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Abstract — The seminal model for the effect of winds on surface ocean currents was proposed by
Ekman more than a century ago. It demonstrated the non-trivial effect of the Earth’s rotation on
surface ocean currents driven by constant wind. Here we show that this model is ill-defined when
forced by a more realistic stochastic wind — the component of the stochastic wind that resonates
with the Coriolis frequency leads to the divergence (singularity) of the surface and depth-integrated
currents. The addition of a linear friction term to the model suppresses this unphysical singularity.
We present explicit solutions for the surface and depth-integrated currents for wind stress with
exponentially decaying and oscillating temporal correlations and show that the wind’s temporal
correlations and the friction drastically affect, and can even diminish, the resonance. Winds and
currents from the Gulf of Elat are compared with the model’s predictions.

Copyright © EPLA, 2015

Introduction. — Motivated by the observation of
Fridtjof Nansen that ice in the Arctic drifts 20°-40° to
the right of the prevailing winds, Vagn Walfrid Ekman [1]
developed, in 1905, a simple model for the depth depen-
dence of the surface current under the action of constant
(or pulse-like) wind. This highly idealized model predicted
a clockwise spiral rotation as a function of depth, an ex-
ponentially decaying current speed with depth, an angle
of 45° of the surface current to the right of the wind,
and integrated currents that are (right) perpendicular to
the wind [2-4]. Ekman’s model was supported by obser-
vations [5-8] and by rotating tank experiments [3,9,10].
The Ekman model is one of the most fundamental models
to demonstrate the effect of the Earth’s rotation on the
ocean currents, and basic oceanic processes (like coastal
upwelling/downwelling and Ekman transport) are based
on it. However, as noted by Ekman himself [1], the sim-
plicity of the model and its simplistic assumptions (such as
constant eddy parameterized vertical viscosity coefficient)
limit its applicability [1] to the atmosphere and ocean.

Many studies have generalized and modified the Ekman
model. Yet, only a limited number of studies have in-
vestigated the effects of stochastic wind on the surface

currents [11-15], especially when the wind is temporally
correlated [16]. This is especially surprising since winds
are stochastic in their nature and are far from being tem-
porally constant as was assumed by Ekman [17-19].

Here we study the Ekman layer model under the ac-
tion of stochastic and temporally correlated wind stress.
We demonstrate that the depth-dependent Ekman layer
model is ill-defined when forced by stochastic wind stress
due to the resonance of the Coriolis force (frequency) with
a wind-stress component of corresponding frequency — this
resonance eventually leads to the divergence of the surface
currents. To avoid this singularity, we follow [20] and add a
linear friction term to the Ekman layer model. We present
an explicit solution for the surface and depth-integrated
currents. We show that the effect of the resonance strongly
depends on the temporal correlations of the wind and the
friction term.

Model and solution procedure. — Based on [1], we
study the effect of wind stress on surface ocean currents
using the following set of equations:

(1)
(2)

uy — fu =
v+ fu =

VUy, — TU,

VU,, — TV,
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where ¢t and z are the time and depth coordinates, u and
v are the zonal (west to east) and meridional (south to
north) velocities, f is the Coriolis parameter assumed here
to be constant, v is the eddy parameterized vertical vis-
cosity coefficient, and 7 is a constant resembling Rayleigh-
like friction [20]. Here we assume, for simplicity, that the
interior geostrophic currents are zero; it is possible to in-
clude the effect of geostrophic currents by adding them to
uw and v. Note that the addition of the r terms is crucial
for the results of this paper; they are not part of the orig-
inal Ekman layer model but are added here to solve the
problem of the singularity of surface currents under res-
onance conditions; see below. The Rayleigh friction was
included in many previous studies that investigated the
depth-integrated Ekman layer model [2] and recently, the
depth-dependent Ekman layer model [20]. It is an em-
pirical term that provides a decay response that allows
losses of energy due to the processes that are ignored in
the Ekman layer model, including generation of internal
waves, wave breaking, boundary friction, turbulent mixing
processes and, to a much lesser extent, molecular friction.
By defining a new complex variable w = u + iv, it is
possible to obtain a single equation for egs. (1), (2):

w + (r+if)w = vw,,.

(3)

After applying a Fourier Transform (FT, o (w) =
J75 w(t)e™*dt) with respect to the time variable, we
obtain the following z-dependent equation:

R r+i(f +w)

Wy, — w = 0. 4
e = T @)
We assume that the ocean is infinitely deep, that the

currents vanish at depth, and that at the surface [2]

L4, (5)

1
N —0) = L (3 Ay L
W, (2 ) (T2 +ify) ooV

pov
where pg is the water density (assumed here to be con-
stant), and 7, 7, are the FT of the zonal and meridional
wind-stress components. Under these assumptions and
boundary conditions

~ T kz
W= pol/ke , (6)
where
ko (r2 + (f\/—tw)2)1/4€i¢/2; 6 tan-! (f +w) ™
v
such that
12
2 = al 22+ () ) cos(6/2)2/ Vo

R/ + (f+w)?

At the surface (z = 0), eq. (8) becomes

(8)

"lf)|2 _ |7A—|2

v+ (fw)? )

For the integrated currents (Ekman transport) W =
J wdz, we get

‘W|2 _ |7A-|2
pa(r? + (f +w)?)’

(10)

The second moment of the currents, (Jw|?), can be ob-
tained by using Parseval’s theorem:

() = 55 [ loPa. (11)

Thus, once the power spectrum of the wind stress, |7|2, is
known, it is possible to obtain the second moment of the
currents.

Temporally correlated wind-stress solution. —
Consider the case in which the wind stress has exponen-
tially decaying temporal correlations superimposed on a
periodic signal (representing, e.g., the diurnal cycle):

2
(re@r(f+ ) = e cos(wot),  (12)
where Tgr is a constant representing the second moment
of the wind stress in the x (zonal) direction, 7, is the
exponential decay rate of the temporal correlations, and
wp is the frequency at which the correlation function os-
cillates. (When 7, = 79, cos(wot) + 71 57 where 1, is a
random variable with exponentially decaying correlations
and zero mean, then (7, (8)7,(f + t)) ~ 7§, cos(wot)/2 +
T2 oMy i) /2 = 78 4 cos(wot) /2+7E e =11l /2. This is the
sum of eq. (12) with ~, = 0 plus eq. (12) with wy = 0.)
Here, we assume that the zonal and meridional compo-
nents of the wind stress are independent such that each
component can be analyzed separately and the linearity
of the model implies that the overall result is the sum
of their contributions. We thus restrict ourselves below to
the zonal direction where the generalization to include the
meridional direction is straightforward. For simplicity, we
drop below the subscript “z”.
The FT of eq. (12) is

2
s2 YT 1 1
_ 07 n . (13
=3 (oo * Fre—a) W

Hence, in principle, it possible to find the second moment
of the depth-dependent currents using eqgs. (8) and (11).
However, it seems that there is no general analytic solution
for this integral unless the wind stress is periodic and |7|?
is a delta function. Yet, we find the second moment of the
depth-integrated current given in eq. (10)

T2 v+ 1
(W) = 5

ey r \(fHwo)?+ (v +1)?

1
i (fwo)2+(v+7“)2>'
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In the absence of periodic wind stress (i.e., wp = 0), this
expression is consistent with our previous derivations [16].

It is also possible to obtain an analytic expression for
the second moment of the surface currents (z = 0) given
in eq. (9):

oty = Y270 5 Ll 90 VB T A,

87 vpd Pl B; J J J
+\/Bj —Alele:|, (15)

where
Ay =72 = 4+ (f £ wo)?, (16)
Bi = ¢A +492(f £ wo)?, (17)
Cy = = (fiw0)2+Bi+\f2|fiw0|«/Bi+Ai
+92 +V2yy/Bx — A+, (18)
2 /By —A

tan a4 = \var = = (19)

V2|f £wol + /B + Az

Note that By |AL| such that the square roots in
eqs. (18) and (19) are always non-negative.

Limiting cases. — We will consider below a few limit-
ing cases of the general expression of the second moment
of surface currents given in egs. (15)—(19).

Constant wind and no friction: In this case, r = 0,
v = 0, and wg = 0. Then the second moment is
{lw|?) = 78/(2vpE|f|). This expression is consistent with
the classical solution of Ekman [2,3.9].

Infinite friction: In this case, r — oo and then (Jw|?) —
78 /(2p¢vr) — 0, as expected from the very large friction.

Zero friction: In this case, r — 0 and

'ylnr 7'02

([wl?) =

21 vp?
(20)
Thus the second moment diverges when r» — 0, assuming
that all other parameters are finite, highlighting the prob-
lem with the traditional formulation of the Ekman layer
model.
Periodic wind: In this case, v — 0, and when assuming
a finite friction r we get

' 1 1
(o) = 29, [ — : .
vpg \ /1?2 + (f +wo)? \/7‘ + (f —wo)?
(21)
When |f| = |wo|, the leading-order term of (|w|?) varies

like 1/7 and diverges when r — 0. Intuitively, the latter
case is equivalent to a forced harmonic oscillator without
friction and under resonance conditions.

(e g an)
Y2+ (f+wo)? A (f—wo)?)”

4
3
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2
6 (d)
5 .
4 ?.1 .
. RN
2 ¥/

0 1 2

fIQ

Fig. 1: (Colour on-line) (a) Mean surface current speed
(in cm/s) as a function of the Coriolis parameter (frequency), f,
and the temporal correlation parameter, 7. (b) Same as (a) but
for the friction parameter r» and temporal correlation parame-
ter . (c) Same as (a) but for the friction parameter r and the
Coriolis parameter f. (d) Same as (a) but for the current at a
depth of 400 m. In all panels, the solid line indicates the max-
imum value along the vertical axis while the dashed line indi-
cates the maximum value along the horizontal axis. Parameter
values are: Q = 27/86400s %, f = 2Qsin(45°),wo = Q, 70 =
0.INm % v = 01m®s ', pg = 1028kgm™>,r = 107°s™",
y=10"%s"".

Uncorrelated wind: In this case, v — oo, and when
r >0, we get ([uwl?) = [r3/(rvp?)](ny)/7 — 0. Thus,
as expected, surface currents are not developed under the
action of uncorrelated wind [16].

Results. — We summarize the model’s results in fig. 1.
In fig. 1(a), we present the mean surface current (in cm/s)
as a function of the Coriolis and correlation parameters
(f and ~ respectively). The dashed and solid lines indi-
cate the maximal magnitude of the current along the x (f)
and y () axes. For small 7, the maximum (resonance)
occurs close to the frequency of the wind (as wy = Q),
and the current is large there. However, when v becomes
larger, the maximal value occurs at a smaller value of the
Coriolis parameter and the maximal current is smaller;
for /€ > 1.36, the maximum disappears and the current
speed decreases monotonically as a function of the Corio-
lis parameter, f. There is also a maximal value as a func-
tion of the temporal correlations parameter, y. A similar
optimum was reported in [16] for the integrated currents.
There is no maximum when the Coriolis parameter is close
to the frequency of the wind (f ~ wp), as the wind reso-
nance with the Coriolis force overcomes the optimum due
to the temporal correlations.

Figure 1(b) depicts the mean surface current speed as
a function of the friction parameter, r, and the temporal
correlation parameter, v. As expected, also here there is
an optimum with respect to v but not with respect to the
friction parameter, r. The mean surface current speed as
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a function of f and r is shown in fig. 1(c) where, as ex-
pected, there is an optimum (resonance) with respect to
the Coriolis parameter. Yet, similar to fig. 1(a), the opti-
mum occurs for smaller values of the Coriolis parameter
as the friction, r, grows; above r ~ 1.2, there is no op-
timum and the surface current speed decreases monoton-
ically with f. Figure 1(d) is similar to fig. 1(a) except
that here we present the mean current speed at a depth
of 400 m. The two are qualitatively similar except that in
depth the currents are weaker and there is a wider range
for optimal values, i.e., there is an optimal Coriolis pa-
rameter for which the 2 = —400m current is maximal for
~v/Q < 1.7, while for the surface current, there is an op-
timal value for v/Q < 1.36. Interestingly, even at such
great depths, much below the surface Ekman layer depth
\/2v/Q =~ 50m, there are noticeable currents. This is
especially evident for v < 1 and f/Q = 1 where the res-
onance is pronounced and the Ekman layer becomes very
deep as f +w = 0 (eq. (8)). We obtained similar results
to those shown in fig. 1 when using the depth-integrated
currents, using eq. (14); the underlying mechanism of the
optimum with respect to the temporal correlation param-
eter, 7, was discussed in length in [16], and we conjecture
that a similar mechanism stands behind the results pre-
sented above.

We examine the predictions of the Ekman layer model
described above against current measurements from the
Gulf of (Aqaba) Elat, Israel. The results are presented in
the appendix. The location of the point of measurement
is 34.92°E, 29.5°N at which the Coriolis frequency is very
close to the diurnal frequency of the wind. Thus, in this
location, the wind may resonate with the Coriolis force.
Currents were recorded at depths of 10m, 24m, 36m,
and 330m [21,22]. We compare the monthly mean wind
speed to the monthly mean current speed, focusing on two
months, January and April 2009. The mean wind speed
during April is stronger than that of January (fig. 2(a));
yet, the mean current speed during January is much larger
than during April (fig. 2(b), (d)). The resonance of the
wind-forced currents with the Coriolis frequency may re-
solve this apparent contradiction as the winds have larger
power at the diurnal band compared to the background
during January 2009 (fig. 2(c)).

To examine the effect of the resonance and to estimate
the value of the friction coefficient, r, we have integrated
egs. (1) and (2) using the measured winds in the Gulf
of Elat; several Coriolis parameters corresponding to lat-
itudes 20°N, 30°N, and 40°N were considered. January
and April 2009 currents at different depths vs. r are de-
picted in fig. 3. First, it is clear that the simulated cur-
rents at 30°N are much stronger than the currents of 20°N
and 40°N. Second, we estimate an upper bound for r
as the crossing point of r at which the simulated mean
January 2009 current becomes smaller than that of April
2009, since the observed currents are stronger than the
April 2009 currents. The friction parameter correspond-
ing to the crossing point is larger for deeper currents. Since

the observations indicate that the currents during January
2009 are larger than those of April 2009, also at a depth of
10 m, and since the simulated January currents are larger
than those of April only when r < 10795~ (fig. 3(a)), we
conclude that r < 107%s™! for the Gulf of Elat. Alterna-
tively, it is possible that r is depth-dependent.

There are several energy sources for the kinetic energy of
the Gulf of Elat, including winds, tides, currents through
the Straits of Tiran (the straits that connect the Red Sea
with the Gulf of Elat), deep water formation, and geother-
mal heating [23-26]. Yet, it is apparent that the winds
underlie a significant part of the surface currents’ kinetic
energy. While the example of January vs. April 2009 cur-
rents provide evidence for the effect of the resonance of the
Coriolis force with the wind’s frequency, there are coun-
terexamples for which the wind is strong and periodic,
and yet the currents are less pronounced (e.g., June 2009,
fig. 2); in such cases, some of the other factors mentioned
above may dominate the currents.

Discussion and summary. — The seminal Ekman
layer model has been used for more than a century to
study the effect of winds on surface currents. Here we
show that the surface currents predicted by the Ekman
layer model diverge when the wind is stochastic, such
that one of its components resonates with the Coriolis fre-
quency. Many studies reported the signature of “inertial”
resonance, i.e., enhanced currents as a result of resonance
between the Coriolis parameter and the periodicity of the
winds [12,27-31] (tides can also resonate with the Coriolis
frequency [32]). However, the temporal correlations of the
wind were largely ignored in the framework of the Ekman
layer model. The temporal correlations of the wind play
a significant role in the surface currents — there is an opti-
mal correlation time for which the surface currents’ magni-
tude is maximal [16]. Here, we used the depth-dependent
Ekman layer model to show that the temporal correlations
of the winds drastically affect the currents (including the
resonance of the Coriolis force with the winds) and that
without a friction term added to the model, the currents
diverge.

Although there are observations that support the pre-
dictions of the Ekman layer model [6,7,29], there is still a
large gap between the observations and the model [3]. This
gap may be attributed to the simplicity of the model, to
the constant vertical eddy parameterized viscosity coeffi-
cient, to lateral effects, etc. It is possible that the stochas-
tic nature of the wind stress, its temporal correlations and
the friction term studied here may help to better fit ob-
servations with the predictions of the Ekman layer model.

We thank GEORGY BURDE and EL1 TZIPERMAN for
helpful discussions. YA and HG would like to thank the
Israeli Ministry of Science and Technology and the Taiwan
Ministry of Science and Technology for financial support.
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Fig. 2: (Colour on-line) (a) Monthly mean (red) and standard
deviation of the wind speed (in m/s) from the Gulf of Elat
(34.92°E, 29.5°N). (b) Monthly mean current speed (in cm/s)
at different shallow depths. (c) FT amplitude of the wind
speed at the diurnal frequency. (c) Monthly mean current
speed (in cm/s) at a depth of 330m. The vertical dashed line
indicates January 2009 and the vertical dotted line indicates
April 2009.

We would like to thank the National Monitoring Pro-
gram for providing the meteorological data from the Israeli
Inter-University Institute (IUT).

Appendix: the effect of stochastic wind on the
infinite depth Ekman layer model. — Below we de-
scribe measurements and simulations of the currents in
the Gulf of Elat, Israel.

The Gulf of FElat. The Gulf of Elat is a deep (down
to ~2km), narrow (~20km), and long (~200km) gulf
that is connected to the Red Sea through the Straits of
Tiran. The currents in the gulf are mainly driven by the
winds and tides. The stratification in the gulf is weak
where the salinity is almost constant with time and depth
(~42 grams of salt per kg of water), and the seasonal
variations in temperature ranges between ~27°C in the
summer to ~21°C during winter. The mixed layer depth
varies between ~100 m during summer to almost the entire
water column during winter. Water exchange through the
Straits of Tiran plays an important role in the circulation
of the gulf. The winds in the gulf are mostly northerly.

Measurements. The measurements were taken at the
northern tip of the gulf. The shallow depth currents
were recorded using a 600 kHz Acoustic Doppler Current
Profiler (ADCP) from September 10, 2008 to July 13,
2009 at 29.4882°N 34.926°E (where the water depth is
400 m); the sampling interval was one hour. The deep cur-
rents (330m) were recorded using an S4 electromagnetic
current meter from October 12, 2008 to July 12, 2009
at 29.498°N 34.936°E (where the water depth is 400m),
very close to the location of the ADCP; the sampling
interval was 20 minutes. For more details, see [21,22].
Ten-minute-mean 10-m-height winds were measured at a
nearby coastal deck (29.501084°N, 34.916421°E).

Results. The monthly mean and standard deviation of
the wind speed are depicted in fig. 2(a) — it is clear that

E i X — Jan. 09, 20°N
T " T |— Apr.09,20°N

10 e
(C) — Jan. 09,30°N
N\ | 36.5 m|— Apr.09.30°N
Jan. 09, 40°N
—— Apr. 09, 40°N

Current speed (cm/s)

N L.
4e-06 8e-06

r (1/s)

P T "
4e-06 8e-06

r (1/s)

Fig. 3: (Colour on-line) Mean simulated current speed as a
function of the friction coefficient, r, when forced by the ob-
served winds of January and April 2009 from the Gulf of Elat,
for different latitudes (20°N, 30°N, and 40°N) and depths:
(a) 10.5m, (b) 24.5m, (c) 36.5, and (d) 330.5m. The vertical
dashed line indicates the transition point at which the mean
current speed of January 2009 becomes smaller than that of
April 2009.

the wind was stronger and more variable during April
2009 compared with January 2009. However, the monthly
mean shallow depth currents (fig. 2(b)) and deep currents
(fig. 2(d)) were much stronger in January than in April,
in spite of the weaker winds during January. We attribute
this enhancement of currents to the resonance of the Cori-
olis frequency, which is very close to the diurnal frequency
at latitude 29.5°N of the Gulf of Elat. This hypothesis
is supported by fig. 2(c) in which we plot the Fourier
transform amplitude of the wind speed at the diurnal fre-
quency. We first normalized the wind speed’s monthly
time series by subtracting the mean and dividing by the
standard deviation, to allow a comparison of the diurnal
peak of the different months compared with the “noisy”
background of the Fourier transform — we obtained a sim-
ilar shape of spectrum even without the normalization.
Clearly, the January wind was more diurnally periodic
than the April wind, making it more favorable to res-
onate with the Coriolis frequency. The temporal corre-
lations of the wind (v parameter) are not considered here
as these are similar for January and April 2009. (More ac-
curately, we estimated the v parameter based on the auto-
correlation functions of the wind speed time series of the
different months in four ways: the time-lag of the first
minimal value of the auto-correlation function and at the
times at which the auto-correlation function equals 0.5,
1/e = 0.368, and 0.15. In two measures the v value of
January 2009 was larger than that of April 2009, disabling
confident estimation of the value of 4.)

To more deeply understand the effect of the reso-
nance with the Coriolis frequency and the effect of the
friction parameter, r, on the dynamics, we numerically
solved eqgs. (1) and (2), using the measured winds of Elat
described above. In fig. 3, we plot the mean current speed
of January and April 2009 vs. r for different depths (close
to the depths of the measured currents plotted in fig. 2)
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and latitudes (20°N, 30°N, 40°N). First, the currents at
30°N are much stronger than those at 20°N and 40°N,
highlighting the significance of the resonance. Second,
as expected, current speed decreases monotonically as a
function of the friction coefficient, r, and this decrease
is more pronounced for the deep currents. Third, the
simulated currents during January 2009 are stronger than
those of April 2009 for a small enough friction coefficient.
The crossing point (indicated by the vertical dashed line
in fig. 3) between simulated January and April monthly
mean current speed curves (green and blue curves in fig. 3)
is larger for deeper currents. This suggests a rather small
upper bound for the friction coefficient, » < 107651, ob-
tained at a depth of 10m (fig. 3(a)), since in this range, the
simulated January currents are larger than the simulated
April currents, as in the observations (fig. 2(b)). Alterna-
tively, fig. 3 may indicate that r is depth-dependent.
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