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Thermophoretic interaction of heat releasing particles
Yu. Dolinskya) and T. Elperinb)

Department of Mechanical Engineering, The Pearlstone Center for Aeronautical Engineering Studies,
Ben-Gurion University of the Negev, P.O.B. 653, Beer-Sheva 84105, Israel

~Received 5 November 2002; accepted 7 January 2003!

This study investigates thermophoretic force acting at heat releasing~absorbing! particles near the
interface between two media with different thermal conductivities. This force is caused by the
induced temperature gradient which is proportional to the rate of heat release~absorption! by the
particle. Therefore the magnitude of the thermophoretic force is proportional to the rate of heat
release~absorption! by the particle, and its direction depends upon the sign of the parameterk1–k2 ,
wherek1 is thermal conductivity of a host medium andk2 is thermal conductivity of the adjacent
medium. The obtained results imply that a heat releasing~absorbing! particle is attracted~repelled!
to the interface when thermal conductivity of a host medium is less than thermal conductivity of the
adjacent medium. Thus, e.g., growing in air by condensation particle is attracted to a metal surface
while an evaporating in air particle is repelled from a metal surface. The change of temperature
distribution caused by heat releasing particles results in the additional thermophoretic interaction of
these particles. We determined a condition for mutual attraction of two spherical heat releasing
particles and derived an expression for the thermophoretic force acting at the particles. The
magnitudes of the considered thermophoretic forces are compared with the classic thermophoretic
force. © 2003 American Institute of Physics.@DOI: 10.1063/1.1556196#
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I. INTRODUCTION

Behavior of microparticles inside a host medium
tracted considerable attention because of the emergenc
new technological processes involving microparticles, th
significance in atmospheric physics and due to a large var
of mechanisms determining the behavior of micropartic
~see Refs. 1–3 and references therein!. One of the mecha-
nisms determining the behavior of small particles in fluids
associated with thermophoretic forces. These forces arise
to the kinetic slip of a fluid flow near the particle in th
presence of the temperature gradient along its surface.3,4

When temperature gradient is caused by an exte
source then the magnitude of the effect depends upon t
mal conductivity of a host mediumk1 and of the particlekp .
In the limiting case whenkp→` this effect disappears. Dif
ferent situation occurs when a particle is located near
boundary between two media and when the particle itself
heat source or sink. The latter can occur, e.g., in the cas
a chemically active particle when heat is released or
sorbed due to a chemical reaction. In this situation ther
conductivity of a particle is of lesser importance since
induced at the particle temperature gradient due to the p
ence of the interface between two media is determined
marily by thermal characteristics of the host and adjac
media.

In Sec. II of this study we investigated a force acting
the particle due to the induced temperature gradient cau
by the presence of the interface between two media w
different thermal conductivities. Although the effect of the
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mophoresis was discovered more than one hundred years
~see, e.g., Ref. 4 and references therein! the feasibility of the
thermophoretic self-action of a heat releasing particle n
the interface was not discussed before. The obtained re
imply that a heat releasing~absorbing! particle is attracted
~repelled! to the interface when thermal conductivity of
host medium is less than thermal conductivity of the adjac
medium. Thus, e.g., growing in air by condensation parti
is attracted to a metal surface while an evaporating in
particle is repelled from a metal surface.

Using the results obtained in Sec. II of this study in S
III we determined a condition for mutual attraction of he
releasing particles and derived an expression for the ther
phoretic force acting at the particle.

II. FORCES ACTING AT A HEAT RELEASING
PARTICLE LOCATED NEAR THE BOUNDARY
BETWEEN TWO MEDIA WITH DIFFERENT
THERMAL CONDUCTIVITIES

Consider a plane surfacez50 separating two media with
thermal conductivitiesk1 andk2 , correspondingly. Assume
that a spherical heat releasing particle with a center ac
having a radiusa and a heat release rateq is located inside a
host fluid with thermal conductivityk1 ~see Fig. 1!. The host
fluid is considered to be incompressible and Newtonian,
we neglect temperature dependence of the physical pro
ties. Assume small Knudsen and Reynolds numbers, Kn!1
and Re!1, so that inertial effects can be neglected.

The force acting at a particle in a stationary regime
determined by the following system of equations:

k“2T1q50, “p5h“2u, “•u50. ~1!
il:
1 © 2003 American Institute of Physics
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HereT is temperature,u is a velocity of a host fluid with an
imbedded heat source~particle! q, p is fluid pressure, andh
is a dynamic viscosity. Equation~1! must be supplemente
with boundary conditions for temperature and veloci
When velocityu is found then the force acting at the partic
is determined as follows~see, e.g., Refs. 1 and 5!:

f5E ŝ•dS, ŝ52pê1h~“u1~“u!T!, ~2!

whereŝ is a stress tensor, andê is a unit tensor and integra
tion is performed over the surface of a particle. Bound
conditions for temperature read

@T#S50, n•@k“T#S50, ~3!

where n is a unit external normal vector, and@b#S5bS
1

2bS
2 , bS

6 are values ofb at the external and internal su
faces separating two media, respectively. Hereafter subs
S denotes that a corresponding variable is determined a
surface separating between two media, while subscriptp im-
plies that variable is determined at the surface of the ri
particle. Boundary conditions for the velocity are as follow

u`50, uS50 ~n•u!p50,

~t•u!p5q~t•“T!p , ~4!

wheret is a unit tangential vector, ( )` denotes the magni
tude far from the particle, and ( )p denotes the value at th
particle’s surface. A coefficientq in Eq. ~4! is considered to
be constant in order to linearize the problem, and its dep
dence upon the parameters of the problem is discussed
low.

The first condition in the boundary conditions~4! im-
plies that a particle is at rest in the laboratory frame of r
erence. Thus, it is assumed that an external force is applie
the particle in order to compensate a force determined by
~2!. The second condition in the boundary conditions~4!
implies the absence of slip at the surface separating betw
the fluid and an external solid medium. Slip may occur d

FIG. 1. Location of a particle with a radiusa near the interface between tw
media with thermal conductivitiesk1 andk2 .
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to the temperature gradient induced by a heat source wh
heat source is located near the edges of this surface. Her
consider a situation when a heat source is located far f
the edges and the surface can be considered as an infi
The third boundary condition in Eq.~4! corresponds to a
rigid particle, and the last condition in Eqs.~4! implies a slip
of fluid at the particle due to the induced by the surfa
temperature gradient.

Hereafter we assume that a heat releasing particle is
cated in the regionz.0. The Green’s functionG(r ,r 8)
which satisfies an equation

“

2G~r ,r 8!5d~r2r 8!

and boundary conditions~3! with respect to variabler is well
known ~see, e.g., Ref. 6, Chap. 2, Sec. 7!. Under the condi-
tion that a point r is located in a region 1,G(r ,r 8)
[G1(r ,r 8) and

G1~r ,r 8!52
1

4p S 1

ur2r 8u
1

k12k2

k11k2

1

ur2Rr 8D . ~5!

HereR is an operator of specular reflection with respect t
planez50, i.e.,Rr5(x,y,2z).

If a point r is located in region 2, thenG(r ,r 8)
[G2(r ,r 8), and

G2~r ,r 8!52
1

4p

2k1

k11k2

1

ur2r 8u
. ~6!

Then the solution for the temperature reads

T~r !5
1

k1
E G~r ,r 8!q~r 8!dr 8. ~7!

Expression~5! for the Green function implies that tem
perature distributionT(r ) is given by a sum of two terms
The first term describes temperature distribution due to
heat source, and the second term is associated with the
ence of the interface. The latter term is responsible for
effect of self induced thermophoresis, while the contributi
of the first term is zero due to boundary conditions~4!. The
formula for the second term reads

T1~r !5
1

k1

k12k2

k11k2

1

4p (
l ,m

Ylm~n!r lm

ur2Rcu l 11 , ~8!

where

r lm5
4p

2l 11 E0

aE
V

Ylm* ~Rn8!a8 l 12q~a8,n8!da8 dV~n8!,

n5
r2Rc

ur2Rcu
, n85

r 82c

ur 82cu
,

a85ur 82cu, and Ylm(n) are spherical functions~see, e.g.,
Ref. 7!.

If coefficientsr lm have azimuthal symmetry with respe
to the axis connecting two pointsc andRc, thenT1 can be
written as follows:

T1~r !5
jk

2k1
(
l 50

`
Pl~n!r l

ur2Rcu l 11 , jk5
k12k2

k11k2
,

P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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r l5~21! lE
21

1 E
0

a

Pl~m8!q~a8,m8!a8 l 12da8 dm8,

andPl(m) are Legendre polynomials.7

Keeping only the first nonvanishing terms with respe
to a parametera/D, whereD is a distance between the cent
of the particle and the interface between the two media,
obtain the following expression for“T1 :

“T152
jkkr0

2k1~2D!2 , ~9!

where

k5
c2Rc

uc2Rcu
.

Thus, in the first nonvanishing order with respect to the
rametera/D, the induced temperature gradient field is h
mogeneous, and its magnitude is determined by the geom
of a heat sourceq.

In order to solve a hydrodynamic part of the proble
one can use either bispherical coordinates8 or employ a
method of reflections~see Ref. 2, p. 189!. In the latter case a
velocity field is determined by the following expansion:

u5u01u11u21...,

where each term is determined by boundary conditions~4!
and a boundary condition which is satisfied by a preced
term. Thus ifu0 is determined by boundary conditions~4! for
a particle immersed into an infinite medium, thenu1 is de-
termined by a boundary conditionu1uS52u0uS , the velocity
u2 is determined by a boundary conditionu2up52u1up , and
so on.

In the first nonvanishing order with respect to the para
etera/D, the expression for fluid velocityu0 reads~see Ref.
9, Chap. 1, Sec. 15!

u052A~ ŝ•k!, ~10!

where the tensorŝ is as follows:

ŝ5
1

ur2cu S ê1nn1~ ê23nn!
a2

ur2cu2D ,

n5
r2c

ur2cu
.

CoefficientA is determined from the last expression in t
boundary conditions~4!:

A5
aqjk

2

r0

~2D!2 .

The forceF acting at the particle is determined by the fo
lowing expression~see Ref. 9, Chap. 1, Sec. 15!:

F58phAk. ~11!

In particular cases when heat sources are distributed
formly over the surface,q5qSd(r 2a), or over the volume,
q5qV of the particle,d(x) is Dirac’s delta function

F5k
pahq

k1D2

k12k2

k11k2
Q, ~12!
Downloaded 27 Feb 2005 to 132.72.117.104. Redistribution subject to AI
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where Q5a2qS for a surface heat source, andQ
5(a3/3)qV for a volumetric heat source.

Equation~12! accounts for the temperature gradient i
duced at the particle embedded into the host medium w
thermal conductivities of a host medium and an adjac
medium are different. Ifk15k2 , the system is homoge
neous, and spatial temperature distribution is determined
spatial distribution of heat sources. In this study we consi
an isotropic distribution of internal heat sources, andF50.

When k1.k2 , Eqs. ~5! and ~7! imply the existence of
the additional heat source with the same sign as a real
source. Thus, a heat releasing particle is repelled from
surface, and heat absorbing particle is attracted to the
face. Indeed, the last in Eqs.~4! shows that the velocity of
the fluid has the same sign as an induced temperature g
ent. Since the direction of the particle velocity is the same
that of the surrounding fluid, the particle will move in th
direction of the induced temperature gradient.

Similarly, whenk1,k2 , Eqs.~5! and ~7! imply the ex-
istence of the additional heat source with the sign opposit
the sign of a real heat source. Thus, e.g., in the case of a
releasing particle there occurs the induced heat absorp
source located atRc. Therefore the induced temperature gr
dient,“T}2k, and heat releasing particle is attracted to t
surface. The situation is reversed in the case of a heat
sorbing particle.

Equation ~12! implies that a heat releasing particle
attracted to the interface when thermal conductivity of t
host medium is less than thermal conductivity of the adjac
medium. Thus, e.g., growing in air by the condensation p
ticle is attracted to a metal surface while an evaporating
air particle is repelled from a metal surface.

Certainly the result expressed by Eq.~12! remains only
qualitative without determining a dependence of the coe
cient q upon the parameters of the problem. Kinetic theo
~see Ref. 4! yields the following formula for this coefficient

q5
3

4

n

TS
, ~13!

wheren5h/r is a kinematic viscosity.
When a particle itself is a heat source, a temperatur

the particle surfaceTS depends upon the power of a he
source, and upon the thermal conductivity of the partic
k0 . Temperature distribution in a stationary regime is det
mined by the first equation in Eq.~1! where boundary con-
ditions ~3! at the interface must be supplemented w
boundary conditions at the surface of the particle. Consid
case when a heat source has a spherical symmetry,
q(r )5qVu(a2ur2cu)1qSd(a2ur2cu), where qV is the
density of a uniform volumetric heat source,qS is the density
of a surface heat source, andu(x) is the Heaviside step func
tion. Then boundary conditions at the surface of the part
read

@T#p50, n•@k“T#p52qS . ~14!

Solving this boundary value problem by the method of
flections as described above we arrive at the following
pression for temperatureT:
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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T5T01T81T9. ~15!

The termT0 in Eq. ~15! is determined by Eq.~1! and bound-
ary condition~14!. The termT8 in Eq. ~15! is determined by
Eq. ~1! with q50 and with the following boundary condi
tions:

n•@k“T8#S5~k22k1!~n•¹T0!S ,
~16!

@T8#S50, T8̀ 50.

The termT9 in Eq. ~15! is determined by Eq.~1! with q
50 and with the following boundary conditions:

n•@k“T9#p5~k02k1!~n•¹T8!p ,
~17!

@T9#p50, T9̀ 50.

Denote by subscript 0 temperature inside a particle and
subscript 1 temperature of a host fluid. Then

T0
05

qVa2

3 F 1

k1
1

1

2k0
S 12

r 2

a2D G1
qSa

k1
1T̄,

r 5ur2cu, ~18!

T1
05

a2

k1

Q̄

ur2cu
1T̄, Q̄5qS1

1

3
aqV ,

whereT̄ is the initial temperature before introducing a he
source. The temperature at the particle’s surface

TS5
Q̄a

k1
1T̄ ~19!

and

T85
jkQ̄a2

k1

1

ur2R̂cu
,

T095
k12k0

k012k1
~b•~r2c!!, ~20!

T195
k12k0

k012k1

a3

ur2cu3 ~b•~r2c!!,

where

b52
jkQa2

k1

k

~2D!2 , k5
c

D
.

Equations~4!, ~10!, ~11!, ~13!, and ~20! yield the following
formula for the forceF:

F5
3p

4

a2

D2

n2rjk f

S aQS

k1

1T̄D
Q̄a

k1

k, f 5
3k1

k012k1

. ~21!

In the case of a ‘‘regular’’ thermophoresis associated with
external temperature gradient (“T)ext a thermophoretic force
is determined by the following formula~see, e.g., Ref. 9
Chap. 1, Sec. 14!:

Fext523p f
an2r

T̄
~“T!ext. ~22!
Downloaded 27 Feb 2005 to 132.72.117.104. Redistribution subject to AI
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Let L be a characteristic length scale of variation of the e
ternal temperature. Then (“T)ext;T̄/L and

F

Fext

5
1

4
jk

aL

D2

aQ̄

k1T̄
, if

aQ̄

k1T̄
!1,

~23!
F

Fext

5
1

4
jk

aL

D2
, if

aQ̄

k1T̄
@1.

Is must be noted that although in this study we cons
ered boundary conditions for rigid particles@see Eq.~4!# the
obtained results are valid~at least qualitatively! for small
liquid droplets with large viscosity in comparison with th
of a host medium. In view of the latter remark let us consid
the magnitude of the investigated phenomenon using an
ample of an evaporating droplet of alcohol in air at tempe
ture T̄5373 K (Q̄5q0rȧ, where q0 is a latent heat of
evaporation! aQ̄/k1T̄;0.1. When external temperature gr
dient is small, i.e.,L@D2/a, the self-induced thermophoreti
force can be larger than a thermophoretic force caused b
external temperature gradient. Note that a thermophor
force given by Eq.~18! Fext; f (a/L)n2r, where 0< f <3/2
and the ratioa/L can be varied in the experiments. The si
of a particle when a forceF;n2r exceeds the gravitationa
force is of the order ofa<(n2/g)1/3(r/rp)1/3, whereg is the
acceleration of gravity andrp is a material density of the
particle. Thus, e.g., in air under normal conditions this size
on the order ofa<0.03 cm.

Although the obtained results were derived under
assumption thata!D, they are essentially valid also fo
a/D;1. It is known that a thermophoretic force increas
indefinitely when a particle approaches a surface,8 and the
smaller is a Knudsen number Kn5l/a, wherel is a free
path length of gas molecules, the steeper the increase o
thermophoretic force. In the present study it is assumed
Kn!1. The reason for the increase of a thermophoretic fo
is the increase of a temperature gradient when a particle
proaches a surface. When a heat releasing particle
proaches a surface, a temperature gradient also incre
Analysis of the behavior of a thermophoretic force acting
a heat releasing particle near the surface whena/D;1 re-
quires numerical calculations and was not performed bef

III. THERMOPHORETIC INTERACTION OF HEAT
RELEASING PARTICLES

One of the direct consequences of the above consid
phenomenon of thermophoretic self action of a heat relea
particle is the existence of the effect of attraction in a syst
consisting of a small particle with the radiusRa and internal
heat sourceqa and a large particle with the radiusRb and
internal heat sourceqb ~see Fig. 2!. Denote thermal conduc
tivities of the particleska and kb , and assume thatkb

@k1 , wherek1 is thermal conductivity of a host medium
Temperature gradient induced by a particlea at the surface of
a particleb, “Ta

0($b%), results at the flow slip at the surfac
of the particleb. If the particleb is immobilized, then there is
a forceFb

0 acting at the particle due to the viscosity of a ho
medium. Similarly, a forceFa

0 acts at the particlea due to an
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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induced temperature gradient“Tb
0($a%). However, due to

the thermophoretic self action which is caused by the
duced temperaturesTa

i ($a%) and Tb
i ($b%), the particles will

be attracted to each other if thermal conductivities of p
ticles are larger than thermal conductivity of the host m
dium. Since the effect of the induced temperature is the
fect of the higher order in the parameterRa /Dab and
Rb /Dab , whereDab is a distance between the centers of t
particles, the total effect is mutual repulsion of particle
However, if internal heat sources are such thatqb!qa , then
“Ta

i ($a%)@“Tb
0($a%). In this case the self-induced attra

tive force acting at particlea is larger than a repulsive forc
produced by particleb. The resulting effect is that particlea
is attracted to particleb. Let us determine these forces usin
a method of reflections.

Due to linearity of the problem temperatureT as in the
previous case can be represented asT5Ta1Tb , where

Ts5Ts
01Ts81Ts9 . ~24!

TemperatureTs
0, wheres5a,b is determined by Eq.~1! and

boundary conditions~14! at the surfaces of both particle
Thus temperatureTs

0 is determined by expression~18! where
k0 , Q̄, a must be replaced byks , Q̄s , Rs .

TemperatureTs8 is determined by heat conduction equ
tion with boundary conditions~16! where subscriptS is re-
placed by subscripts̄. When s5a then s̄5b and vice
versa. For spherical particles with radiiRs andRs̄

Ts85Ds~k12ks̄! (
l 51

`
l

l ks̄1~ l 11!k1
•

Rs̄
2l 11

•Pl ~m!

D l 11ur2cs̄u l 11 ,

~25!

where m5k•ns̄ , k5(cs2cs̄)/D, D5ucs2cs̄u, ns5(r
2cs̄)/ur2cs̄u, Ds5Rs

2Q̄s /k1 .
Expression~25! is a multipoles expansion of temperatu

Ts8 relative to a center of a particles̄. This expression fol-
lows from Eq.~18! for T1

0 and the known relation for a field
of a point source near a sphere~for details see, e.g., Ref. 10
Problem 157!. In order to determine expansion of temper
tureTs8 into multipoles series with respect to a particles one
can use Ref. 7~Chap. 4, Sec. 7!.

In the rangeur2csu!D in the leading order approxima
tion with respect to the parameterur2csu/D!1 we find

FIG. 2. Locations of particlesa and b in a host medium with therma
conductivityk1 . Ra , Rb andka , kb are radii and thermal conductivities o
particlesa andb, respectively.
Downloaded 27 Feb 2005 to 132.72.117.104. Redistribution subject to AI
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“Ts8 ~$s%!52Ds

~k12ks!2

ks̄12k1

Rs̄
3

D5 k. ~26!

In expression~26! we took into account thatRs!Rs̄ . Here-
after we assume thatRa!Rb .

A gradient of the temperature induced by a heat sourcb
in the vicinity of a particlea can be determined using ex
pression~18!, and in the leading order approximation

“Tb
0~$a%!52

Rb
2

k1

Q̄bk

D2 52
Db

D2 k.

In order to determine temperatureTa9 we must use an equa
tion similar to Eq.~17! when we have to take into accoun
temperature gradient“Tb

0($a%), Thus for Ts9 we have the
following boundary conditions:

@T9#s50, @ks~n•“T9!#s5~ks2k1!~n•“ !~Ts91Ts̄
0 !.

Denote

b̃s52S D s̄1Ds

k12ks̃

ks̄12k1

2Rs̄
3

D3 D k

D2 . ~27!

Then we obtain

T0s9 5
k12ks

ks12k1
~b̃s•~r2cs!!,

T1s9 5
k12ks

ks12k1

Rs
3

ur2csu3 ~b̃s•~r2cs!!.

In this approximation the tangential component of the te
perature gradient (t•“T)s is determined by the following
expression:

~t•“T!s5~t•b̃s! f s , f s5
3k1

ks12k1
. ~28!

Inspection of the expression forb̃s Eq. ~27! yields the fol-
lowing condition when temperature gradient at the particl
surface changes sign:

D s̄

Ds
,

ks̄2k1

ks̄12k1

Rs̄
3

D3

or

Q̄s̄,
Rs

2Rs̄

D3 Q̄sjs , js5
ks̄2k1

ks̄12k1
. ~29!

It is possible to continue the iteration procedure keeping o
the leading order term at each iteration. Such a procedure
be termed a procedure of leading order iterations. Since
ery particle is characterized by its parameters, the effect
duced by one particle at the current iteration may exceed
effect induced by another particle at the preceding iterati
It is exactly a condition Eq.~29! that describes a situatio
when at the first iteration the effect of particles prevails
over the effect of particles̄ at the zeroth iteration.

Let us determine the forces exerted by fluid at the p
ticles when particles are in rest in the laboratory frame
P license or copyright, see http://jap.aip.org/jap/copyright.jsp
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reference. As it was noted above this implies that there
force F which is applied at the particle and keeps it at re
Thermophoretic force that is calculated in this study,FT

52F. Similarly to Sec. II for simplicity we consider th
problem in the zeroth order approximation in Knudsen nu
ber Kn. The velocity field is determined by Eq.~1! with the
following boundary conditions:

~t•u!s5us~t•“T!s , ~n•u!s50, u`50. ~30!

Hereus is determined by formula~13! whereTS is assumed
to be equal to the temperature of the host medium with
particles. The latter assumption is valid when the heat rele
rates are not high, so that according to Eq.~19! TS5T̄.

Fluid velocity is given by superpositionu5ua1ub ,
whereus5us

01us81us9 . Each iterationun is determined by
the equationsh“2(“3un)50,“•un50 with corresponding
boundary conditions. Thus, the termus

0 satisfies boundary
conditions~30! at the surface of particles and

us
n~$s%!52us̄

n21~$s%!, ~31!

where n.0 and $s% denotes coordinates at the surface
particles. Since the particles are kept at rest the only ch
acteristic direction in the problem is determined by a vec
k. Expression for a velocityus

n can be written as follows~see
Ref. 9, Chap. 1, Sec. 15!

us
n5

1

ur2csu S as
nŜ11

bs
nRs

2

ur2csu2
Ŝ2D •k, ~32!

whereŜ15ê1nsns , Ŝ25ê23nsns . Since the problem is a
linear one the total force acting at the particle can be writ
asFs5(Fs

n , andFs
n528phas

n ~see Ref. 5, Chap. 2, Sec
20!. In order to transform the multipoles expansion with r
spect to a particles into a multipoles expansion with respe
to a particles̄, we will use the following formulas:

ns̄5~nst81k! (
l 50

`

Pl ~m8!~21! l t8l , t85ur2csu/D,

ns5~ns̄t2k! (
l 50

`

Pl ~m!~21! l t l , t5ur2cs̄u/D,

wherem85k•ns andm5k•ns̄ .
In the first nonvanishing approximation with respect

parameterst8 andt we arrive at the following expression fo
the velocity:

us̄
n21~$s%!52

as̄
n21

D
k.

Then boundary condition~30! and formula~31! yield

as
n52

3

2

Rs

D
as̄

n21, bs
n52

1

2

Rs

D
as̄

n21.

Thus in the leading order approximation the following for
acts at particlea:

Fa5Fa
02

3

2

Ra

D
Fb

0. ~33!
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Here the forceFa
0 is caused by the temperature gradient at

surface of particlea and it is given by the following expres
sion: Fa

052(3pn2r/T̄)baRaf a

or

Fa
05

3pn2r

T̄
f a

Ra

D2 S Rb
2Q̄b

k1

1
Ra

2Q̄a

k1

k12kb

kb12k1

2
Rb

3

D3D k,

~34!

f a5
3k1

ka12k1
.

The force given by expression~34! comprises two terms. The
first term describes a force induced by an external sourcb
while the second term describes a self-induced therm
phoretic force. The second term in expression~33!,

Fa852
3

2

Ra

D
Fb

0,

is caused by a fluid flow induced by a temperature gradien
particleb. If condition ~29! ~where subscripts̄ corresponds
to a particleb! is satisfied, then contribution of a self-induce
temperature gradient into a forceFb

0 can be neglected (Q̄b

!Q̄a) and

Fb
05

3pn2r

T̄
f bRb

Ra
2Q̄a

k1D2
k. ~35!

Expression~35! determines a force acting at a particleb due
to the temperature gradient at its surface induced by a
ticle a. Expressions~33!–~35! provide a solution of the prob
lem. We do not present here a general formula that can
obtained by substituting Eqs.~34!–~35! into Eq. ~33!, and
consider conditions when a force acting at a particlea is
attractive. These conditions comprise a condition~29! that
can be rewritten as

Q̄b,2Q̄a

kb2k1

kb12k1

Ra
2Rb

D3 ~36!

and a condition

uFa
0u.

3

2

Ra

D
uFb

0u

@see Eq.~33!#. If condition ~36! is satisfied within a wide
margin of safety, then the first term in the right-hand side
Eq. ~34! can be neglected~e.g.,Q̄b>0) and the condition for
attraction reads

f a

f b
jb

Rb
2

D2.
3

2
. ~37!

The latter condition corresponds to a case when a s
induced by a particlea thermophoretic force~attracting
force! is larger than a thermophoretic force acting at parti
a due to a fluid flow caused by a temperature gradient a
particle b ~repelling force!. Thus, a heat releasing partic
with a low thermal conductivity is attracted to the partic
with a high thermal conductivity. In the limiting case whe
kb@k1 andka@k1 , the condition for attraction Eq.~37! can
be rewritten as
P license or copyright, see http://jap.aip.org/jap/copyright.jsp



te

e.
-
n
n
ti
it
a

n

rc

e
a

e

-

se
i

ivi
ad
s

he
re
s

t a
her-
n-

air
hile
ur-

at
mo-
of a
oc-
cles

ar-
4
g
an

on-
uc-

eli
n

p-

y-

.

a

4327J. Appl. Phys., Vol. 93, No. 7, 1 April 2003 Yu. Dolinsky and T. Elperin
Rb
2

D2.
3

4

ka

kb
. ~38!

It is interesting to note that in the range of the parame
indicated above neither condition~37! nor condition~38! de-
pend upon the size of a particlea and a heat release rat
SinceRb is fixed, condition~37! determines the distance be
tween the particlesD where repulsion changes to attractio
In contrast to a case of a particle interacting with a pla
surface where attraction occurs at any distance, attrac
between spherical particles occurs only within a certain fin
distance. The reason for this behavior is a fluid flow slip
the particleb which is caused by a heat sourceQ̄a . The
higher the thermal conductivity of a particleb, kb , the lower
the temperature gradient at the surface of a particleb that is
induced by a heat sourceqa and the smaller the repulsio
force

Fa852
3

2

Ra

D
Fb

0.

Let us compare the magnitude of a thermophoretic fo
Fa

atr which is responsible for attraction of particlea @the sec-
ond term formula~34!# with a classical thermophoretic forc
Fext @Eq. ~22!#. Since in Sec. II we have already compared
thermophoretic forceF acting at a particle near the interfac
@Eq. ~21!# with Fext @see Eq.~23!#, it is sufficient to compare
a forceFa

atr with F. Equations~21! and ~34! yield

Fa
atr

F
5

8Rb
3

D3

ka1k1

kb12k1
. ~39!

In deriving Eq.~39! for consistency of notations we intro
duced the following changes in Eq.~21!: k2→kb , a→Ra ,
Q̄→Q̄a . In the most interesting case whenkb@k1 , Fa

atr

5(8Rb
3/D3)F.

IV. CONCLUSIONS

We considered a thermophoretic force caused by the
action of a heat releasing or absorbing particles near the
terface between two media with different thermal conduct
ties. This force is caused by the induced temperature gr
ent, which is proportional to the rate of heat relea
~absorption! by the particle. Therefore the magnitude of t
thermophoretic force is proportional to the rate of heat
lease~absorption! by the particle, and its direction depend
upon the sign of the parameterk12k2 , wherek1 is thermal
conductivity of a host medium andk2 is thermal conductiv-
Downloaded 27 Feb 2005 to 132.72.117.104. Redistribution subject to AI
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ity of the adjacent medium. The obtained results imply tha
heat releasing particle is attracted to the interface when t
mal conductivity of a host medium is less than thermal co
ductivity of the adjacent medium. Thus, e.g., growing in
by condensation particle is attracted to a metal surface w
an evaporating in air particle is repelled from a metal s
face.

We determined a condition for mutual attraction of he
releasing particles and derived an expression for the ther
phoretic force acting at the particle. In contrast to a case
particle interacting with a plane surface where attraction
curs at any distance, attraction between spherical parti
occurs only within a certain finite distance.

It must be noted that thermophoretic interaction of p
ticles was considered in earlier studies~see, e.g., Refs. 11–1
and references therein!. However, a case with heat releasin
particles was not considered before although it may play
important role in various phenomena, e.g., capture of c
densing particles by a particle with a high thermal cond
tivity, capture of oxidizing particle by a larger particle~cor-
rosion!, etc.
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