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1. Introduction

A seller wishing to sell an object through an auction can choose from various auction mechanisms (first-price, second-price, English,
etc.). A key criterion in the selection of an auction mechanism is the expected revenue for the seller (i.e., its revenue ranking). Myerson
(1981) and Riley and Samuelson (1981) showed that all standard1 symmetric private-value auctions with risk-neutral bidders in which bid-
ders’ values are independently distributed are revenue equivalent.2 Bulow and Klemperer (1996) generalized this result to the case of sym-
metric auctions with interdependent values, in which bidders signals are independently distributed.3 It is well known, however, that in
most cases standard auctions are not revenue equivalent when bidders are asymmetric (see, Krishna (2002)).4 Such an asymmetry can arise
in auctions with interdependent values, either when bidders have asymmetric distributions of signals or when bidders have asymmetric utility
functions of the signals. Since in many real-life auctions bidders are asymmetric, considerable research effort has been devoted to revenue
ranking of asymmetric auctions (see, Krishna (2002)). Nevertheless, since analysis of asymmetric auctions is hard, relatively little is known
about them at present.

Recently, Fibich et al. (2004) used an applied mathematics technique, known as perturbation analysis, to show that private-value
auctions with bidders having weakly asymmetric distributions of (independent) values are asymptotically revenue equivalent. A natural
question, is therefore, whether this result holds only for the special case of private-value auctions, or also in more general setups. In this
paper we show that asymmetric auctions with interdependent values, in which bidders’ signals are independently distributed, are also
asymptotically revenue equivalent for the following two cases of asymmetry: (1) when bidders have asymmetric utility functions, and
(2) when bidders have asymmetric distribution functions for their signals. In both cases we prove an asymptotic revenue equivalence result
of the following type: Let � be the asymmetry parameter and let Rð�Þ be the seller’s expected revenue in equilibrium. Then,
Rð�Þ ¼ Rð0Þ þ �R0ð0Þ þ Oð�2Þ, where both Rð0Þ, the seller’s expected revenue in the symmetric setup and �R0ð0Þ, the leading-order effect
of the asymmetry, are independent of the auction mechanism. Our results demonstrate that no matter which kind of asymmetry exists
among the bidders, a weak asymmetry does not have a significant effect on revenue ranking in standard auctions. Furthermore, from
ll rights reserved.
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he auction dictate that the bidder with the highest bid wins the auction.
equivalent if both of them yield the same expected revenue to the seller.
values are in general not revenue equivalent when bidders’ signals are affiliated. For example, the second-price auction
ilgrom and Weber, 1982).

nce also holds for asymmetric auctions, provided that at any realization of the players’ values/signals the probability of a
mechanism. It can be easily verified, however, that Myerson’s condition usually does not hold.
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the expression for R0ð0Þ it follows that the seller’s revenue in weakly asymmetric auctions with interdependent values can be approxi-
mated, with Oð�2Þ accuracy, with the revenue in the case of symmetric auctions in which the utility function (or distribution function)
of the bidders is the arithmetic average of the original asymmetric utility functions (or distribution functions).

The paper is organized as follows. In Section 2 we provide a short literature review. In Section 3 we prove that auctions with interde-
pendent values and asymmetric utility functions are asymptotically revenue equivalent. In Section 4 we prove that auctions with interde-
pendent values and asymmetric distribution functions are also asymptotically revenue equivalent. Concluding remarks are in Section 5.
The Appendix contains most of the proofs.

2. Literature review

Auction theory and practice has been the focus of research interest in economics, management, political-sciences, and more recently in
operations management and revenue management (see Teich et al., 2004; Ağrali et al., 2008).

Auction theory began with the pioneering research of Vickrey (1961), who developed an analytical framework for analyzing auctions in
a theoretical game setting. Basically, a simple auction consists of a seller who wishes to sell an object, and n players (bidders) who submit
individual bids. Auction mechanisms vary according to the assumptions about bidders’ valuations of the object such as risk-attitude, auc-
tion’s rules, participation fee, etc. A common auction rule is the first-price sealed-bid auction, where the bidders simultaneously and inde-
pendently submit their bids, the bidder with the highest offer wins the object and pays his bid, while all other n� 1 bidders get nothing and
pay nothing. Another common auction rule is the second-price auction, where bidders submit their bids simultaneously and indepen-
dently, the bidder with the highest bid wins the object, and pays the second-highest bid. Yet another well-known auction is the open Eng-
lish auction, where the object price is increasing and is known to all bidders. A bidder decides when to drop out of the auction, depending
on the current price, so that the last bidder wins the object and pays the last price offered.

One way to classify auctions is to distinguish between open and closed auctions. In open auctions the bidders are informed about the
price offers of the other bidders, while in closed (sealed) auctions the bidders submit their bids without knowledge of the other players’
bids. We may also classifying auctions according to players’ valuations mechanism. In private-value auctions, each bidder determines his
value of the object individually and independently of the other bidders. In contrast, in a common-value auction, the object value is the same
for all bidders. However, the bidders differ in their beliefs about this unknown common-value. A typical example for common-value auc-
tions is the mineral rights setting. If authorities offer mineral rights for oil, the value of the oil field is identical for all bidders, as it depends
on the amount of oil in this field. However, the bidders may have different information (signals) about the amount of oil. In between pri-
vate- and common-value settings, we may consider auctions with interdependent valuations, where the valuation of the object for each
player depends on his private information (signal), and also on the other bidders signals.

The original setting in auction theory has been of private-value auctions that satisfy the following four assumptions:

1. Bidders are risk-neutral.
2. The valuation for the object for each player is drawn independently, according to a distribution function FðvÞ, which is the same for all

players, and is known to all bidders. Thus, the problem involves symmetry of information, and is analyzed as a game with Bayesian play-
ers as established by Harsanyi (1967,1968).

3. The bidder with the highest bid wins the object.
4. The auction rules are anonymous, in the sense that the rule does not give any advantage to bidder according to their identity.

In this classic setting, the literature covers issues such as finding equilibrium bids and calculating the expected revenue for the seller and
the expected payoff for the buyers. One of the most surprising result in this field established by Myerson (1981) and by Riley and Samuel-
son (1981), and is known as the revenue equivalence theorem. This important theorem states that under the four assumptions listed above,
the expected revenue for the seller is independent of the auction mechanism. Thus, the revenue depends on the number of bidders and on
the distribution of bidders’ valuations, but not on auction’s rules. The revenue equivalence was extended to the case of symmetric inter-
dependent valuation environment by Bulow and Klemperer (1996).

Although the revenue equivalence theorem shows that the auction rules do not affect the expected revenue, in practice, in many situ-
ations sellers prefer one auction mechanism over the other. A possible explanation for this empirical observation is that some of the four
classical assumptions are violated. Indeed, it is known that violation of the risk-neutrality assumption (see Holt, 1980) results is revenue
differences among different auctions mechanisms. Griesmer et al. (1967) studied the case of asymmetry of valuations between bidders in
first-price auction, and found equilibrium bids in the case of uniform distribution. Comparison of the expected revenue in first- and second-
price auction shows that the revenue equivalence theorem is invalid and first-price auction yield higher expected revenues.

The problem of revenue ranking of asymmetric auctions is hard and still open. Fibich et al. (2004) considered the case of private-value
auctions when bidders’ valuations are weakly asymmetric. They found that the classical revenue equivalence theorem for symmetric auc-
tion can be replaced with an asymptotic revenue equivalence theorem for asymmetric auctions, which says that the revenue differences
among different asymmetric auctions is of the second-order in the asymmetry parameter. In the current research we study whether this
asymptotic revenue equivalence can be extended to weakly asymmetric auctions with interdependent valuations.

3. Asymmetric utility functions

Consider n risk-neutral bidders bidding for an indivisible object in a standard auction in which the highest bidder wins the object. Bidder
i; i ¼ 1; . . . ;n receives a signal xi which is independently drawn from the interval [0,1] according to a common continuously differentiable
distribution function FðxiÞ, with a corresponding density function f ¼ F 0. The signal xi is private information to i. We denote by x�i the n� 1
signals other than xi. Bidder’s i utility function (value) for the object, Vi, is a function of all the bidders’ signals and is given by5
5 Our results will remain unchanged if Eq. (1) is replaced with Viðxi;x�iÞ ¼ Vðxi;x�iÞ þ �Uiðxi;x�iÞ þ Oð�2Þ.
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Viðxi;x�iÞ ¼ Vðxi;x�iÞ þ �Uiðxi;x�iÞ: ð1Þ
Thus, � ¼ 0 is the case of a symmetric utility function V, and the parameter � is the measure of the asymmetry among players’ utility func-
tions. In particular, �� 1 corresponds to the case of auctions with weakly asymmetric interdependent values.

We assume that V and Ui are continuous and monotonically increasing in all their variables, and satisfy the normalization condition
Vð0; . . . ;0Þ ¼ Uið0; . . . ;0Þ ¼ 0. We also assume that V and Ui are symmetric in the n� 1 components of x�i, i.e., from a bidder’s point of view
the signals of his opponents can be interchanged without affecting his value. We assume that the bidders’ equilibrium strategies are mono-
tonically increasing in each of the signals and are continuously differentiable with respect to �. In particular, as � approaches zero, the equi-
librium bids approach the symmetric equilibrium bid in the symmetric case � ¼ 0.

The assumption that the equilibrium strategies are continuously differentiable in the asymmetry parameter � requires some conditions
on the valuation functions. In some auction mechanisms (e.g., second-price auctions) such conditions can be easily derived, while in others
(e.g., first-price auctions) such a derivation is considerably harder.6 The following result shows a simple sufficient condition for differentia-
bility in � in second-price auctions7:

Lemma 1. Consider a second-price auction with two bidders with valuation functions
V1ðx1; x2Þ ¼ Vðx1; x2Þ þ �U1ðx1; x2Þ; V2ðx2; x1Þ ¼ Vðx2; x1Þ þ �U2ðx2; x1Þ; ð2Þ
whose signals are symmetrically distributed with density function f. If for any x,
@V
@x1
ðx; xÞ–

@V
@x2
ðx; xÞ: ð3Þ
Then, for � near zero there exist equilibrium bids bi ¼ biðx; �Þ; i ¼ 1;2, such that lim�!0biðx; �Þ ¼ Vðx; xÞ, the symmetric equilibrium when � ¼ 0.
Moreover, the equilibrium bids are infinitely differentiable in �.
Proof. See Appendix A.
The assumption that the utility functions are given by the forms (1) is not restrictive. Indeed, consider the case of n bidders with utility

functions fViðxi;x�iÞgn
i¼1, each of which is symmetric in the n� 1 components of x�i. Let us first define the average (symmetric) utility

function as
Vðxi; x�iÞ ¼
1
n

Xn

k¼1

Vkðxk ¼ xi;x�k ¼ x�iÞ: ð4Þ
Let us also define
� ¼max
i

max
x1 ;...;xn

jVi � V j
jV j ; ð5Þ
and
Uiðxi;x�iÞ ¼
Viðxi;x�iÞ � Vðxi; x�iÞ

�
: ð6Þ
Then, the Vi’s are given by the form (1), with V ; �, and Ui given by (4)–(6). h
Example 1. To illustrate that any group of asymmetric utility functions can be presented in the form (1), let us consider the case where the
utility functions fVign

i¼1 are weighted averages of the signals, i.e.,
Viðxi;x�iÞ ¼ aixi þ
Xn

j¼1
j–i

ai;jxj; ai þ
Xn

j¼1
j–i

ai;j ¼ 1:
Since Vi is symmetric in the last n� 1 signals, it follows that
Viðxi;x�iÞ ¼ aixi þ
1� ai

n� 1

Xn

j¼1
j–i

xj; 0 < ai < 1:
To bring the utility functions to the form (1), we first note that by (4), V is given by
Vðxi;x�iÞ ¼ �axi þ
1� �a
n� 1

Xn

j¼1
j–

xj; �a ¼ 1
n

Xn

i¼1

ai:
In addition, by (5), � is equal to � ¼ maxj
jaj��aj
j�aj , and by (6), the functions fUign

i¼1 are given by
Uiðxi;x�iÞ ¼
ai � �a

max
j

jaj��aj
j�aj

xi �
1

n� 1

Xn

j¼1
j–i

xj

0BB@
1CCA:
ently, Lebrun (2009) proved rigorously the differentiability in � of the equilibrium strategies of private-value asymmetric first-price auctions. It is reasonable to expect,
e, that Lebrun’s result can be extended to interdependent asymmetric first-price auctions.
e Condition (3) is not satisfied in the common-value case, our results do not apply to the case of the Wallet Game (see Klemperer, 1998).



Table 1
Seller’s expected revenue (example in Section 3.2).

� R1st R2nd Rsym
V1þV2

2

h i
R1st�R2nd

R1st 100% R1st�Rsym
V1þV2

2

	 

R1st 100%

0.05 0.33749 0.33738 0.33750 0.03 0.003
0.1 0.34161 0.34120 0.34166 0.12 0.015
0.2 0.34979 0.34823 0.35000 0.46 0.06

G. Fibich, A. Gavious / European Journal of Operational Research 206 (2010) 496–507 499
3.1. Revenue equivalence

We recall that when � ¼ 0, the case of a symmetric auction with utility function V, Bulow and Klemperer (1996) showed that regardless
of the auction mechanism, the seller’s expected revenue is given by
8 In t
asymm
Rsym½V ; F� ¼ nðn� 1Þ
Z 1

x¼0
f ðxÞð1� FðxÞÞ �

Z x

x3¼0
� � �
Z x

xn¼0
Vðx1 ¼ x; x2 ¼ x; x3; . . . ; xnÞf ðx3Þ � � � f ðxnÞdx3 . . . dxn

� �
dx: ð7Þ
We now prove an asymptotic revenue equivalence among all asymmetric auctions with interdependent values, under the same conditions
used in Bulow and Klemperer (1996), except that we allow for a weak asymmetry among bidders’ utility functions:

Theorem 1. Consider any auction mechanism with n bidders that satisfies the following conditions:

1. All players are risk-neutral.
2. The signal of player i is private information to i and is drawn independently from a continuously differentiable distribution function FðxÞ from a

support [0,1] which is common to all players.
3. The object is allocated to the player with the highest bid.8

4. In equilibrium, any player i with the minimal signal xi ¼ 0 makes the same minimal bid b and expects a zero surplus.

Let the utility function of player i be given by (1), and let Rsym½V ; F� be defined by Eq. (7). Then, the seller’s expected revenue is
Rð�Þ ¼ Rð0Þ þ �R0ð0Þ þ Oð�2Þ, where Rð0Þ ¼ Rsym½V ; F� and
R0ð0Þ ¼ Rsym

Pn
i¼1Ui

n
; F

� �
: ð8Þ
Proof. See Appendix B. h

The revenue equivalence theorem for symmetric auctions with interdependent values (Bulow and Klemperer, 1996) says that Rð0Þ is
independent of the auction mechanism. The novelty in Theorem 1 is, thus, that �R0ð0Þ, the leading-order effect of asymmetry in the utility
functions, is also independent of the auction mechanism. Hence, for a weak asymmetry the revenue difference among auctions with inter-
dependent values is only second-order in �. Indeed, in many cases these differences are only in the third or fourth digit, in which case the
problem of revenue ranking is more of academic interest than of a practical value (see, e.g., Table 1).

The result of Theorem 1 can be rewritten as
Rð�Þ ¼ Rsym½V ; F� þ �Rsym

Pn
i¼1Ui

n
; F

� �
þ Oð�2Þ ¼ Rsym V þ �

Pn
i¼1Ui

n
; F

� �
þ Oð�2Þ ¼ Rsym

Pn
i¼1Vi

n
; F

� �
þ Oð�2Þ:
Therefore, an immediate consequence of Theorem 1 is that the seller’s expected revenue in asymmetric auctions with n bidders can be well-
approximated with the seller’s expected revenue in the symmetric case with n bidders whose utility function is the arithmetic average of the
n asymmetric utility functions:

Theorem 2. Consider any auction mechanism that satisfies conditions 1–4 of Theorem 1, with n bidders having weakly asymmetric
interdependent values fVign

i¼1. Then, the seller’s expected revenue is
R½V1; . . . ;Vn� ¼ Rsym

Pn
i¼1Vi

n
; F

� �
þ Oð�2Þ;
where � ¼maxjmaxx1 ;...;xn Vj �
Pn

i¼1Vi
� �

=n
�� ��.
Proof. Apply Theorem 1 with V ; �, and Ui given by (4)–(6). Since
Pn

i¼1Ui � 0, the result follows.
There is a delicate point which is probably worth clarifying. In Theorem 1 the expression for R0ð0Þ in (8) refers to a direct substitution of

V ¼
Pn

i¼1
Ui

n in (7). This is not necessarily the same as the expected revenue when V ¼
Pn

i¼1
Ui

n . For example, if
Pn

i¼1
Ui

n < 0 then players would
simply choose not to bid, so that the expected revenue would be zero, but the value of direct substitution in (7) would be negative. Of
course, this distinction is not important in Theorem 2. h
he symmetric case, condition 3 is equivalent to the condition that the object is allocated to the player with the highest signal. This equivalence, however, does not hold for
etric auctions.
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3.2. Example

Consider an auction with weakly asymmetric interdependent values and two bidders whose signals are independently uniformly dis-
tributed in [0,1], and whose utility functions are given by
9 Not
10 In f
11 The

function
V1ðx1; x2Þ ¼ x1; V2ðx2; x1Þ ¼ x2 þ �x1x2: ð9Þ
In the following, we compare the seller’s expected revenue in second-price auction, in first-price auction, and our explicit approximation

Rsym

Pn

i¼1
Vi

n ; F
� �

.

For the second-price auction, an explicit calculation of the (exact) expected revenue for the seller (see Appendix C) gives
R2nd ¼ 1
2
� 1

2�
� 1
�2 þ

lnð1þ �Þ
�2 þ lnð1þ �Þ

�3 : ð10Þ
Taylor expansion of (10) gives
R2nd ¼ 1
3
þ 1

12
�� 1

20
�2 þ � � � : ð11Þ
By (4) and (9), the average utility function is9 1
2 ½V1ðx1; x2Þ þ V2ðx1; x2Þ� ¼ x1 þ 0:5�x1x2. In the case of two players, the symmetric revenue (7) is

equal to Rsym½V ; F� ¼ 2
R 1

0 Vðx; xÞð1� FðxÞÞf ðxÞdx. Substituting the average utility function in Rsym½V ; F� gives the symmetric approximation of the

revenue Rsym
V1þV2

2

	 

¼ 1

3þ 1
12 �, which, as expected, agrees with (11) up to Oð�2Þ. Finally, we note that while the expected revenue in the first-

price auction cannot be calculated analytically, it can be calculated numerically (for details, see Appendix D).
As Table 1 shows, the differences among the seller’s expected revenue in the first-price auction, the seller’s expected revenue in the

second price auction, and the symmetric approximation Rsym
V1þV2

2

	 

are only in the third or fourth digit. Indeed, even when the asymmetry

level is � ¼ 20%, the revenue difference is less than 0.5%. Moreover, it is easy to see that, as predicted, the revenue differences scale like �2

(i.e., doubling the value of � leads to a four-fold increase in the revenue difference).
Of course, one can ask whether one numerical example that shows that the predictions of the perturbation analysis are valid for �which

is only moderately small is typical, or a coincidence. To answer this question we tested several other examples (data not shown), and in all
cases we observed that the predictions of Theorems 1 and 2 remain valid even when � was only moderately small. This should not come as
a surprise for people familiar with perturbation analysis. Indeed, more than 200 years of applications of perturbation analysis have shown
that its predictions are usually valid not only for infinitesimally small �, but also for moderately small �.10

4. Asymmetric distribution functions

Consider n risk-neutral bidders bidding for an indivisible object in a standard auction where the highest bidder wins the object. Bidder
i; i ¼ 1; . . . ;n receives a signal xi which is private information to i and is independently drawn from the interval [0,1] according to a con-
tinuously differentiable distribution function11
FiðxÞ ¼ FðxÞ þ �HiðxÞ ð12Þ
where Fð0Þ ¼ Fið0Þ ¼ 0; Fð1Þ ¼ Fið1Þ ¼ 1;Hið0Þ ¼ Hið1Þ ¼ 0 and jHij 6 1 in [0,1] for all i. Denote hi ¼ H0i and fi ¼ F 0i. The utility function Vðxi;x�iÞ
is the same for all the bidders and is symmetric in the n� 1 components of x�i, monotonically increasing in all its variables, and satisfies
Vð0; . . . ;0Þ ¼ 0.

The derivations in this section are also based on the implicit assumption that the equilibrium strategies are continuously differentiable
in the asymmetry parameter �. The following result suggests that the conditions under which the equilibrium strategies are differentiable
with respect to � in the case of asymmetric distribution functions may be simpler than in the case of asymmetric utility functions:

Lemma 2. Consider a second-price auction with two bidders with valuation functions
V1ðx1; x2Þ ¼ Vðx1; x2Þ; V2ðx2; x1Þ ¼ Vðx2; x1Þ; ð13Þ
whose signals are asymmetrically distributed with density function fi ¼ f þ �hi. Then, the equilibrium bids are given by b1ðxÞ ¼ b2ðxÞ ¼ Vðx; xÞ. In
particular, the equilibrium bids are infinitely differentiable in �.
Proof. See Appendix G. h

We recall that Fibich et al. (2004) showed that all private-value auctions in which bidders’ values are distributed asymmetrically are
asymptotically revenue equivalent. We now generalize this result for asymmetric auctions with interdependent values:

Theorem 3. Consider any auction mechanism with n bidders that satisfies the following conditions:

1. All players are risk-neutral.
2. The signal xi of player i is private information to i and is drawn independently by a continuously differentiable distribution function FiðxÞ from a

support [0,1] which is common to all players.
e that V2ðx1; x2Þ ¼ x1 þ �x2x1 – V2ðx2; x1Þ ¼ x2 þ �x1x2.
act, in many cases the predictions of the perturbation analysis remain valid even outside the domain where one expect them to be valid, i.e., for � ¼ Oð1Þ.
assumption that the distribution functions are of the form (12) is not restrictive. Similarly to what we have done in Section 3, we can bring any family of distribution
s fFign

i¼1 to this form by defining F ¼ 1
n

Pn
i¼1Fi; � ¼ maximaxv jFi � Fj=jFj and Hi ¼ ðFi � FÞ=�.



G. Fibich, A. Gavious / European Journal of Operational Research 206 (2010) 496–507 501
3. The object is allocated to the player with the highest bid.
4. In equilibrium, any player i with the minimal signal xi ¼ 0 makes the same minimal bid b and expects a zero surplus.

Let the distribution function of the signal xi of player i be given by (12), and let Rsym½V ; F� be defined by Eq. (7). Then, the seller’s expected revenue is
given by Rð�Þ ¼ Rð0Þ þ �R0ð0Þ þ Oð�2Þ, where Rð0Þ ¼ Rsym½V ; F� and
R0ð0Þ ¼ d
d�

Rsym V ; F þ �
Pn

i¼1Hi

n

� �����
�¼0
:

Proof. See Appendix E. h
Remark 1. Theorem 3 generalizes the result of Fibich et al. (2004) for asymmetric private-value auctions. Indeed, it can be verified (see
Appendix F) that in the special case of private-value Vðxi;x�iÞ ¼ xi, then R0ð0Þ ¼ �ðn� 1Þ

R 1
0 Fn�2ð1� FÞ

Pn
i¼1Hi dx.

The revenue equivalence theorem for symmetric auctions with interdependent values (Bulow and Klemperer, 1996) says that Rð0Þ is
independent of the auction mechanism. The novelty in Theorem 3 is, thus, that �R0ð0Þ, the leading-order effect of asymmetry in the signal
distribution functions, is also independent of the auction mechanism. As a result, the differences in revenues among the standard auctions
are only of second order. Hence, as in the case of asymmetric functions, Theorem 3 implies that the seller’s expected revenue in auctions
with n bidders and asymmetric distribution functions can be well-approximated with the seller’s expected revenue in the symmetric case
with n bidders whose distribution function is the arithmetic average of the n asymmetric distribution functions.

Theorem 4. Consider any auction mechanism that satisfies conditions 1–4 of Theorem 3 with distribution functions fFign
i¼1. Let Favg ¼ 1

n

Pn
i¼1Fi

and let � ¼ maximaxv jFi � Favgj be small. Then, the seller’s expected revenue is
R½F1; . . . ; Fn� ¼ Rsym½V ; Favg� þ Oð�2Þ:
Proof. Apply Theorem 3 with Fi ¼ Favg þ �Hi. Since
Pn

i¼1HiðxÞ � 0, it immediately follows that R0ð0Þ ¼ 0. h
5. Concluding remarks

In this study we considered asymmetric equilibria which bifurcate smoothly from the symmetric equilibrium. Therefore, it may seem
that the asymptotic revenue equivalence results are immediate, since they follow from a continuity argument. This, however, is not the
case. Indeed, if we consider the expected revenue R as a function of �, and if we assume that the asymmetric equilibrium bids are smooth
in �, then it is indeed obvious that R ¼ Rð�Þ is smooth in �. Therefore, since the revenue equivalence theorem implies that Rð� ¼ 0Þ, the sym-
metric revenue, is independent of the auction mechanism, this immediately implies that the revenue differences among different auction
mechanisms is Oð�Þ small. Our results, however, are much stronger, since we prove that R0ð� ¼ 0Þ is also independent of the auction mech-
anism. Therefore, this implies that the revenue differences among different auction mechanisms is Oð�2Þ small. Roughly speaking, if � ¼ 0:1,
the immediate continuity argument shows that the revenue differences among different auction mechanisms are on the order of 10%,
whereas our asymptotic result shows that, in fact, that the revenue differences among different auction mechanisms are on the order of 1%.

The results of this paper demonstrate that regardless of the kind of asymmetry among the bidders, weak asymmetry does not have a
significant effect on revenue ranking in standard auctions. Since analysis of asymmetric auctions is usually hard, this conclusion suggests
that it is justified to neglect asymmetry when analyzing revenue ranking of auctions.

It is natural to ask, therefore, where this result can be generalized even further, so that any ‘‘Oð�Þ deviation” from the conditions of the
classical revenue equivalence theorem would only result in a Oð�2Þ effect on revenue ranking. It turns out that this is not the case. Indeed,
Fibich et al. (2006) show that an Oð�Þ risk aversion generates Oð�Þ differences of revenues across standard auctions. Therefore, unlike asym-
metry, risk aversion cannot be neglected in the analysis of revenue ranking of standard auctions.

Finally, we note that there are still many open questions which require further research. One open question is to find conditions under
which one can rigorously justify the differentiability of the equilibrium bids in �. Another open question to explicitly calculate the Oð�2Þ
effect of asymmetry on the revenue, in order to be able to find the revenue ranking of different auction mechanisms. This is probably
an academic question when � is small, but may be of a practical value when � is not small. Another issue which was not considered in this
study is the case when bidders signals are correlated (affiliated), rather than independent. While it is known that even in the symmetric
case, there is no revenue equivalence when the signals are correlated (Milgrom and Weber, 1982), one could use similar perturbation tech-
niques to study the effect of a weak correlation on the revenue ranking.
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Appendix A. Proof of Lemma 1

The expected utility of bidder i with signal x who makes a bid b is given by
EU1ðb; xÞ ¼
Z b�1

2 ðbÞ

0
ðV1ðx; sÞ � b2ðsÞÞf ðsÞds; EU2ðb; xÞ ¼

Z b�1
1 ðbÞ

0
ðV2ðx; sÞ � b1ðsÞÞf ðsÞds:
The inverse equilibrium strategies xiðbÞ ¼ b�1
i ðbÞ are determined from
@EU1ðb; xÞ
@b

¼ @EU2ðb; xÞ
@b

¼ 0;
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leading to the system
12 To s
Hiðx1; x2; b; �Þ ¼ 0; i ¼ 1;2;
where
H1 ¼ V1ðx1; x2Þ � b; H2 ¼ V2ðx2; x1Þ � b: ð14Þ
At � ¼ 0, this system has the symmetric solution x1ðbÞ ¼ x2ðbÞ ¼ xsymðbÞ, where xsymðbÞ is the inverse function of bsymðxÞ ¼ Vðx; xÞ. In addition,
@ðH1;H2Þ
@ðx1; x2Þ

����
x1ðbÞ¼x2ðbÞ¼xsymðbÞ;�¼0

¼
@V
@x1

@V
@x2

@V
@x2

@V
@x1

�����
�����– 0:
Hence, the result follows from the implicit function theorem.

Appendix B. Proof of Theorem 1

Let us denote Bj;iðx; �Þ ¼ b�1
j ðbiðx; �Þ; �Þ, where bi is the equilibrium bid of bidder i and b�1

i is the inverse equilibrium bid. Clearly,
Bj;jðx; �Þ ¼ x and Bj;iðx; � ¼ 0Þ ¼ x. Let EiðxiÞ; PiðxiÞ and SiðxiÞ be the expected payment, probability of winning and the expected surplus for
bidder i with signal xi at equilibrium. Then,12
S1ðx1Þ ¼ P1ðx1ÞEx�1 ½V1ðx1;x�1Þj1 wins with signal x1� � E1ðx1Þ; ð15Þ
where P1ðx1Þ ¼
Qn

m¼2FðBm;1ðx1; �ÞÞ; x�1 ¼ ðx2; . . . ; xnÞ, and
Ex�1 ½V1ðx1;x�1Þj1 wins with signal x1� ¼
1

P1ðx1Þ

Z B2;1ðx1 ;�Þ

x2¼0
� � �
Z Bn;1ðx1 ;�Þ

xn¼0
V1ðx1;x�1Þf ðx2Þ � � � f ðxnÞdx2 � � � dxn ð16Þ
is the conditional expectation of the value for bidder 1, given that he wins with signal x1. Applying a standard argument (see, e.g., Bulow and
Klemperer, 1996; Klemperer, 1998), for any fx1 – x1,
S1ðx1ÞP S1ðfx1Þ � P1ðfx1ÞEx�1 ½V1ðfx1 ;x�1Þ � V1ðx1; x�1Þj1 wins with signal fx1 �:
Therefore,
S1ðfx1Þ � S1ðx1Þ 6 P1ðfx1ÞEx�1 ½V1ðfx1 ;x�1Þ � V1ðx1; x�1Þj1 wins with signal fx1 �:
Substituting fx1 ¼ x1 þ dx with dx > 0, dividing both sides by dx and letting dx! 0 gives
S01ðx1Þ 6 P1ðx1ÞEx�1

@V1

@x1

� ����1 wins with signal x1

�
:

Repeating this procedure with dx < 0 gives
S01ðx1ÞP P1ðx1ÞEx�1

@V1

@x1

� ����1 wins with signal x1

�
:

Hence,
S01ðx1Þ ¼ P1ðx1ÞEx�1

@V1

@x1

� ����1 wins with signal x1

�
¼
Z B2;1ðx1 ;�Þ

x2¼0
� � �
Z Bn;1ðx1 ;�Þ

xn¼0

@V1

@x1
ðx1;x�1Þf ðx2Þ � � � f ðxnÞdx2 � � � dxn: ð17Þ
Differentiating (15) with respect to x1, substituting (17) and using (16) gives
E01ðx1Þ ¼
d

dx1
½P1ðx1ÞEx�1 ½V1ðx1;x�1Þj1 wins with signal x1�� � S01ðx1Þ

¼ d
dx1

Z B2;1ðx1 ;�Þ

x2¼0
� � �
Z Bn;1ðx1 ;�Þ

xn¼0
V1ðx1; x�1Þf ðx2Þ � � � f ðxnÞdx2 � � � dxn

� �
� S01ðx1Þ

¼
Xn

j¼2

@Bj;1ðx1; �Þ
@x1

P1;�jðx1ÞEx�1;�j
V1ðx1; xj ¼ Bj;1ðx1; �Þ;x�1;�jÞjb1ðx1Þ > max

m–1;j
bmðxmÞ

� �
f ðBj;1ðx1; �ÞÞ;
where x�1;�j is x�1 without the xj element, P1;�jðx1Þ ¼
Qn

m¼2
m–j

FðBm;1ðx1; �ÞÞ is the probability that player 1 with signal x1 has a higher bid than
bidders 2; . . . ; j� 1; jþ 1; . . . ;n, and
implify the notations, we work with S1 rather than Si .
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Ex�1;�j
V1ðx1; xj ¼ Bj;1ðx1; �Þ; x�1;�jÞjb1ðx1Þ > axi–1;jbiðxiÞ
	 


¼ 1
P1;�jðx1Þ

Z B2;1ðx1 ;�Þ

x2¼0
� � �
Z Bj�1;1ðx1 ;�Þ

xj�1¼0

Z Bjþ1;1ðx1 ;�Þ

xjþ1¼0
� � �
Z Bn;1ðx1 ;�Þ

xn¼0
V1ðx1; xj ¼ Bj;1ðx1; �Þ;x�1;�jÞ

Yn

k¼2
k–j

f ðxkÞdxk

0BB@
1CCA
is the conditional expectation of the value for bidder 1 when he has a higher bid than bidders 2; . . . ; j� 1; jþ 1; . . . ; n and when bidder j has
signal xj ¼ Bj;1ðx1; �Þ. Similarly, for player i,
E0iðxiÞ ¼
Xn

j¼1
j–i

@Bj;iðxi; �Þ
@xi

Pi;�jðxiÞEx�i;�j
½Viðxi; xj ¼ Bj;iðxi; �Þ; x�i;�jÞj biðxiÞ > max

m–i;j
bmðxmÞ�f ðBj;iðxi; �ÞÞ; ð18Þ
where x�i;�j is ðx1; x2; . . . ; xnÞ without the xi and xj elements.
Let Rið�Þ be the expected payments of player i averaged across her signals. Then,
Rið�Þ ¼
Z 1

0
EiðxÞf ðxÞdx ¼ EiðxÞFj10 �

Z 1

0
E0iðxÞFðxÞdx ¼ Eið1Þ �

Z 1

0
E0iðxÞFðxÞdx ¼ Eið0Þ þ

Z 1

0
E0iðxÞð1� FðxÞÞdx: ð19Þ
We now show that
Eið0Þ ¼ Eiðxi ¼ 0; �Þ ¼ 0: ð20Þ
Indeed, from (15) we have that
Eiðxi ¼ 0Þ ¼ Pið0ÞEx�1 ½V1ðx1 ¼ 0;x�1Þj1 wins with signal 0� � S1ðx1 ¼ 0Þ:
>From Condition 4 it follows that for all i – j,
Bj;ið0; �Þ ¼ b�1
j ðbð�Þ; �Þ ¼ 0;
where bð�Þ is the minimal bid. Therefore, Pið0Þ ¼ 0.
In addition, from Condition 4 we have that S1ðx1 ¼ 0Þ ¼ 0. Therefore, we proved (20).
Substitution of (18), (20) in (19) gives
Rið�Þ ¼
Z 1

0
E0iðxÞð1� FðxÞÞdx

¼
Z 1

0

Xn

j¼1
j–i

@Bj;iðx; �Þ
@x

Pi;�jðxÞEx�i;�j
½Viðxi ¼ x; xj ¼ Bj;iðx; �Þ;x�i;�jÞjbiðxÞ > max

m–i;j
bmðxmÞ�f ðBj;iðx; �ÞÞð1� FðxÞÞ

8>><>>:
9>>=>>;dx: ð21Þ
The seller’s expected revenue is given by Rð�Þ ¼
Pn

i¼1Rið�Þ. In the symmetric case � ¼ 0 we have that Bj;iðx; 0Þ ¼ x;Vi ¼ V , that
bi > bm () xi > xm, and that Pi;�jðxiÞ ¼ Fn�2ðxiÞ. Therefore, the expected revenue in the symmetric case is given by Rð0Þ ¼ Rsym½V ; F�, where
Rð0Þ ¼ nR1ð0Þ ¼ n
Z 1

0

Xn

j¼2

Ex�1;�j
Vðx1; xj ¼ x1;x�1;�jÞjx1 > max

m–1;j
xm

� �� �
Fn�2ðx1Þf ðx1Þð1� Fðx1ÞÞdx1

¼ nðn� 1Þ
Z 1

0
Ex�1;�2 Vðx1; x2 ¼ x1;x�1;�2Þjx1 > max

m–1;2
xm

� �
Fn�2ðx1Þf ðx1Þð1� Fðx1ÞÞdx1;
and
Ex�1;�2 Vðx1; x2 ¼ x1;x�1;�2Þjx1 > max
m–1;2

xm

� �
¼ 1

Fn�2ðxÞ

Z x1

x3¼0
� � �
Z x1

xn¼0
Vðx1; x2 ¼ x1; x�1;�2Þ

Yn

k¼3

f ðxkÞdxk

 !

is the conditional expectation of the value for bidder 1 given that his signal is equal to that of bidder 2 and is higher than the other ðn� 2Þ
signals.

We now proceed to calculate R0ð0Þ ¼
Pn

i¼1R0ið0Þ. Since Bj;i and Vi ¼ V þ �Ui depend on �, differentiating (21) and setting � ¼ 0 gives that
R0ið0Þ ¼ Ii;1 þ Ii;2, where
Ii;1 ¼
d

d�

Z 1

0

Xn

j¼1
j–i

@Bj;iðx; �Þ
@x

Pi;�jðxiÞEx�i;�j
Vðxi ¼ x; xj ¼ Bj;iðx; �Þ; x�i;�jÞjxi > max

m–i;j
Bi;mðxm; �Þ

� �
f ðBj;iðx; �ÞÞð1� FðxÞÞdx

2664
3775
�¼0

;

Ii;2 ¼
Z 1

0

Xn

j¼1
j–i

Ex�i;�j
Uiðxi ¼ x; xj ¼ x; x�i;�jÞjxi > max

m–i;j
xm

� �
Fn�2ðxÞf ðxÞð1� FðxÞÞdx:
The proof follows from the fact that
Xn

i¼1

Ii;1 ¼ 0: ð22Þ
Indeed, in that case
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R0ð0Þ ¼
Xn

i¼1

Ii;2 ¼ Rsym

Pn
i¼1Ui

n
; F

� �
:�
To prove (22), first note that
@b�1

j

@b

���
�¼0
¼ b�1

sym


 �0
, where bsymðxÞ is the equilibrium bid in the symmetric case � ¼ 0. Therefore,�
@Bj;i

@�

����
�¼0
¼ ðb�1

symÞ
0@bi

@�

����
�¼0
þ
@b�1

j

@�

����
�¼0

:

Differentiating the identity x ¼ b�1
j ðbjðx; �Þ; �Þ with respect to � and substituting � ¼ 0 gives
0 ¼ b�1
sym


 �0@bj

@�

����
�¼0
þ
@b�1

j

@�

�����
�¼0

:

Hence,
@Bj;i

@�

����
�¼0
¼ b�1

sym


 �0 @bi

@�

� ����
�¼0
� @bj

@�

����
�¼0

�

and
@

@�
½Bi;j þ Bj;i��¼0 ¼ 0: ð23Þ
Since Ii;1 can be written as
Ii;1 ¼
Z 1

0
G1ðxÞ

Xn

j¼1
j–i

@Bj;iðx; �Þ
@�

����
�¼0
þ G2ðxÞ

@

@x

Xn

j¼1
j–i

@Bj;iðx; �Þ
@�

����
�¼0

2664
3775dx;
with the functions G1ðxÞ and G2ðxÞ being independent of index i, application of (23) proves (22).

Appendix C. Derivation of Eq. (10)

The equations for the bid functions are (see, Krishna, 2002)
V1ðx1ðb1Þ; x2ðb1ÞÞ ¼ x1 ¼ b1 V2ðx2ðb2Þ; x1ðb2ÞÞ ¼ x2 þ �x1x2 ¼ b2;
which gives the inverse equilibrium bids
x1 ¼ b1 and x2 ¼
b2

1þ �b2
: ð24Þ
The distribution of the second-highest bid b is
F2ndðbÞ ¼ Prðminðb1; b2Þ 6 bÞ ¼ Prðfb1 6 bg [ fb2 6 bgÞ
¼ Prðb1 6 bÞ þ Prðb2 6 bÞ � Prðb1 6 b; b2 6 bÞ ð25Þ
¼ Prðx1 6 b�1

1 ðbÞÞ þ Prðx2 6 b�1
2 ðbÞÞ � Prðx1 6 b�1

1 ðbÞ; x2 6 b�1
2 ðbÞÞ

¼ Fðx1ðbÞÞ þ Fðx2ðbÞÞ � Fðx1ðbÞFðx2ðbÞÞ:
Therefore, the seller’s expected revenue in the second-price auction is
R ¼
Z �b

0
bdF2ndðbÞ ¼ bF2ndðbÞj

�b
0 �

Z �b

0
F2ndðbÞdb ¼ �b�

Z �b

0
F2ndðbÞdb ¼ �b�

Z �b

0
½Fðx1ðbÞÞ þ Fðx2ðbÞÞ � Fðx1ðbÞÞFðx2ðbÞÞ�db;
where �b is the maximal price, or the second-highest bid, in equilibrium. Since �b ¼ 1 and given the inverse bids (24) the exact expected rev-
enue is
R ¼ 1�
Z 1

0
bþ b

1þ �b�
b2

1þ �b

 !
db;
which leads to Eq. (10).

Appendix D. Expected revenue in first-price auctions

In the case of a first-price auction, the expected utility of bidder 2 is
U2ðx2; bÞ ¼
Z x1ðbÞ

0
½x2 þ �x1x2 � b�f ðx1Þdx1 ¼ Fðx1ðbÞÞðx2 � bÞ þ �x2

Z x1ðbÞ

0
x1f ðx1Þdx1;
where xiðbÞ is the inverse bid function of player i. Differentiating U2 with respect to b and substituting x2 ¼ x2ðbÞ gives
x01ðbÞ ¼
Fðx1ðbÞÞ
f ðx1ðbÞÞ

1
x2ðbÞ þ �x1ðbÞx2ðbÞ � b

: ð26Þ
Repeating this procedure for bidder 1 gives
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x02ðbÞ ¼
Fðx2ðbÞÞ
f ðx2ðbÞÞ

1
x1ðbÞ � b

: ð27Þ
The ordinary-differential Eqs. (26) and (27) for the inverse equilibrium bids, together with the initial conditions x1ð0Þ ¼ x2ð0Þ ¼ 0 and the
boundary condition x1ð�bÞ ¼ x2ð�bÞ, where �b is the (unknown) maximal bid in equilibrium, are solved using a shooting method (Marshall
et al., 1994). Unlike (Marshall et al., 1994), however, we do not calculate the seller’s expected revenue using Monte Carlo methods. Rather,
following Fibich and Gavious (2003), we first note that the distribution of the highest bid is
F1stðbÞ ¼ Prðmaxðb1ðx1Þ; b2ðx2ÞÞ 6 bÞ ¼ Prðb1ðx1Þ 6 bÞPrðb2ðx2ÞÞ 6 bÞ ¼ Fðx1ðbÞÞFðx2ðbÞÞ:
Therefore, the seller’s expected revenue is given by
R1st ¼
Z �b

0
bF 01stðbÞdb ¼ bF1stðbÞj

�b
0 �

Z �b

0
F1stðbÞdb ¼ �b�

Z �b

0
Fðx1ðbÞÞFðx2ðbÞÞdb:
Let us define the auxiliary equation
y0ðbÞ ¼ Fðx1ðbÞÞFðx2ðbÞÞ; yð�bÞ ¼ �b: ð28Þ
Since R1st ¼ yð0Þ, the expected revenue is easily calculated by integrating Eq. (28) backwards, once (26) and (27) have been solved.

Appendix E. Proof of Theorem 3

We use here the same notations and approach as in Appendix B. The expected surplus for bidder 1 with signal x1 at equilibrium is given
by
S1ðx1Þ ¼ P1ðx1ÞEx�1 ½Vðx1; x�1Þj1 wins with signal x1� � E1ðx1Þ; ð29Þ
where
Ex�1 ½Vðx1;x�1Þj1 wins with signal x1� ¼
1

P1ðx1Þ

Z B2;1ðx1 ;�Þ

x2¼0
� � �
Z Bn;1ðx1 ;�Þ

xn¼0
Vðx1; x�1Þf2ðx2Þ � � � fnðxnÞdx2 � � � dxn: ð30Þ
Repeating the derivation of (17) in Appendix B (with V1 replaced with V) gives that
S01ðx1Þ ¼ P1ðx1ÞEx�1

@V
@x1

����1 wins with signal x1

� �
: ð31Þ
Differentiating (29) with respect to x1, substituting (31) and using (30) gives
E01ðx1Þ ¼
d

dx1
½P1ðx1ÞEx�1 ½Vðx1;x�1Þj1 wins with signal x1�� � S01ðx1Þ

¼
Xn

j¼2

@Bj;1ðx1; �Þ
@x1

P1;�jðx1ÞEx�1;�j
Vðx1; xj ¼ Bj;1ðx1; �Þ; x�1;�jÞjb1ðx1Þ > max

m–1;j
bmðxmÞ

� �
fjðBj;1ðx1; �ÞÞ:
Similarly, for player i,
E0iðxiÞ ¼
Xn

j¼1
j–i

@Bj;iðxi; �Þ
@xi

Pi;�jðxiÞEx�i;�j
Vðxi; xj ¼ Bj;iðxi; �Þ; x�i;�jÞj biðxiÞ > max

m–i;j
bmðxmÞ

� �
fjðBj;iðxi; �ÞÞ: ð32Þ
Let Rið�Þ be the expected payments of player i averaged across her signals. Then,
Rið�Þ ¼
Z 1

0
EiðxÞfiðxÞdx ¼ EiðxÞFij10 �

Z 1

0
E0iðxÞFiðxÞdx ¼ Eið1Þ �

Z 1

0
E0iðxÞFiðxÞdx ¼ Eið0Þ þ

Z 1

0
E0iðxÞð1� FiðxÞÞdx

¼
Z 1

0
E0iðxÞð1� FiðxÞÞdx; ð33Þ
where in the last equality we used the identity Eið0Þ ¼ 0, the proof of which is identical to that of (20). Substitution of (32) in (33) gives
Rið�Þ ¼
Z 1

0

Xn

j¼1
j–i

@

@x
½Bj;iðx; �Þ�Pi;�jðxÞEx�i;�j

Vðxi ¼ x; xj ¼ Bj;iðx; �Þ;x�i;�jÞjxi > max
m–i;j

Bi;mðxm; �Þ
� �

fjðBj;iðx; �ÞÞð1� FiðxÞÞ

0BB@
1CCAdx:
The seller’s expected revenue is given by Rð�Þ ¼
Pn

i¼1Rið�Þ. In the symmetric case � ¼ 0 we have that Bj;iðx; 0Þ ¼ x; Fi ¼ F; fj ¼ f , and that
Pi;�jðxÞ ¼ Fn�2ðxÞ. Therefore, the expected revenue in the symmetric case is given by Rð0Þ ¼ nR1ð0Þ ¼ Rsym½V ; F�.

We now proceed to calculate R0ð0Þ ¼
Pn

i¼1R0ið0Þ. We have that R0ið0Þ ¼ Ii;1 þ Ii;2, where
Ii;1 ¼
d

d�

Z 1

0

Xn

j¼1
j–i

@Bj;iðx; �Þ
@x

Pi;�jðxÞEx�i;�j
Vðxi ¼ x; xj ¼ Bj;iðx; �Þ;x�i;�jÞjxi > max

m–i;j
Bi;mðxm; �Þ

� �
f ðBj;iðx; �ÞÞð1� FðxÞÞ

8>><>>:
9>>=>>;dx

2664
3775
�¼0

;
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Ii;2 ¼
Z 1

0

Xn

j¼1
j–i

Ex�i;�j
Vðxi ¼ x; xj ¼ x;x�i;�jÞjxi > max

m–i;j
xm

� �
Fn�2ðxÞðhjðxÞð1� FðxÞÞ � f ðxÞHiðxÞÞ

8>><>>:
9>>=>>;dx:
Therefore,
R0ð0Þ ¼
Xn

i¼1

Ii;1 þ
Xn

i¼1

Ii;2: ð34Þ
To calculate
Pn

i¼1Ii;1, we first note that
d
d�

P1;�2ðxÞEx�1;�2 ðVðx1 ¼ x; x2 ¼ x; x�1;�2ÞjbiðxiÞ > max
m–1;2

bmðxmÞÞ
� �

�¼0

¼ d
d�

Z B3;1ðx;�Þ

x3¼0
� � �
Z Bn;1ðx;�Þ

xn¼0
Vðx; x;x�1;�2Þf3ðx3Þ � � � fnðxnÞdx3 � � �dxn

� �
�¼0

¼
Xn

k¼3

Z x

x3¼0
� � �
Z x

xn¼0
Vðx; x; x�1;�2ÞhkðxkÞ

Yn

m¼3
m–k

f ðxmÞdx�1;�2

þ
Xn

k¼3

@Bk;1ðx; �Þ
@�

�����
�¼0

f ðxÞ
Z x

x4¼0
� � �
Z x

xn¼0
Vðx; x; x;x�1;�2;�3Þf ðx4Þ � � � f ðxnÞdx4 � � �dxn;
where in the last equality we utilized the symmetry of V. Therefore,
Ii;1 ¼
Z 1

0

eG1ðxÞ
Xn

j¼1
j–i

@Bj;iðx; �Þ
@�

����
�¼0

dxþ
Z 1

0

eG2ðxÞ
@

@x

Xn

j¼1
j–i

@Bj;iðx; �Þ
@�

����
�¼0

dx

þ
Z 1

0

Xn

j¼1
j–i

Xn

k¼1
k–i;j

Z x

x�i;�j¼0
Vðx; x;x�i;�jÞhkðxkÞ

Yn

m¼1
m–i;j;k

f ðxmÞdx�i;�j

0BB@
1CCAf ðxÞð1� FðxÞÞdx;
where eG1ðxÞ and eG2ðxÞ are independent of index i. Since application of (23) gives
Xn

i¼1

Xn

j¼1
j–i

@Bj;iðx; �Þ
@�

����
�¼0
¼ 0;
we get that
Xn

i¼1

Ii;1 ¼
Z 1

0

Xn

i¼1

Xn

j¼1
j–i

Xn

k¼1
k–i;j

Z x

x�i;�j¼0
Vðx; x;x�i;�jÞhkðxkÞ

Yn

m¼1
m–i;j;k

f ðxmÞdx�i;�j

0BB@
1CCAf ðxÞð1� FðxÞÞdx: ð35Þ
To simplify (35), we first note that if k – i; j, then
Z x

x�i;�j¼0
Vðxi ¼ x; xj ¼ x;x�i;�jÞhkðxkÞ

Yn

m¼1
m–i;j;k

f ðxmÞdx�i;�j

¼
Z x

xk¼0
hkðxkÞ

Z x

x�i;�j�k¼0
Vðxi ¼ x; xj ¼ x; xk; x�i;�j�kÞ

Yn

m¼1
m–i;j;k

f ðxmÞdx�i;�j;�k

0BB@
1CCAdxk ¼

Z x

t¼0
hkðtÞTðx; tÞdt;
where we changed the integration variable from xk to t and where
Tðx; tÞ ¼
Z x

x�i;�j�k¼0
Vðxi ¼ x; xj ¼ x; xk ¼ t;x�i;�j�kÞ

Yn

m¼1
m–i;j;k

f ðxmÞdx�i;�j;�k ¼
Z x

x4¼0
� � �
Z x

xn¼0
Vðx1 ¼ x; x2 ¼ x; x3

¼ t; x4; . . . ; xnÞf ðx4Þ . . . f ðxnÞdx4 . . . dxn;
is identical for all i; j; k because of the symmetry of V. Therefore,
Xn

i¼1

Ii;1 ¼
Z 1

0

Xn

i¼1

Xn

j¼1
j–i

Xn

k¼1
k–i;j

Z x

t¼0
hkðtÞTðx; tÞdt

� �
f ðxÞð1� FðxÞÞdx ¼

Z 1

0

Z x

t¼0
Tðx; tÞ

Xn

i¼1

Xn

j¼1
j–i

Xn

k¼1
k–i;j

hkðtÞdt

2664
3775f ðxÞð1� FðxÞÞdx

¼ ðn� 1Þðn� 2Þ
Z 1

0

Z x

t¼0
Tðx; tÞ

Xn

i¼1

hiðtÞdt

" #
f ðxÞð1� FðxÞÞdx: ð36Þ
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To calculate
P

iIi;2, we first utilize the symmetry of V in the last n� 1 signals to get that
MðxÞ ¼ Fn�2ðxÞEx�i;�j
Vðxi ¼ x; xj ¼ x;x�i;�jÞjxi > max

m–i;j
xm

� �
¼ Fn�2ðxÞEx�1;�2 Vðx1 ¼ x; x2 ¼ x;x�1;�2Þjx1 > max

m–1;2
xm

� �
¼
Z x

x3¼0
� � �
Z x

xn¼0
Vðx1 ¼ x; x2 ¼ x; x3; . . . ; xnÞf ðx3Þ . . . f ðxnÞdx3 . . . dxn:
Therefore,
Xn

i¼1

Ii;2 ¼ ðn� 1Þ
Z 1

0
MðxÞ

Xn

i¼1

ðhiðxÞð1� FðxÞÞ � f ðxÞHiðxÞÞdx: ð37Þ
Combining (34), (36), and (37) gives
R0ð0Þ ¼ ðn� 1Þðn� 2Þ
Z 1

0

Z x

t¼0
Tðx; tÞ

Xn

i¼1

hiðtÞdt

" #
f ðxÞð1� FðxÞÞdxþ ðn� 1Þ

Z 1

0
MðxÞ

Xn

i¼1

ðhiðxÞð1� FðxÞÞ � f ðxÞHiðxÞÞdx: ð38Þ
To complete the proof, we note that if we expand R V ; F þ � 1
n

Pn
i¼1Hi

	 

in �, we get that
R V ; F þ �1
n

Xn

i¼1

Hi

" #
¼ R½V ; F� þ �R0ð0Þ þ Oð�2Þ;
where R0ð0Þ is given by (38).

Appendix F. Private-value auctions

In the special case of private-value case Vðxi;x�iÞ ¼ xi, we have MðxÞ ¼ xFn�2ðxÞ and Tðx; tÞ ¼ xFn�2ðxÞ. Substitution in (38) gives
R0ð0Þ ¼ ðn� 1Þðn� 2Þ
Xn

i¼1

Z 1

0
xFn�3Hif ð1� FÞdxþ ðn� 1Þ

Xn

i¼1

Z 1

0
xFn�2½hið1� FÞ � fHi�dx

¼ ðn� 1Þ
Xn

i¼1

Z 1

0
½xFn�2½hið1� FÞ � fHi� þ xðFn�2Þ0Hið1� FÞ�dx

¼ ðn� 1Þ
Xn

i¼1

Z 1

0
½xFn�2½hið1� FÞ � fHi� � Fn�2½xðHif ð1� FÞÞ0 þ Hið1� FÞ��dx ¼ �ðn� 1Þ

Xn

i¼1

Z 1

0
Fn�2Hið1� FÞdx:
Appendix G. Proof of Lemma 2

A similar derivation to Eq. (14) shows that the equilibrium bids satisfy the system
Vðx1; x2Þ ¼ b; Vðx2; x1Þ ¼ b:
Therefore, the result follows.
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