t3)2

t22t
2
3

Consequently, we can rewrite the trace as

tr(Z2
rrs) > 3 +

2(5− 2t)2

(2− t)4
+

2
81

(5− 2t)2(1 + 2t)2 +
2(1 + 2t)2

t4
.

In[92]:= N@TrZ2 �. t fi 2D

Out[92]= 6.23457

2 nd case

In[74]:= Z = :81, 1� Ht3L^2, 1� Ht3 + t4L^2<,
H1 + t2 + t3L^2 81� Ht2L^2, 1� H1 + t2 + t3L^2, 1� Ht4 + t3 + 1 + t2L^2<,

Ht1 + t2 + 1 + t3 + t4L^2 :1� Ht2 + t1L^2,
1

Ht1 + t2 + t3 + 1L2
, H1 + t1 + t2 + t3 + t4L^H-2L>>

Out[74]= ::1,
1

t32
,

1

Ht3 + t4L2
>, :

H1 + t2 + t3L2

t22
, 1,

H1 + t2 + t3L2

H1 + t2 + t3 + t4L2
>,

:
H1 + t1 + t2 + t3 + t4L2

Ht1 + t2L2
,

H1 + t1 + t2 + t3 + t4L2

H1 + t1 + t2 + t3L2
, 1>>

In[75]:= MatrixForm@ZD

Out[75]//MatrixForm=

1 1

t32
1

Ht3+t4L2

H1+t2+t3L2
t22

1
H1+t2+t3L2

H1+t2+t3+t4L2

H1+t1+t2+t3+t4L2
Ht1+t2L2

H1+t1+t2+t3+t4L2
H1+t1+t2+t3L2

1

In[76]:= TrZ2 = Tr@Z.ZD

Out[76]= 3 +
2 H1 + t2 + t3L2

t22 t32
+
2 H1 + t1 + t2 + t3 + t4L2

Ht1 + t2L2 Ht3 + t4L2
+
2 H1 + t2 + t3L2 H1 + t1 + t2 + t3 + t4L2

H1 + t1 + t2 + t3L2 H1 + t2 + t3 + t4L2

In[78]:= TrZ2 = Tr@Z.ZD �. t2 fi t �. t3 fi t �. t1 fi 2 - 2 t �. t4 fi 2 - 2 t

Out[78]= 3 +
2 H5 - 2 tL2

H2 - tL4
+

2

81
H5 - 2 tL2 H1 + 2 tL2 +

2 H1 + 2 tL2

t4

In[79]:= PlotB3 +
2 H5 - 2 tL2

H2 - tL4
+

2

81
H5 - 2 tL2 H1 + 2 tL2 +

2 H1 + 2 tL2

t4
, 8t, -1, 3<F

Out[79]=

-1 1 2 3

1000

2000

3000

4000

5000

In[81]:= NMinimizeB:3 +
2 H5 - 2 tL2

H2 - tL4
+

2

81
H5 - 2 tL2 H1 + 2 tL2 +

2 H1 + 2 tL2

t4
, t >= 0, t £ 2>, tF

Out[81]= 841., 8t ® 1.<<

2   nur2.nb

Fig. 7. tr(Z2
rrs) as a function of t2 = t3 = t when t1 = t4 = 2

This polynomial in t has a local minimum in t = 1. Therefore we can conclude that the trace of Z2 for
values that satisfy t1 + t2 + t3 + t4 < 2 exceeds

tr(Z2
rrs)|(t1=0,t2=1,t3=1,t4=0) = 41

Since tr(Z2
rrs) > tr(Z2

rss) and we were not able to determine suitable eigenvalues for the scenario where
the longest link transmits in the opposite direction, it is easy to see that we cannot find eigenvalues that
satisfy these three requirements

(i) λ1 + λ2 + λ3 = 3 (tr(Zrrs))
(ii) λ2

1 + λ2
2 + λ2

3 > 41 (tr(Z2
rrs))

(iii) λ1 < 2 (otherwise no feasible solution).

1t1 t2 t3 t4

s3 s1r2 r1 s2 r3

Fig. 8. Scenario srs.

In the last the scenario where the sender/receiver pair in the middle transmits in the opposite direction
of the other pairs (see Figure 8), we can derive the link gain matrix

Zsrs =


1 1

t23

1
(1+t1+t2)2

(1+t2+t3)
2

t22
1 (1+t2+t3)

2

t21
(1+t1+t2+t3+t4)

2

(1+t3+t4)2
(1+t1+t2+t3+t4)

2

t24
1

.
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The corresponding trace of the square of the matrix is

tr(Z2
srs) = 3 +

2(1 + t2 + t3)2

t22t
2
3

+
2(1 + t2 + t3)2(1 + t1 + t2 + t3 + t4)2

t21t
2
4

+
2(1 + t1 + t2 + t3 + t4)2

(1 + t1 + t2)2(1 + t3 + t4)2
.

Since t1, t2, t3 and t4 are positive values, tr(Z2
srs) is monotonically decreasing in t1 and t4.

∂ tr(Z2)
∂t1

=
4(1 + t2 + t3)2(1 + t1 + t2 + t3 + t4)

t21t
2
4

(
1− 1 + t1 + t2 + t3 + t4

t1

)
+

4(1 + t1 + t2 + t3 + t4)
(1 + t1 + t2)2(1 + t3 + t4)2

(
1− 1 + t1 + t2 + t3 + t4

1 + t1 + t2

)
< 0.

∂ tr(Z2)
∂t4

=
4(1 + t1 + t2 + t3 + t4)(1 + t2 + t3)2

t21t
2
4

(
1− 1 + t1 + t2 + t3 + t4

t4

)
+

4(1 + t1 + t2 + t3 + t4)
(1 + t1 + t2)2(1 + t3 + t4)2

(
1− 1 + t1 + t2 + t3 + t4

1 + t3 + t4

)
< 0.

We can therefore set t1 = t4 = 2− t2 − t3 as we only decrease the trace by this decision. Observe now that
the trace of Z2

srs is now is symmetric in t2 and t3 and it is minimized when t2∗ = t3∗ = t = (t2 + t3)/2.

tr(Z2
srs) > 3 +

2(5− t2 − t3)2

(3− t2)2(3− t3)2
+

2(5− t2 − t3)2(1 + t2 + t3)2

(2− t2 − t3)4
+

2(1 + t2 + t3)2

t22t
2
3

.

Consequently, we can rewrite the trace as

tr(Z2
srs) > 3 +

2(5− 2t)2

(3− t)4
+

2(5− 2t)2(1 + 2t)2

(2− 2t)4
+

2(1 + 2t)2

t4
.

In[82]:= TrZ2 �. t ® 1

Out[82]= 41

3 rd case

In[48]:= Z = :81, 1� Ht3L^2, 1� Ht1 + t2 + 1L^2<,
H1 + t2 + t3L^2 81� Ht2L^2, 1� H1 + t2 + t3L^2, 1� Ht1L^2<,

Ht1 + t2 + 1 + t3 + t4L^2 :1� H1 + t3 + t4L^2,
1

Ht4L2
, H1 + t1 + t2 + t3 + t4L^H-2L>>

Out[48]= ::1,
1

t32
,

1

H1 + t1 + t2L2
>, :

H1 + t2 + t3L2

t22
, 1,

H1 + t2 + t3L2

t12
>,

:
H1 + t1 + t2 + t3 + t4L2

H1 + t3 + t4L2
,

H1 + t1 + t2 + t3 + t4L2

t42
, 1>>

In[49]:= MatrixForm@ZD

Out[49]//MatrixForm=

1 1

t32
1

H1+t1+t2L2

H1+t2+t3L2
t22

1
H1+t2+t3L2

t12

H1+t1+t2+t3+t4L2
H1+t3+t4L2

H1+t1+t2+t3+t4L2
t42

1

In[51]:= TrZ2 = Tr@Z.ZD �. t2 ® t �. t3 ® t �. t1 ® 2 - 2 t �. t4 ® 2 - 2 t

Out[51]= 3 +
2 H5 - 2 tL2

H3 - tL4
+
2 H5 - 2 tL2 H1 + 2 tL2

H2 - 2 tL4
+
2 H1 + 2 tL2

t4

In[46]:= PlotB3 +
2 H5 - 2 tL2

H3 - tL4
+
2 H5 - 2 tL2 H1 + 2 tL2

H2 - 2 tL4
+
2 H1 + 2 tL2

t4
, 8t, -1, 3<F

Out[46]=

-1 1 2 3

5000

10 000

15 000

20 000

25 000

In[47]:= NMinimizeB:3 +
2 H5 - 2 tL2

H3 - tL4
+
2 H5 - 2 tL2 H1 + 2 tL2

H2 - 2 tL4
+
2 H1 + 2 tL2

t4
, t >= 0, t £ 2>, tF

Out[47]= 811.25, 8t ® 2.<<

4 th case

nur2.nb  3

Fig. 9. tr(Z2
srs) as a function of t2 = t3 = t when t1 = t4 = 2.

This polynomial in t is minimized for t = 0.478455
Hence, we can conclude that the trace of Z2

srs for values that satisfy t1 + t2 + t3 + t4 < 2 exceeds

tr(Z2
srs)|(t1=2−2·0.478455,t2=0.478455,t3=0.478455,t4=2−2·0.478455) = 255.719.

Since tr(Z2
srs) is even larger than tr(Z2

ssr) this scenario is not feasible either. Consequently, we have shown
that—regardless of the transmitting direction—we cannot place three nested links in an interval of length
three if the shortest link has to cover distance one. By scaling the link lengths with an appropriate factor
we derive the statement we set out to prove.
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