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Motion of a small spherical heavy particle subjected to the Stokes drag force and the force of gravity
in a nonstationary fluid flow is studied. An analytical solution of the equation of the particle motion
at a short-time interval and conditions for validity of this solution are obtained. For the case of a
long-time motion the velocity and the acceleration of the particle are found. The velocity is obtained
up to the second-order terms with respect to the Stokes response time and the acceleration is
obtained up to the first-order terms. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1763946#

Transport of small particles in unsteady fluid flows fre-
quently occurs in both natural phenomena and technological
processes. Droplets in atmospheric clouds and aerosol par-
ticles in the atmosphere represent examples of naturally oc-
curring turbulent flows with heavy particles. Examples of
such flows in technology are combustion of pulverized coal,
pneumatic transport, turbulent mixing, etc. Hereafter the par-
ticle is considered as heavy if the material density of the
particle is much higher than the density of the fluid. Investi-
gation of the particle motion in an unsteady flow is of fun-
damental importance because of different phenomena which
are determined by this motion. Examples of these phenom-
ena include collision between particles,1,2 turbulent particle
dispersion,3 fluctuations of particle concentration,4 and oth-
ers.

Due to inertia velocity of the particle in an unsteady flow
depends, in general, upon the history of its motion~Basset
force!. However, when a particle is small and it moves in the
fluid for a long time, velocity of the particle is determined
entirely by the fluid velocity field at the particle’s location.5

For this case Saffman and Turner1 expressed the variance of
the relative velocity of the particle through the acceleration
of the fluid element at the same location. Maxey5 obtained a
formula which expresses the particle velocity through the
velocity and the acceleration of the fluid element at the par-
ticle’s location. Higher-order terms for this formula in the
special case when gravity is neglected were determined by
Druzhinin.6

Behavior of a particle in a turbulent flow at a small time
interval has special features since in this case the particle
moves in the viscous spatial range and does not feel the
vortical structure of the turbulence. Friedlander7 considered
motion of a particle at an initial time interval and obtained
the variance of the particle displacement for the case when
the force of gravity is neglected and a particle is initially at
rest.

In this study we analyzed motion of a small heavy par-
ticle in a turbulent flow with gravity. At first the particle
motion at the initial time interval is considered. The time
interval is determined by the condition that the particle

moves all the time inside the same eddy with the Kolmog-
orov length scale. In this case the equation of the particle
motion can be linearized and it has an analytical solution.
Thereafter we find velocity and acceleration of the particle
when it moves in the fluid for a long time.

Let a small heavy spherical particle moves in a turbulent
flow. It was found8–10 that in this case the forces of buoy-
ancy, added mass, pressure, and Basset are all negligible.
The same conclusion was obtained from calculations for the
case when the fluid velocity varies impulsively.11,12Thus one
can neglect all these forces also when initial particle velocity
differs essentially from the fluid velocity. Then equation of
the particle motion reads

v̇1
1

tp
v5

1

tp
~u1gtp!, ~1!

wherev5v(t) is the particle’s velocity at timet, u5u(t,r )
is the fluid velocity at timet at particle’s locationr , g is the
acceleration of gravity, the dot denotes the time derivative,
andtp5(2/9)rpr p

2/m is the Stokes response time. Hererp is
the material density of the particle,r p is radius of the par-
ticle, andm is the dynamic viscosity of the fluid.

We consider small particles so that if a particle moves in
the surrounding fluid for a sufficiently long time then its
velocity is close to the fluid velocity at the same location,
that is

uv2uu!um , ~2!

whereum is the root mean square velocity of the turbulent
flow, um

2 5u2. Suppose that a fluid flow is homogeneous,
isotropic, and statistically stationary. Let at the initial time
t50 any particle is located atr50 and its velocity isv0 ,
that is,v(0)5v0 . In parallel with the particle motion let us
consider a motion of the fluid element which at the initial
time is located atr50. This fluid element moves along the
pathline r f(t). Let u0 be the velocity of the marked fluid
element at timet50 andw(t) is its velocity at timet, that is,
w(0)5u0 . Clearly, if the particle is small and the initial
particle velocityv0 is close to the fluid velocityu0 then the
particle trajectoryr (t) is close to the pathliner f(t). If the
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particle is large or the initial particle velocityv0 differs es-
sentially fromu0 then the particle moves along the trajectory
which differs from the trajectory of the fluid element. How-
ever, even in this case at some time interval the fluid velocity
u(t,r ), which affects the particle at the timet, is close to the
velocity w(t) of the fluid element that moves along the path-
line r f(t). At this time interval one can expand the function
u(t,r ) in the power series of coordinates in the vicinity of
r f(t) and keep only the linear terms. This expansion is valid
when the distance between the particle and the considered
fluid element is much less then the Kolmogorov length scale
l K , that is

ur ~ t !2r f~ t !u! l K . ~3!

Consider now the motion of the marked fluid element.
There exists some time interval where the velocityw(t) is
close to the initial velocityu0 . For such values of time one
can expand the functionw(t) in to the power series in time in
the vicinity of t50 and keep only the linear terms. This
expansion is valid when the velocity of the fluid element
varies in magnitude much less then the Kolmogorov velocity
scale

uw~ t !2u0u!uK . ~4!

Our goal is to determine a solution of Eq.~1! at a short-time
interval where the inequalities~3! and ~4! are valid.

Let u̇(t,r ) be an acceleration of the fluid element at the
time t at the locationr ,

u̇~ t,r !5Du/Dt5]u/]t1~u"“ !u5b1Bu,

where

b5S ]ux /]t
]uy /]t
]uz /]t

D , B5S ]ux /]x ]ux /]y ]ux /]z

]uy /]x ]uy /]y ]uy /]z

]uz /]x ]uz /]y ]uz /]z
D .

Then the acceleration of the fluid element att50 andr50 is
u̇05b01B0u0 , where index ‘‘0’’ denotes that the associated
variable is calculated att50, r50. Consider the particle
motion at the time interval defined by the inequalities~3! and
~4!. Let us expandw(t) in the vicinity of t50 in Taylor’s
series upto the linear termw(t)5u01u̇0t, end the velocity
u(t,r ) in Taylor’s series of coordinates in the vicinity of the
location r f(t) and keep only the linear term,u(t,r )5w(t)
1B(r2r f), where all elements of the matrixB are calcu-
lated at the timet at the locationr f(t). According to the
assumption~4! the velocity of the fluid at the vicinity of the
marked fluid element varies slightly when the element moves
from the origin to the locationr f(t). Therefore the matrixB
is close to the matrixB0 and with the accuracy of the first-
order terms with respect to coordinates the expression for
u(t,r ) can be rewritten asu(t,r )5w(t)1B0(r2r f). This
equation together with expressions foru̇0 and w(t) yield
u(t,r )5u01(b01B0u0)t1B0(r2r f). Note that vector
r f(t) differs from vectoru0t by a small value. Hence, the
term B0u0t is close toB0r f and with the accuracy of the
first-order terms

u~ t,r !5u01b0t1B0r . ~5!

Thus the obtained equation is merely an expansion of the
functionu(t,r ) in Taylor’s series int andr in the vicinity of
t50 and r50. We obtained this equation alternatively by
expanding the functionu(t,r ) in the vicinity of r f(t). This
enables us to find the conditions~3! and ~4! for the validity
of the expansion~5!. Substituting expansion~5! into the
right-hand side of Eq.~1! we obtain an approximate equation
of the particle motion

v̇1
1

tp
v5

1

tp
~u01Du11gtp!, ~6!

whereDu1 represents the first-order terms of the expansion,
Du1(t,r )5b0t1B0r . Equation ~6! is a linear inhomoge-
neous ordinary differential equation with constant coeffi-
cients. Stochastic character of the fluid motion in this equa-
tion is reflected in the fluid velocityu0 and the random
variablesb0 andB0 . Thus at the small time interval which is
determined by the inequalities~3! and ~4! the nonlinear dif-
ferential equation~1! is reduced to a linear one. According to
the assumptions~2!–~4! the termu0 in the right-hand side of
Eq. ~6! is the leading term. Keeping only this term one can
obtain particle trajectory up to the terms of the first order.
The first-order termsDu11gtp contribute to the trajectory
by the terms of the second order. Equation~6! can be solved
by the method of successive approximations. Keeping only
the leading term in the right hand side of the equation one
has

v̇1
1

tp
v5

1

tp
u0 . ~7!

Unlike Eq.~6! the right-hand side of Eq.~7! does not depend
on the particle coordinates. Letq be the relative velocity of
the particle with respect to the fluid velocity at the same
location, q(t)5v(t)2u@ t,r (t)#. Then solution of Eq.~7!
with the initial conditionv(0)5v0 reads

v(0)~ t !5u01q0e2t/tp, ~8!

whereq05q(0). Integrating Eq.~8! with the initial condi-
tion r (0)50 yields

r (1)~ t !5u0t1q0tp~12e2t/tp!. ~9!

Note that expression~8! for the velocity comprises zero-
order terms with respect tot while both terms of the right-
hand side of Eq.~9! are of the first order accuracy.

Let us determine now a more accurate solution of Eq.
~6!. Substituting the first-order accurate trajectoryr (1)(t) in-
stead ofr in the right-hand side of Eq.~6! we find

v̇1
1

tp
v5

1

tp
@u01Du1~ t,r (1)!1gtp#, ~10!

where Du1(t,r (1))5u̇0t1B0q0tp(12e2t/tp). The right-
hand side of Eq.~10! is a known function of time. Solution
of Eq. ~10! with the initial conditionsv(0)5v0 reads

v(1)~ t !5u01q0e2t/tp1u̇0@ t2 f ~ t !#

1B0q0@ f ~ t !2te2t/tp#1gf ~ t !, ~11!
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wheref (t)5tp(12e2t/tp). Integration of this equation with
the conditionr (0)50 yields

r (2)~ t !5u0t1q0f ~ t !1u̇0~0.5t22tpt1tpf ~ t !!

1B0q0@2tpt2t f ~ t !12tpf ~ t !#

1gtp@ t2 f ~ t !#. ~12!

In the obtained approximation the velocity is correct up to
the first-order terms including and the position comprises the
second-order terms. Expressions~11! and ~12! coincide par-
tially with those derived by Graham.13 The difference is that
Eqs. ~11! and ~12! are more exact since they contain two
additional terms withu̇ and with B0 . Let us determine the
first-order approximation for the relative velocity. Using Eq.
~5! we obtainq(1)(t)5v(1)(t)2(u01b0t1B0r (1)(t)). Sub-
stituting r (1)(t) andv(1)(t) in this equation yields

q(1)~ t !5q0e2t/tp2u̇0f ~ t !2B0q0te2t/tp1gf ~ t !. ~13!

Expression~12! provides a displacement of the particle
during time t which is valid for arbitrary initial conditions.
As an example, let us consider the case when a particle is
initially at rest, that isv050, q052u0 , and assume thatt
!tp . Expanding the exponents in the right hand side of Eq.
~12! into Taylor’s series int/tp and keeping the leading
terms only we obtainr (t)5u00.5t2/tp1g0.5t2. According
to the adopted assumption the first term of this expression is
the leading one. It describes a motion in the direction of the
velocity u0 . The variance of this term,l 25um

2 0.25t4/tp
2 , co-

incides with that obtained by Friedlander7 who considered
the case without gravity.

The obtained above expressions are valid on the time
interval which is determined by the inequalities~3! and ~4!.
If a particle is sufficiently small this interval includes such
values oft that t@tp . In this casee2t/tp!1 and Eq.~13!

reduces toq52u̇0tp1gtp . Sinceu̇0 differs from u̇(t,r ) by
a small value the relative particle velocity with the accuracy
of the first-order small terms including can be rewritten as
q52u̇tp1gtp . Using equationv5u1q we find the par-
ticle velocity

v5u2u̇tp1gtp . ~14!

Expression~14! was obtained first by Maxey5 whose formula
contains also an additional term (g"“)utp

2 which is of the
second order with respect totp . The reason that this term
does not appear in Eq.~14! is that this formula represents the
velocity of the particle upto the terms of the first order. Ex-
pression for the particle velocity upto the terms of the second
order contains several additional terms, as it will be shown
below.

With the goal to elucidate the significance of each term
in formula ~14! let us estimate the magnitudes of these terms
for the case of water droplet motion in atmospheric clouds.
The magnitude of the first term is determined by the turbu-
lent velocity fluctuations which can be estimated by the root
mean square velocityum . The influence of the inertia on the
particle velocity is determined by the second term in Eq.
~14!. We can evaluate fluid accelerationu̇ as acceleration at

the Kolmogorov length scaleaK and therefore, the inertial
term is of the order ofaKtp . Note that according to experi-
mental data2,14 a turbulent energy dissipation rate« in clouds
is in the range 1 – 2000 cm2/s3. For this range of valuesaK

,g and the inertial term can be neglected with respect to the
gravitational one. Therefore, the difference of the particle
velocity from the fluid one is determined mainly by the
gravitational termgtp . Consider the ratioa5gtp /um which
characterizes the angle between the particle velocity and the
fluid velocity at the same location. Let us adopt the following
values of parameters:m51.831024 g/cm s, um530 cm/s.
The values ofa calculated for the droplets of different sizes
are presented in Table I. One can see from the table that in
the considered range of droplet sizes the droplet velocity is
very close to the fluid velocity.

All the expressions derived above are valid when condi-
tions ~2!–~4! are satisfied. Let us examine these conditions
for the case when the initial velocity of the particle,v0 , is
close to the fluid velocityu0 . The range of particles sizes is
determined by the inequality~2!. Equation~14! shows that
the inertial component of the particle velocity isu̇tp and the
gravitational component isgtp . One can estimate accelera-
tion u as the acceleration of the Kolmogorov scale,aK . Then
the inertial contribution in the differencev2u can be esti-
mated asaKtp and, hence, the inequality~2! implies that
aKtp!um andgtp!um . One can write these inequalities in
the following form:

St!minH um

uK
,

um

gtK
J , ~15!

where the Stokes numberSt5tp /tK .
The inequality~3! imposes a limitation on the displace-

ment of the particle from the fluid element. The inertial con-
tribution in the particle displacement on the time intervalt is
aKtpt and, hence, inequality~3! yields aKtpt! l K . Contri-
bution of gravity into the particle displacement at the time
interval t can be evaluated asgtpt and the inequality~3!
yields gtpt! l K . The inequality~4! imposes a limitation on
the velocity variation of an arbitrary fluid element. It is
known that during a timetK velocity of a fluid element var-
ies by the value of the order ofvK . Therefore inequality~4!
implies that t!tK . The obtained time limitations can be
combined in the following form:

t!t05minH tK ,
1

St
tK ,

1

St

aK

g
tKJ . ~16!

Let us examine the obtained conditions for the consid-
ered above case of the water droplet motion in atmospheric
clouds. As it was indicatedaK,g, therefore the first term in
the brackets in Eq.~15! and the last term in the brackets in
Eq. ~16! can be omitted. Suppose that«550 cm2/s3, then
Kolmogorov’s time, length, velocity, and acceleration are

TABLE I. Values ofa for particles of different sizes.

r p ~mm! 1 5 10 20

a 0.000 39 0.010 0.039 0.16
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tK50.055 s, l K50.091 cm, uK51.7 cm/s, aK530 cm/s2,
correspondingly. The inequality~18! yieldsSt!0.93 and the
inequality~16! yields t!t05min$tK ,0.031tK /St%. Note that
for small particles withSt,0.03,t05tK and, consequently,
t0 does not depend on the particle size.

Consider now the validity of the formula~14! for a long
time motion. The formula is derived from Eq.~13! by using
the inequalitytp!t. Combining this condition with inequal-
ity ~16! we obtain

St!min~1,AaK /g!. ~17!

Thus the particle size for the formula~14! is determined by
the conditions~15! and ~17!. In the case of the atmospheric
turbulence these inequalities reduce to St
!min$um/(gtK),AaK /g%. For the above values of parameters
this yieldstp!0.0096 s, and, hence, droplets radius must be
less than 20mm.

Formula~14! provides the expression for a particle ve-
locity for a long-time motion up to the first-order terms.
Druzhinin6 used the method of successive approximations
and found the higher-order terms in the case when gravity is
neglected. Let us find the particle velocity using the same
method when gravity is involved. For this end write Eq.~1!

of particle motion in the following formv̇5u2vtp1gtp .
For a small particle two last terms in this equation are small
with respect tou. Thereforeu is the leading term in the
particle velocity and we can set the zero approximation as
v(0)5u. Substitute this expression into the expression forv
and find the first approximation for the particle velocity
v(1)5u2u̇tp1gtp . The second approximation can be found
by similar substitution,v(2)5u2 v̇(1)tp1gtp . Here v̇(1) is
the acceleration of the particle which moves with the veloc-
ity v(1). One can find this acceleration up to the first-order
terms v̇(1)5u̇2ütp2(u̇"“)utp1(g"“)utp . Substituting
this expression into the expression forv(2) we obtain a par-
ticle velocity for a long-time motion with the accuracy of the
second-order terms

v5u2u̇tp1gtp1ütp
21~ u̇"“ !utp

22~g"“ !utp
2 . ~18!

Note that Eq.~18! can be obtained from Eqs.~15!–~17! in
Druzhinin15 by changingSt to tp and ez /Fr to 2g and
keeping only terms up to the second order intp . The for-
mula ~18! comprises three terms of the second order with

respect totp . Two first of them coincide with those of
Druzhinin6 and the last term with gravity coincides with that
of Maxey.5 Using q5v2u we find

q52u̇tp1gtp1ütp
21~ u̇"“ !utp

22~g"“ !utp
2 .

Substituting expression~18! in Eq. ~1! we find the accelera-
tion of the particle

v̇5u̇2ütp2~ u̇"“ !utp1~g"“ !utp .
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