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On the motion of small heavy particles in an unsteady flow
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Motion of a small spherical heavy particle subjected to the Stokes drag force and the force of gravity
in a nonstationary fluid flow is studied. An analytical solution of the equation of the particle motion

at a short-time interval and conditions for validity of this solution are obtained. For the case of a
long-time motion the velocity and the acceleration of the particle are found. The velocity is obtained
up to the second-order terms with respect to the Stokes response time and the acceleration is
obtained up to the first-order terms. 2004 American Institute of Physics.
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Transport of small particles in unsteady fluid flows fre- moves all the time inside the same eddy with the Kolmog-
quently occurs in both natural phenomena and technologicairov length scale. In this case the equation of the particle
processes. Droplets in atmospheric clouds and aerosol parotion can be linearized and it has an analytical solution.
ticles in the atmosphere represent examples of naturally ocFhereafter we find velocity and acceleration of the particle
curring turbulent flows with heavy particles. Examples ofwhen it moves in the fluid for a long time.
such flows in technology are combustion of pulverized coal, Let a small heavy spherical particle moves in a turbulent
pneumatic transport, turbulent mixing, etc. Hereafter the parflow. It was found~'° that in this case the forces of buoy-
ticle is considered as heavy if the material density of theancy, added mass, pressure, and Basset are all negligible.
particle is much higher than the density of the fluid. Investi-The same conclusion was obtained from calculations for the
gation of the particle motion in an unsteady flow is of fun- case when the fluid velocity varies impulsivély” Thus one
damental importance because of different phenomena whicgan neglect all these forces also when initial particle velocity
are determined by this motion. Examples of these phenomﬂiﬁers essentially from the fluid velocity. Then equation of
ena include collision between particiedturbulent particle  the particle motion reads
dispersior? fluctuations of particle concentratidrand oth- 1
ers. V+ —v=—(u+gr), (1)

Due to inertia velocity of the particle in an unsteady flow [
depends, in general, upon the history of its moti@asset wherev=v(t) is the particle’s velocity at time, u=u(t,r)
force). However, when a particle is small and it moves in theis the fluid velocity at time at particle’s locatiorr, g is the
fluid for a long time, velocity of the particle is determined acceleration of gravity, the dot denotes the time derivative,
entirely by the fluid velocity field at the particle’s locatidn. and Tp=(2/9)ppr;//_1, is the Stokes response time. Hexgis
For this case Saffman and Turhexpressed the variance of the material density of the particle, is radius of the par-
the relative velocity of the particle through the accelerationticle, andu is the dynamic viscosity of the fluid.
of the fluid element at the same location. MaXeptained a We consider small particles so that if a particle moves in
formula which expresses the particle velocity through thethe surrounding fluid for a sufficiently long time then its
velocity and the acceleration of the fluid element at the parvelocity is close to the fluid velocity at the same location,
ticle’s location. Higher-order terms for this formula in the that is
special case when gravity is neglected were determined by
Druzhinin®

Behavior of a particle in a turbulent flow at a small time whereu,, is the root mean square velocity of the turbulent
interval has special features since in this case the particlgow, u2m=?. Suppose that a fluid flow is homogeneous,
moves in the viscous spatial range and does not feel thgotropic, and statistically stationary. Let at the initial time
vortical structure of the turbulence. Friedlandeonsidered t=0 any particle is located at=0 and its velocity isvg,
motion of a particle at an initial time interval and obtained that is,v(0)=Vv,. In parallel with the particle motion let us
the variance of the particle displacement for the case whegonsider a motion of the fluid element which at the initial
the force of gravity is neglected and a particle is initially attime is located at =0. This fluid element moves along the
rest. pathliner¢(t). Let uy be the velocity of the marked fluid

In this study we analyzed motion of a small heavy par-element at timé=0 ande(t) is its velocity at timet, that is,
ticle in a turbulent flow with gravity. At first the particle ¢(0)=ugy. Clearly, if the particle is small and the initial
motion at the initial time interval is considered. The time particle velocityv, is close to the fluid velocity then the
interval is determined by the condition that the particleparticle trajectoryr(t) is close to the pathling(t). If the

lv—ul<up, 2
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particle is large or the initial particle velocity, differs es- Thus the obtained equation is merely an expansion of the
sentially fromu, then the particle moves along the trajectory functionu(t,r) in Taylor’s series irt andr in the vicinity of
which differs from the trajectory of the fluid element. How- t=0 andr=0. We obtained this equation alternatively by
ever, even in this case at some time interval the fluid velociteXpanding the functiom(t,r) in the vicinity of r¢(t). This
u(t,r), which affects the particle at the timeis close to the enables us to find the conditioi8) and (4) for the validity
velocity ¢(t) of the fluid element that moves along the path-of the expansion(5). Substituting expansior5) into the

line r¢(t). At this time interval one can expand the function right-hand side of Eq(1) we obtain an approximate equation
u(t,r) in the power series of coordinates in the vicinity of of the particle motion

r{(t) and keep only the linear terms. This expansion is valid

when the distance between the particle and the considered 4 — = i(u0+Aul+grp), (6)
fluid element is much less then the Kolmogorov length scale o Tp
[k, that is

whereAu; represents the first-order terms of the expansion,
[r(t)—re(t)|<lk. (3)  Auqy(t,r)=bgt+Byr. Equation (6) is a linear inhomoge-
neous ordinary differential equation with constant coeffi-
cients. Stochastic character of the fluid motion in this equa-
tion is reflected in the fluid velocityy, and the random
variablesby, andBg. Thus at the small time interval which is
determined by the inequalitig8) and(4) the nonlinear dif-
ferential equatiorl) is reduced to a linear one. According to
the assumption&)—(4) the termuy in the right-hand side of
yEq. (6) is the leading term. Keeping only this term one can
obtain particle trajectory up to the terms of the first order.
leo(t) —Ug| <uk . (4)  The first-order terms\u; +gr, contribute to the trajectory

. . . . by the terms of the second order. Equatiéhcan be solved
Our goalis to determine a solution of B@) at a short-time by the method of successive approximations. Keeping only

interval _where the mequalltle@) and(4) are_ valid. the leading term in the right hand side of the equation one
Let u(t,r) be an acceleration of the fluid element at the,5¢

time t at the locatiorr,

Consider now the motion of the marked fluid element.
There exists some time interval where the veloetft) is
close to the initial velocityuy. For such values of time one
can expand the functiog(t) in to the power series in time in
the vicinity of t=0 and keep only the linear terms. This
expansion is valid when the velocity of the fluid element
varies in magnitude much less then the Kolmogorov velocit
scale

: .1 1
u(t,r)=Du/Dt=gu/dt+ (u-V)u=b+Bu, v+ T—V=T—u0. (7)
P P
where . . .
Unlike Eqg.(6) the right-hand side of Eq7) does not depend
au, /ot uylax  duxldy duyldz on the particle coordinates. Lgtbe the relative velocity of
b=| du,/dt|, B=| du,/dx du,ldy duyliz|. the particle with respect to the fluid velocity at the same

au./at location, q(t)=v(t)—u[t,r(t)]. Then solution of Eq.7)
’ Ml ox 19y du,loz with the initial conditionv(0)=v, reads

Then the acceleration of the fluid element&t0 andr=20 is
Uo=bo+ BoUy, Where index “0” denotes that the associated
variable is calculated at=0, r=0. Consider the particle \yhereq,=q(0). Integrating Eq.(8) with the initial condi-
motion at the time interval defined by the inequaliti@sand  tjon r(0)=0 yields

(4). Let us expandp(t) in the vicinity of t=0 in Taylor’s

series upto the linear terma(t) =uy+Ugt, end the velocity r(t)=ugt +qorp(1—e" 7). ©)
u(t,r) in Taylor’'s series of coordinates in the vicinity of the
location r¢(t) and keep only the linear ternu(t,r)=¢(t)
+B(r—r¢), where all elements of the matr are calcu-
lated at the timet at the locationr¢(t). According to the
assumptior(4) the velocity of the fluid at the vicinity of the
marked fluid element varies slightly when the element move
from the origin to the locatiom;(t). Therefore the matriB

is close to the matriB, and with the accuracy of the first- 1 1

order terms with respect to coordinates the expression for V+ _—V= T—[U0+AU1(t,r(l))+ng], (10
u(t,r) can be rewritten asi(t,r)=¢(t)+By(r—r;). This P P

equation together with expressions fog and ¢(t) yield — where Au(t,r®)=ugt+ Boqorp(l—e“”p). The right-
u(t,r)=ug+ (bg+Bgug)t+By(r—r¢). Note that vector hand side of Eq(10) is a known function of time. Solution
r¢(t) differs from vectorugt by a small value. Hence, the of Eq. (10) with the initial conditionsv(0)=v, reads

term Bgugt is close toBgrs and with the accuracy of the )

first-order terms vD(t)=ug+goe Y P+ ug[t—f(1)]

u(t,r)=ug+bot+Bor. (5) +Boqol f(t) —te V7] +gf (1), (12)

VOt =uo+aoe™"™, ®

Note that expressiori8) for the velocity comprises zero-
order terms with respect towhile both terms of the right-
hand side of Eq(9) are of the first order accuracy.
Let us determine now a more accurate solution of Eqg.
6). Substituting the first-order accurate trajectof¥(t) in-
tead ofr in the right-hand side of Eq6) we find
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wheref(t) = Tp(l_ e*t/Tp)_ Integration of this equation with TABLE I. Values of « for particles of different sizes.
the conditionr(0)=0 vyields

rp (um) 1 5 10 20

r)(t) =gt + dof (1) + Up(0.52— Tt + 7,f (1)) a 0.000 39 0.010 0.039 0.16

+BoQo[ 27pt —tf (1) +27,f ()]

+orplt—f(1)]. (12) N
the Kolmogorov length scalex and therefore, the inertial
In the obtained approximation the velocity is correct up toterm is of the order oby7,. Note that according to experi-
the first-order terms including and the position comprises thenental data'*a turbulent energy dissipation ratén clouds
second-order terms. Expressicfid) and(12) coincide par- s in the range 1—2000 cits®. For this range of valueay
tially with those derived by Grahafi.The difference is that <g and the inertial term can be neglected with respect to the
Egs. (11) and (12) are more exact since they contain two gravitational one. Therefore, the difference of the particle
additional terms withu and withB,. Let us determine the velocity from the fluid one is determined mainly by the
first-order approximation for the relative velocity. Using Eq. gravitational terngr, . Consider the ratiec=g7,/u,, which
(5) we obtaing®(t) =vH(t) — (uy+bot+ Bor(t)). Sub-  characterizes the angle between the particle velocity and the
stituting r)(t) andv(*)(t) in this equation yields fluid velocity at the same location. Let us adopt the following
) values of parametersz=1.8x10" % g/cms, u,,= 30 cm/s.
q(t)=qoe ""P—upf(t) —Bogote 7r+gf(t).  (13)  The values ofx calculated for the droplets of different sizes
are presented in Table I. One can see from the table that in

_Exp_reSS|or‘(1_2) prowd_es a dlsp_lacem_el_w_t of the _p_art|c|e the considered range of droplet sizes the droplet velocity is
during timet which is valid for arbitrary initial conditions. . .
very close to the fluid velocity.

As an example, let us consider the case when a particle is . - . .
P P All the expressions derived above are valid when condi-

initially at rezy th?]t Isvo=0, qo:._ur?' gnﬁ issm:jmg dtha; tions (2)—(4) are satisfied. Let us examine these conditions
(<1;)p 'inlf;(p_?g I'(;]rgst Seer?ggoi?]te/ms ::nél ekgg itn a?heSIIez dc;n Eqfor the case when the initial velocity of the particlg,, is
Y ™ ping 9 close to the fluid velocityly. The range of particles sizes is

terms only we obtairr (t) = up0.5:/ 7,+g0.5t%. According , . : i
to the adopted assumption the first term of this expression icsietermlned by the inequaliti?). Equation(14) shows that

the leading one. It describes a motion in the direction of thd"® inertial component of the particle velocityus, and the
velocity Uy. The variance of this term?=u20.23%/ 2, co- gravitational component igr,. One can estimate accelera-

incides with that obtained by Friedlandewho considered ton U as the acceleration of the Kolmogorov scaig, Then
the case without gravity. the inertial contribution in the d|fferenc¢—u pan_be esti-
The obtained above expressions are valid on the timghated asax 7, and, hence, the Inequaht@) |.mpl|es .t.hat.
interval which is determined by the inequalitiéd) and (4). @ 7p<Um andgr,<uy. One can write these inequalities in
If a particle is sufficiently small this interval includes such the following form:
values oft thatt>r,. In this casee”""»<1 and Eq.(13)
reduces tay= —UyT,+97,. Sinceu, differs fromu(t,r) by
a small value the relative particle velocity with the accurac
of the first-order small terrr)ns including é/an be rewritten a)s/Where th.e StOk?S numb@tz TP/T*F o .
q=— U7, +gr.. Using equationv=u+q we find the par- The |nequal|'ty(3) imposes a limitation on thg dls_place—
ficle velgcity p m.ent. of t.he partlclg from the fluid element. The |r'1ert|al' con-
tribution in the particle displacement on the time intervid
(14) ax7pt and, hence, inequality3) yields ax 7t <l . Contri-
bution of gravity into the particle displacement at the time
Expression(14) was obtained first by Max@whose formula interval t can be evaluated agpt and the inequality(3)
contains also an additional terng-V)UTf) which is of the  vyieldsgr,t<ly. The inequality(4) imposes a limitation on
second order with respect tg,. The reason that this term the velocity variation of an arbitrary fluid element. It is
does not appear in E¢L4) is that this formula represents the known that during a time velocity of a fluid element var-
velocity of the particle upto the terms of the first order. Ex-ies by the value of the order ofc . Therefore inequality4)
pression for the particle velocity upto the terms of the secondmplies thatt<r,. The obtained time limitations can be
order contains several additional terms, as it will be showrcombined in the following form:

U, u
St<min(—m, —m} (15
Uk 97k

V=LI—UTp+ g7p.

below. 1 1a
With the goal to elucidate the significance of each term <z =min{ 7, —7¢, — _KTK (16)
in formula(14) let us estimate the magnitudes of these terms St Stg

for the case of water droplet motion in atmospheric clouds. et us examine the obtained conditions for the consid-
The magnitude of the first term is determined by the turbuered above case of the water droplet motion in atmospheric
lent velocity fluctuations which can be estimated by the rootlouds. As it was indicated <g, therefore the first term in
mean square velocity,,. The influence of the inertia on the the brackets in Eq(15) and the last term in the brackets in
particle velocity is determined by the second term in Eq.Eq. (16) can be omitted. Suppose that50 cn?/s’, then
(14). We can evaluate fluid accelerationas acceleration at Kolmogorov's time, length, velocity, and acceleration are
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7«=0.055 s, |,=0.091 cm, ux=1.7 cm/s, ax =30 cm/$,
correspondingly. The inequality.8) yields St<0.93 and the
inequality (16) yieldst< 7o=min{7¢,0.031r¢ /St}. Note that
for small particles withSt<0.03, o= 7« and, consequently,
7o does not depend on the particle size.

Consider now the validity of the formuld4) for a long
time motion. The formula is derived from E@L3) by using
the inequalityr,<t. Combining this condition with inequal-
ity (16) we obtain

St<min(1,\ax/g). (17)

Thus the particle size for the formu({d4) is determined by
the conditiong15) and(17). In the case of the atmospheric
turbulence these inequalities reduce to St
<min{u,/(97«),Vax /g}. For the above values of parameters
this yields7,<0.0096 s, and, hence, droplets radius must b
less than 2Qum.

Formula(14) provides the expression for a particle ve-
locity for a long-time motion up to the first-order terms.

Z. Dodin and T. Elperin

respect tor,. Two first of them coincide with those of
Druzhinir® and the last term with gravity coincides with that
of Maxey?® Using q=v—u we find

q=—UTy+ g7y + Ui+ (U-V)urs—(g-V)urs.

Substituting expressio(l8) in Eq. (1) we find the accelera-
tion of the particle

v=u—Ur,— (U-V)ur,+(g-V)ur,.
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