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Through a direct statistical approach, analytic expressions are derived for the second
moment, the variance ratio, and benefit functions of a model for n-surface geometric
splitting. The model is general in that it can be applied to many geometric and material
conditions, energy dependence, and biasing methods besides splitting. The model applies
to any detector, provided that the detector region is separated from the source region.
The model has the following limitations: (a) every source particle reaching the detector
must cross all splitting surfaces, (b) particles are allowed to split only once on each
surface, (c) weight-dependent biasing schemes are not included, and (d) reactions that
bifurcate the particle are excluded,

The derived expressions depend linearly on n unknown constants that are bulk
properties of the medium in a given problem. These constants may be estimated approxi-
mately from one small sample run invoking the point-surface approximation or from

(n + 1) consecutive small sample runs.

Numerical examples are given in verification of the theory, and the possibility of
using the expressions in an in-code optimization or self-optimizing code is discussed,

" . INTRODUCTION

In recent years the Monte Carlo method has
matured and has been used extensively in particle
transport problems. Many variance-reducing tech-
niques, biasing methods, and estimators have been
derived for general and specific applications. Powerful
multipurpose codes now combine flexible geometry
with elaborate cross-section libraries and can handle
any reasonable three-dimensional transport problem.
With' the increasing speed and capability of modern
computers, the Monte Carlo method, once recom-
mended for use only “when no other method is
available,””! has become a common tool for experts in
the nucleonics field, as well as for general researchers
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using the method for a wide variety of design and
analysis purposes.

It is appropriate now to consider the goals of
Monte Carlo methodology. It appears to be a general
consensus that development of new general variance-
reducing methods will produce only marginal benefit.
Efficient application of the powerful methods already
implemented in multipurpose codes is the most
pressing problem in the use of Monte Carlo. All
variance-reduction methods contain external param-
eters that must be specified before calculation.
Correct determination of these parameters is, in most
cases, crucial to the efficiency of the calculation,
and correct setting can improve efficiency by orders

. M. CLARK, Jr. and K. F. HANSEN, Numerical Methods
of Reactor Analysis, p. 241, Academic Press, Inc., New York
(1964).
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of magnitude, in some cases determining feasibility
of a calculation. Misuse of these parameters, on the
other hand, might cause not only inefficient calcula-
tion, but also biased and therefore incorrect results.
Let us define the problem in more specific terms.
Let D denote the target response, the quantity to be
estimated in the calculation. Let (Py, ..., P;) denote
a random walk of a particle, with P; being a phase-
space collision point and P the termination point
of the particle’s history. A probability density func-
tion (pdf) is attached to every track, describing the
probability density for the occurrence of that track.
In the analog case, the pdf is constructed from
the analog transport kernels and is denoted by
Ua(Py, ..., Pr). In any biased scheme, one uses a
“distorted” pdf to bring the particles more efficiently
from the source to the detector. This new pdf in-

cludes one or more external parameters (o, . . . , 0y)
and is denoted by u(Py, ..., Px;a, ..., o). To each
random walk, a score w(Py, ..., Py &, ...,Q,) is

attached. This score is a random variable and is an
unbiased estimator of the target response if, when
averaged over all possible random walks with the
biased pdf, it yields D. Thus,

D=§ f...fw(ljl,...,}_’k;al,...,a,,)

k=0
XH.(F],.. ..,an)dﬁl...dp—k . (1)

In a Monte Carlo calculation, random walks are
sampled from the biased (or analog) pdf and the
numerical average of the score serves as an estimate
of D. The variance of the calculation is determined
by the second moment of w or

S¥Hay, ..., o)
=Ef...fw2(ﬁl,...,Pk;a1,...,an) *
k=0

X u(P,, . co,0)dPy . dPy . (D)

The first-moment D does not depend on the
external parameters, but the second moment does.
If w has a finite variance V,,, then the variance of
the estimate of D, for instance, D), behaves as
Vp = V,,/N, where N is the number of histories used
in the calculation. Further, if 7(ay,...,q,) is the
average computer time required to process a single
history, the total calculation time is T'(a, . . . , ) =
N-1(oy, . .., ). Thus, an adequate measure of the
efficiency of the calculation can be defined as

qag, ...,a)=VpT=V,r
= [S¥(ay, .

o Prsay, .

s Pray, .

ey 0 =Dy, ..., @)
3)

When biasing is required, the second moment
per history is usually much larger than the square

of the first moment; if not, biasing is not needed
and analog Monte Carlo will suffice. Therefore, in

Eq. (3), D? can be safely omitted and g(ay, . . . , o)
can be written as
qlay, ... ) =SH oy, .., 0)T(y, . 0) . (D)

The ¢q is also referred to as the quality factor of the
calculation, and (S?/N)!/2100/D will be the per- -
centage relative standard deviation (PRSD) of D.
The term (S*N)100%/D? X T can be interpreted as
the computational time required to achieve a PRSD
of 1% and, for a given problem, is proportional to g.
Now the problem can be stated simply as that of
finding the set of external parameters (@, ..., 0)
that will minimize g(a, . . . , o).

Optimizing variance-reduction methods is an im-
portant goal of Monte Carlo methodology. At pres-
ent, the use of biasing methods depends on user
experience and can be compared to “flying an
experimental aircraft with unknown flight charac-
teristics.””

This problem might be approached by the most
straightforward scanning method. Because both S?
and 7 can be estimated, as well as D, during the
calculation, the total number of histories can be
divided into small batches that systematically scan
different sets of external parameters and converge
to the optimum. However, this approach must be
rejected because estimating S? by small batches
is frequently unreliable and misleading. In most

. cases, the time required to obtain a reliable estimate

of §? is sufficient also to obtain a satisfactory
estimate of D. However, the concept of in-code
optimization, that is, an optimization done during
and within the Monte Carlo calculation of D, is
very tempting. It would require a “built in” algorithm
enabling the code to converge to an optimum, or
near optimum, set of external parameters. An
algorithm based solely on statistical information
acquired during the calculation probably will not
suffice; some external analytical knowledge must
be ezldded to attenuate the statistical fluctuations
of §4

Another possible approach was explored in the
development of an integral-transport-like equation
for the second moment in analog Monte Carlo.?
This excellent work stimulated further extensions
of the equation to include biased Monte Carlo
schemes, time-dependent problems, and a variety

D. J. DUDZIAK, “An Assessment of Nucleonic Methods
and Data for Fusion Reactors,” Proc. Topl. Mtg. Technology
of Controlled Nuclear Fusion, Richland, Washington, Septem-
ber 21.23, 1976, CONF-760935, U.S. Department of Energy
(1977). '
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of estimators.*® Analysis of the equations prompted
conclusions regarding the relations between second
moments of such estimators as the track-length
estimator, expected leakage estimator, and collision
estimator, with and without survival biasing. Expo-
nential biasing was analyzed and, in fact, quality
factor curves were derived for a monokinetic infinite-
medium problem including fission and time depen-
dence.” The value of this approach is undoubted.
References show that, without solving the equation,
one may derive by comparison relations between
second moments of different methods. (“Relations”
refers here to larger or smaller, but without indicating
exact differences or ratios.)

Considerable insight into various biasing methods
may be gained by investigating the second-moment
equation; newly suggested biasing schemes may be
tested for their quality factor by using simple
benchmark problems- for which solutions of the
second-moment equation are easily derived. It is
doubtful, however, that this approach can lead to
in-code optimization because, for optimization, a
detailed solution of the second-moment equation is
required. The resulting equation is more complicated
than the transport equation and any attempt to
solve it by Monte Carlo and within Monte Carlo
runs will probably require the crude straightforward
scanning method discussed earlier. It might be pos-
sible to apply methods other than Monte Carlo,
such as Sy, Py, or other deterministic methods,®
which require some linkage between Monte Carlo
and the deterministic method because the target
response D appears as a parameter in the second-
moment equation. Most deterministic codes are
limited to one- or two-dimensional geometries, so
in many practical cases, the three-dimensional prob-
lem must somehow be reduced into a two- or one-
dimensional approximation, introducing an additional
user-dependent element—even then it is not clear
that the combined two-dimensional and Monte Carlo
calculations will provide the solution. (However, this
possibility should be investigated.) In summary, the
prospects of the second-moment equation appear
to be limited in the context of in-code optimization,

*T. E. BOOTH and H. J. AMSTER, Nucl. Sci. Eng.,
65,273 (1978).
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°L. LUX, Atomkernenergie, 31, 154 (1978).

"T. E. BOOTH and EDMOND D. CASHWELL, Nucl.
Sci. Eng., 71,128 (1979).

8. LUX Nucl. Sci. Eng., 67,317 (1978).

°P. K. SARKAR and M. A. PRASAD, Nucl. Sci. Eng.,
70,243 (1979).

'RAYMOND JOHN JUZAITIS, “Minimizing the Cost
of Splitting in Monte Carlo Radiation Transport Simulation,”
LA-8546-T, Los Alamos National Laboratory (1980).

for which information obtained during the calcula-
tion is used iteratively to improve quality without
extra time investment.

Another possibility is an attempt to obtain an
approximate or exact expression for the second
moment directly from the basic statistical considera-
tions applied to a general statistical model of the
biasing method in question. Through such an analysis,
one may derive the functional relation between the
second moment (and the time) and the external
parameters. Such a relation will eventually involve
problem-dependent constants that can be described
as “bulk properties,” or integral properties of the
specific problem, and are easier to calculate than the
target response D. If this is achieved, one can
construct an algorithm in which the bulk properties
are learned within the calculation and, together
with the known functional dependence of the quality
factor on the external parameters, serve in a self-
improving algorithm.

Reference 11 gives an example of this approach,
where an approximate simple analytic expression
was derived for the second moment of the one-
parameter exponential biasing case. The bulk param-
eters were the average number of collisions of a
particle and the total number of particles reaching
the detector within the important range of the
Neumann spectrum. A self-optimizing algorithm for
a direction-dependent exponential biasing was de-
vised!? and implemented in the general purpose
MCNP code.’® Although we have little experience
in using the algorithm, when it was tested on a
shielding problem of leakage through a 0.7-m-thick
concrete wall with bent liquid sodium pipe, a
near-optimum parameter was obtained with <10% of
the sample required for the entire calculation.

In the following, we apply the direct statistical
approach to a model of surface splitting, deriving
an exact functional relation of the second moment
(and the quality factor) to the splitting parameters
of any number of splitting surfaces.

Surface splitting is one of the most commonly
used variance-reduction techniques. It consists of
one or more splitting surfaces situated between the
source and the detector. Upon crossing a surface,
the particle is split into v secondary particles, each
of which weighs 1/v of the total original weight.
This method is usually combined with Russian
Roulette!* and may be used with other biasing

YA DUBI and D. I. DUDZIAK, Nucl Sci. Eng., 10,
243 (1979).

2A. DUBI and D. J. DUDZIAK, Los Alamos National
Laboratory, unpublished data (1978).
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Photon Transport,” LA-7396-M, Los Alamos National Labora-
tory (July 1978).
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methods. Reference 15 describes the analysis of a
simple one-dimensional, one-surface monoenergetic
problem in which each collision results in absorption;
thus,1 Gthe leakage consists of only uncollided parti-
cles.

Section II is an analysis of the one-surface case.
In Sec. III, we analyze the two-surface case and
extend it to the m-surface model. Some numerical
examples are cited to verify the theory, and possible
ways of using the theory to obtain an in-code
optimization algorithm are discussed. :

II. ONE-SURFACE SPLITTING

A source region Q is separated from a detector
region D and one splitting surface is in the medium
between them (Fig. 1). Where splitting is not applied,
we define these quantities: Pgq is the probability
of a source particle reaching the detector region;
w is the contribution of a particle that reached the
detector (w includes both any accumulated weight
due to biasing and the contribution to D in the
detector using any estimator of D); f(w) is the pdf
of w. We then write the first moment as

D=Py [~ fowwdw , )

Detector region

Source Region

Splitting surface

Fig. 1. General geometry.

15C. J. EVERETT and EDMOND D. CASHWELL, “Cost
of Splitting in Monte Carlo Transport,” LA-7189-MS, Los
Alamos National Laboratory (1978).

MacDonald and Cashwell (Ref. 17) use pattern recog-
nition for the in-code optimization of the location of a 1:2
phase-space splitting surface. Also, Juzaitis (Ref. 10) applied
the second-moment equation to surface splitting in a mono-
kinetic slab model.

"JAMES L. MACDONALD and EDMOND D. CASH-
WELL, “The Application of Artificial Intelligence Techniques
to the Acceleration of Monte Carlo Transport Calculations,”
LA-7475-M8, Los Alamos National Laboratory (1978).

assuming no negative contribution. Note that f(w)
is a conditional pdf only of those particles that
reached the detector region.

The second moment is then given by

$1=P, fo " W wdw . 6)

To introduce splitting on the surface, we define
the following quantities: p; is a phase-space point on
the. surface; P, is the probability of a source particle
reaching the splitting surface; g(P;) is the conditional
pdf of particles that crossed the surface for the first
time at py; w(l,p;) is the weight of a particle at the
first crossing of the surface at py, distributed with
a pdf given by filw(l,ps)]. Now, Pi(ps) is the
probability of a particle that crossed the splitting
surface for the first time at p; to reach the detector
region, and wy is the contribution of that particle
at the detector, assuming that the particle reached
the splitting surface with unit weight. Let wy be
distributed with pdf f;(wg). In these definitions,
we have separated the random variable w into a
product of two independent parts w(l1,7;) and wy.
Given these quantities, the expected D can now be
written as

D=P; [ g(B)dB:La(Bs) [ wll,Ffilw(1,5)]

Xdw(1,) [ wafaOwaddwq - ©

For simple presentation we will omit in each case
the dependence on p; and rewrite D as

D= <>1Pd [ W s 1w

x [ wwdfd(wd)dw> : (8)

with the brackets indicating averaging over the
splitting surface. With this notation, the second
moment can be written as

51= <01Pd [ [T WAl fatwa)

X dw( l)dw(> . &)

On the introduction of splitting, a single inde-
pendent event will consist of a weight reaching the
splitting surface at py, with probability P;g(F,)dps
being split into v particles, from which k& will reach

the detector and contribute to the total score
[wh+... wé‘]
n,= w(l) —————

The average for all k is thus given by
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v Kl —pyk .o 0
<"”>=<°1,§<Z)Mfo j; w(1)

x( 2w;>f1[w<1>1fd(w;)

j=1
.. -fd(Wf)CZW(l)dw; ... dwaé

o : s .
Because the wg’s are independent and identically
distributed, by taking the sum over j out of the
integral, we obtain k identical integrals:

P [~ oo
<m>=<7‘ 5 LW A v fatwardw g

X ké ( ;)ka(l - Pd)""‘>

. ; s
Using the general notation

w) = _Lm wfw)dw

and the properties of the average number of successes
out of v trials in a binomijal experiment with success
probability P;, we obtain

n,) = <P1de i"ﬂ%}_(‘l’ﬁ_> =P Pgw(D)Xwghs=D .
’ (10)

The last equality is obtained by comparing with
Eq. (8). Thus, the splitting process yields an unbiased
estimate of D, a well-known result,

We now calculate the second moment. This will
take the form

Sp= )= <’1 2 (1) 25 - ot

k=1 ,
.f0“w2(1)

wg')zfl[w( DI fawd) ... fawh

2

X

(

X

AR

U
—

14

Xdw(Ddw} . .. dwf>
s

- <°1 > (1)t -

k=1
W (DY) + k(K ~ 1) (1)Mwg)?]
X A .
s
Py PAW(1)2Xw2)
- <—‘-ﬂ£—)—w"-+ PLPIWH (1))

x(”;l)> =52 . (1n

In Bq. (11) we used the fact that

E(Z)P"(l =Pk - D=vPo-1) . (12)
k=1 :
This can be proved easily from the properties of the
binomial distribution. Noting that the dependence
on v is independent of 7, it can be taken out of the
integration over p; and we can write

(PP W12 ) -
s3=—112 wi i S+ PR3O (1ove, LD
(13)

Comparison of the first term with Eq. (9) shows that
the coefficient of 1/v is simply S? and denoting the
second coefficient C we get
LN CES)
241
S2= S +C . (14)
We have thus derived an exact expression for the
second moment as a function of the splitting param-
eter v. ‘

Some assumptions are inherent in the above
model. Though particles may cross a splitting surface
any number of times, they are split only on the
first crossing. By allowing the particle’s weight to be
a random variable, rather than unity, biasing methods
other than splitting are included. However, if the
biasing scheme depends on the splitting parameter
(as may be the case with Russian Roulette) and
weight cutoff, the weight distribution, and conse-
quently the weight averages, may depend on the
splitting parameter. Particles are not allowed to
bifurcate in the medium; thus, reactions such as
(n,2n) or fission are excluded, except in those cases
where it is possible to encounter such reactions by
changing the weight rather than creating new tracks.
The above limiting conditions apply equally to the
n-surface case.

The first term in Eq. (14) is the no-correlation
term because it involves only squares of contributions
of the same secondary. The no-correlation term is
exactly a factor v smaller than ST and eventually goes
to zero as v goes to infinity. The second term is the
result of cross products of weights of different
secondaries. This correlation term decreases the
efficiency of the method and results in the second
moment having an asymptotic value of C. Intuitively,
we note that correlation among secondaries will be
small as long as vP; << 1, in accordance with
Eq. (13), because C is smaller than S? by approxi-
mately a factor of P;. A 1/v behavior may thus be
expected at low values of v; that is, the first term
in the Eq. (13) dominates.

To attain the quality factor, we now need the
average time of a source particle. We denote 7 as
the average time of a source particle without splitting
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and 7, as the average time of a secondary. The
time required to process N source particles will be

T,=Nr+NPir(v - 1)=>1, =7+ Prv - 1) .
(15)
Therefore, the quality factor is given by

5 (16)

2
q,,=[—f~1+c(” D)t + £y~ 1
Consider now the ratio ¢q,/q;, which is the
benefit factor, denoted by B,. It is the advantage
of splitting by v instead of no splitting; in other
words, the time ratio to obtain a given standard
deviation. Thus,

qy 1 v-1
szil'z [;+d1 gv—):l[l'*'l)lﬁl(v_l)] s
T
ﬁl_?l— >
and
C
dl:S_f . (17

The value of v, for which B, is minimal, is the
optimum, v,pe. A useful approximation can be
obtained if we assume that both f;(w) and Py are
independent of p; that is, identical for each point
on the surface. This approximation is called the
point-surface approximation because it is equivalent
to the assumption g(ps) = 8(Ps — Do), Do being a
fixed point on the surface. Using this approximation,

¢ PPIWA(1))wg?

4 (wg)?
LTSTT PP W A(IYWE)

7 (w2)

(Py)% = P, = constant

(Py) = P4 = constant . (18)

Differentiating B, with respect to » and equating to
Zero,

_ _ 12
u0pt=[(d1 (P8, 1>] ‘ 19

d P,

Going back to the exact case, we examine B, in
some special cases. Consider a surface-leakage detec-
tor and let the splitting surface coincide with the
detector surface. We expect the splitting to have no
effect. In that case, (wg) = 1, WH =1, Py = 1,
w(l) = w, and P; = Py, yielding C = (Pigw?); =
St =>d, = 1; also 7, = 0 yields 8, = 0, so that
B, =1/v+ (v - I)/v =1, as expected. If we have a
surface source and move the splitting surface to the
source, w(1) = 1, wg =w, P, =1, and P, = Pyq. Also
B; =1 because 7, = 7, and

(P2yws (p -
B,,=[1+ a7 (v - 1)
4 (qu(w Ny ¥
<P§d<w2>)s 1)
———-1) .
<qu(W2»s
In this case, though one might have expected
B, = 1, instead, B, = 1, which indicates that if
v > 1, splitting is less efficient. However, this is in
accordance with the fact that “Batch” estimation
has a higher variance than single-particle estimation.!*
Also note that when v = 1, B, = 1 as should be.
In many cases of leakage calculations, especially
when absorption probabilities are small, splitting is

applied with analog Monte Carlo. Then w(l) =
wg =1, so that

1, 0-1D
B = [v Y v
In the point-surface approximation,

Bv=[§+Pd (—”—%1—)][1 +PBw - 1]

](1+V—l)

=1+ (20)

][1 +P B - DI

and

- [(Pd ~ 1)(PyBy - 1>]“2 _ o

Vopt= PP;B;

Because (P23, > (Pp? the point-surface approximation
causes an overestimation of both B, and vep:. Yet,
if Py(p) does not vary sharply on the surface, the
approximation may be very useful. In the process
of the optimization, one may start with a trial v,,
and after a batch of N, source particles, obtain a
first estimate of voy (v;) for N, or more source
particles by estimating 8, and using Eq. (21) or (19).
Then both d; and (P;-B8,) of Eq. (17) can be
estimated by the value of B,,/B,, and the execution
time ratjos. The P, can be estimated directly in each
batch. Note that the parameters appearing in the
above discussion, Py, Pz, (w(1)), (wy), etc., are bulk
properties of the medium. The accuracy required
for d; and (P;-B) is much lower than that required
for D, and even a crude estimation yields near
optimum values of Po5¢. These aspects are discussed
further and demonstrated in Sec. V. Equations (17)
and (19) show not only the optimal splitting factor,
but the benefit to be expected from the optimal use
of splitting.

III. TWO-SURFACE SPLITTING

This case is somewhat more complicated than
the one-surface case. It is worthwhile to treat
two-surface splitting separately because its derivation
contains all the essential features of the general
n-surface case and its extension to the general case
is straightforward.
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We first describe the form of an independent
single event with the corresponding pdf for its
occurrence. A source particle reaches the first surface
(S1) at phase-space point Psy with weight w,(1). To
write the probability density of this partial event,
we define the following quantities, where

Py = probability of a source particle to
reach the first splitting surface
(S1)

81(Ps1) = conditional pdf of a source particle
reaching and crossing S1 for the
first time at pg,

filw(1),Ps:]1= conditional pdf of a source particle
crossing S1 at pg, with a weight
of w(l).

Note that pg, should also appear as an argument in
w(1); the omission of this dependence will cause
. no ambiguity. Using the above definitions, we may
write the pdf of the partial event as

Py X gy(Psy) X filwy(1), Bs,] .

Upon crossing S1, the particle is split into »,
secondary particles, each of weight w(1)/v,. Of
these v, split particles starting at S1, 0 < K () <y
will reach the second splitting surface (52). Between
S1 and S2 these K X(1) split particles will accumulate
the weights w,(1,1), wy(1,2), . .., w,[1,K*%(1)]. Each
weight is considered as if the particle left S1 with
unit weight. Therefore, the real weight of a split
particle on S2 is wi(Dwy(1,iy). So far, each particle
reaching S1 is identified by a one-dimensional array
(i; = 1); a progeny of that particle reaching S2 is
identified by a two-dimensional array (1,1,), i, =
L,..., K*(1). These progenies cross S2 at phase-
space points p5s'?  with weights w,(1,i,). The
following definitions apply to that part of the
total event, where :

Py(psy) = probability that a particle
- starting at pg, will cross the
second splitting surface

1,i3)

gz[pgvz 1 = conditional pdf that a particle

will cross S2 at g_)§12 i)

falw(l,i,), 1—7‘(912,1'2)] = conditional pdf that a particle

crossing S2 at piki2) has ac-
cumulated weight w,(1,i,),
having started from surface
S1 with unit weight.

With the above definitions, the pdf of the
partial event between S1 and S2 can be written as

2 2
[K;}e])] P;{( (l)(ﬁSI)[l "PZ(I_)SI)][VFK )

X &2 [(BS3 M1 FIwa(1,1), 5E50]

X &[B55] foIw,(1,2), BEDIX. . X g ES[;,K%H;

2/
X f2 w3 [1,K(1)], plLK 01y

: = %2
- {Kgél)] PZK (l)(ﬁh)[ I_PZ(pSO][ﬁ K1)

K4 ' |
XTT & 055215 wa(1,0,), BT

ip=1
v _ V)_ v!
K _<K “G-KIK!

where

Following the same line of thought, each particle
(1,i,) is split on S2 into v, particles, from which
only k9(1,i,) reach the detector and contribute
Wa(l,iz,ig), iq = 1,...,K9(1,i,). Bach particle is
identified now by a three-dimensional vector (1,i,,iy),
uniquely defining that particle as the ig’th progeny
of the particle (1,i,), which is the i;’th progeny of
(1). The weight w(l,i,,i;) is accumulated assuming
unit weight on S2, so that the total contribution to
D from a given branch [(1), (1,i,), (1,45,i] is
wi(Dw,(1,idwa(1,i,,i9) (Fig. 2). The following defi-
nitions are introduced, where

(1,17)

Palpg,'?'] = probability of a particle emitted

from ﬁé’z’m on S2 reaching the

detector region

falwa(1,i,,ip)] = conditional pdf for a particle
reaching the detector to con-
tribute a weight wy(l,i,,ip),
having left surface S2 with unit

weight.

The probability density of the third and last
part of the single history is

2| okin) iy (i) 1iryKd (L)
[Kd(l,iz)]Pd [g; 1101 = Py [py P lraK (i)
k9(,iy)
X T1  falwa(l,isin)] .
ig=1

The contribution of a single independent event may
now be written as

1
n=2 D (220D

+.. .+ wd[l,I,Kd(l,l)]}>

+ (%12) twa(1,2,1)
2

ot wdn,z,Kd(l,z,m)

1,K%(1
T [—‘Yiz—i)—] (wd[l,Kz(l), 1]

+.owe {LKX(D), Kd[l,Kz(l)]i)]
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2 d,. )
KE(I) wy(1) K &iz) w,(1,i5)
vy v

iy=1 ig=1

: Wd(l,iZ:id)

K k9o, (1)
1(Dwa(1,i5)wa(l, 12,ld)
MDD

PiV2

(22

~ig=1 ig=1

The probability density of such an event is given by
p(n) = Py X g1(Bs1) filw(1), s ] [ Kzil)] KOs

X {1 = P,(ps,)"1™ ~K*)y
k)

X 1

Ja=1

Va k91, 12) —(1,12)
et ) E R

X {1 ‘Pd[ =(1, /2)]} [VZ-K 1,721

(g (B2 falwa(1,12), B2

k941,15)

x 1

jd=1

fd[Wd(l,]'z,fd)]> . (23)

To obtain the r’th moment of n, " should be
multiplied by p(n); integration should be performed
from zero to infinity on each weight and splitting
surface pg;. Each j, summation should be performed
over Kd(1,j,) from one to v,, and on K?(1) from
one to v;.

To treat the first moment, we multiply n of
Eq. (22) with p(n) of Eq. (23) and perform the
averaging process described above. This can be
presented as

= [T aw() [ dps, E Prgi(@s1) -

K(l)l

X filwi(1), sy [Kz(l)]PK D)

K2(1)
X1 = Py(ps)1 K1 T [ apfy/?
j2=1

X [ dwaL i 58 )

b2 v
X folwa(L,7), D)3 [Kd(?. )]
Kdq,j )=t b2
doe ;s .
XP;( (l,lz)mélz,/z)]

. g KW
X {1 “Pd[ﬁélz’]z)“ [v2-K9(1,i2)]. n
ja=1

X [T dwaLipja falwaCLinga)l-n . (24)

We first note that p(n) contains a product of the
pdf’s of all the partial weights in the event, whereas n
contains a sum of terms each of which contains a
product of the weights in one branch only, for
example, w(w,(1,3wy(1,3,2). Thus, if we multi-
ply the product of the pdf’s by n, we get a sum
of terms for which each term contains a product
of a subset of the weights multiplied by their corre-
sponding pdf’s and by the rest of the pdf’s without
a corresponding weight.

When performing the integration over the weights,
all the pdf’s that are not multiplied by a corre-
sponding weight will integrate to unity. Those multi-
plied by a weight will yield the average weight. Thus,

KXy K9(,i5) iy)
b <W1(531)>‘<W2[Ps 2]y
ig=1
In the averages, dependence on the splitting-surface
phase-space point is explicitly expressed as related
to the dependence of the pdf used in averaging on
that phase-space point. Because Eq. (25) does not
depend on iy, it can be written as

L wa)
E <W1(PS1)><W2(P§-1 '2)» d Kd(l i) .

12 =1

In Eq. (24) all the terms containing f3, f2, f4, or
the integrals over the weights, are omitted because
they have been used in the averaging of expression
(26).

The summation over K9(1,j,) and multiplication
over j, now reads

K2
(1) vy <g2 [5(1,12)][ v,y ]
52 LKA, 7,)

d . , ,
X Pf (1,72) [Z—ysg;,lz)] {1- Pd[ﬁ;;’“)]} [uz—Kd(I,lz)]>

(wd) (25)

ip=1

(26)

Ja=1 kd(1,7,5)=1

K (1)
w,
X 35 oy (Bswa Bl 2D 5 Sva) 5, KiLin) . @D
12 1
We use
i1 i V] = 2| priin) piLi2)
BIKA1 71 = g )| PR )
X {1—Pd[ps(;’z’];[”"’(d“fz“ , (28

to reflect the probability of having Kd(l,jz) successes
out of vy, trials in a bmom1a1 experiment with
success probability Pd( Pg, L72)) We denote

a(1,5) = 0wy (Bsy) X, [ P Dowadlvy vz
With this notation, Eq. (27) can be written as
K

| &6 vy
25 ol [] { P

i2=1 i2=1 (k9(1,/5)=0
X K9(1,i,) .

gz{p(l”z)]B[Kd(l,fz)]}

(29)
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S1 S2 S3
Source v =4 v,= 4 _ vy = Detector
K41,3,2)=0
K¥1)=3 T MWW
\\3éﬁﬁ”’p‘
j K{1,31)=4 L&
g (1,3.1,3)
(1,312
A2 W)\
QQ‘ 4 ,LI)
Ps,(1,3) (1,2,3,2)
QO 22 . 1237
W“) K3(1,2)=3
Wi 2)
_/ 2) W(1,2,2) 22
P(s,) /
= _ (12
Ps,(1,2) WsPs, (1,2,1) 2,1)
4, "2
/{ .
< (1,2,17)
_ K3(1,1) =1
Ps,(1.1) Wiy K41,1,1=3 (1,1,13)
a

Fig. 2. Example of splitting event and related parameters,

Consider now the summation over Kd(l,jz). For
Ja = 1, we sum over K4(1,1) from zero to vy; if
i3 # 1, the summation is done over B[K4(1,1)] in
the product and yields unity (sum of binomial
probabilities with any number of successes). Thus,
for every j, # i3, the summatjon yields unity in the
product, independent of p‘;;” %. There will be only
one term for each i,, for which I3 = ja, and the
summation'® over this term will give Pd[ﬁg”z)]-vz.
" Thus, from Eq. (29),

k%) K .
25 a(LiwPylB D] T] glp®/9] . 30)
ig=1 ja=1

®Note that the multiplication over j, does not apt?ly to
K%(1,i,). However, for J2 = i, the summation over K
applies to Kd(l,iz).

(1 :j2)

Using Eq. (24), we integrate over all ﬁg.lz” 2) When
J2 # iy, every term in the product integrates to unity.
When j, = i,, we average over the second splitting
surface and obtain

| Ko
v, 2, (W1 (D5 lwy) X Pydgrwad]

ig=1
K*(1)
41

Wi(Bs )XW P g wa) , (31
where

«W2>Pd>sz = W, fz(Wz,l7S2)Pd(ﬁS2)g2(pS2)
S2 Jo

X dw,dpg, . (32) -

Returning to Eq. (24), we have already performed
the integrations over the weight and over S2 and
the summation over K4(1,j,); we are left with
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m= [ dps, E Py, (BsBLEA(DIK*(1)
K(I)—

N Wy (ps N wa)pads2
V1

(Wd> s (3 3)

where B[K?(1)] is the same shorthand notation used
in Eq. (28), with v, and P,(pg;) replacing v,,
Pi(Ps,). The summation over K*(1) involves only
the product B[K?(1)] X K*(1) and yields v; X P,(Psy).
Finally, we obtain

(n) = PPy X Wi Mg Cwy)Pdgriwgd

=P, j:o[” j()‘oo [glﬁmpz(ﬁS1)W1fx(W1,ﬁS1)

X g1(Ps1)Waf2(W2,Ps2)Pa(Ds2)82(Ps2)

X wq fa(wa)dw,dpg,dw,dPs,dwg =D (34)

In the second moment,

2 dsy : . 2
772 = [KZEI) KZ“:’IZ) Wl(l) XW2(13i2) de(laiZ:id)}

Vv
ia=1 ig=1 172

(35)
We will divide n? into three terms. The first contains
unmixed squares, that is, squares of contributions

from the same branch particle. This term has the
form

K21) K9(1,i5)

nlzxnmixed= Z E
i2=1 id=1
wi(1) X wh(1,iy) X wi(1,i,iq)

i (36)
Comparison of Egs. (36) and (22) shows that when
averaging (n?), the treatment of N2ymixed Will follow
exactly the same route as in (). It will yield the
same result, with w? replacing w; for everyz and
with additional d1v151on by »,v, because Miimixed
contains (1/v,v,)? Thus,

Pl(Pz(w%»sl((w%)Pd)sz(w?j) _ S?
41 T

(7712mmixed>= . (37
This is the no-correlation term and, as in the one-
surface case, neglecting correlation between  sec-
ondaries brings about a reduction in the second
moment by a factor equaling the total splitting of
a source particle reaching the detector, vy, We
expect that correlation terms will moderate this
reduction and yield a finite asymptotic value for
the second moment.

The next term contains products of contributions
from particle branches whose tracks are identical
up to surface S2 (Fig. 2). This term can be written

2 . K91i-11 k9 i
s 2y 5 whwidny R B
ns2 (v, )2
ip=1 172 ig=1 ig=1+ig
X wa(1,iz,i0)wa(1,12,1g) - (38)

We repeat the process started at Eq. (24) with
n§2 replacing 1. The multiplication and integration
with the pdf’s of the weights will now result in

KX
= 3, wipsW3BS D1 Xwa K4(1, 1)
12 =]

X [K9(1,iy) - 11 . 39

Note that for wy we obtain (wg)? and not (wfi),
because the averaging is done for two independent,
identically distributed random variables wy(1,i5,ig)
and wg(l,is,iy) (iy # iz). We may now repeat the
process of Egs. (27) and (28) and through the same
process reach the parallel of Eq. (29) that will now
be

k) k%) Vs

a;= ), asy(1,iy) n >
iz=1 i2=1 gd(,j)=1
X BIK(1,j)1K%(1,i)- [K(1,iy) - 1]
with _
ag,(1,i)) = (wl(psl))<W2[p§.12’2) Xwa)[(vvy)? , (41)
and K9(K9 - 1) replacing K9 of Eq. (29). Using the
same arguments leading to Eqgs. (30), we obtain

K21
a,= 75 asa(Lip)PFIBE V1 (v, - 1)
i2=l
K2 1)

X TT g.068%21/0,0,)% .
ja=1

g2[py’?]

(40)

(42)

By integrating a, over p(1 J2) =1L, KX (D),

we obtain
k')

az= E vy

i2=1
X Awg/(vavy)*
(Vz -1

DWi(Bg:s1 w3 X Pc21>S2

WHPsi g1 wDpPs2wa?- K2(1) . (43)
By remsertmg ay into the remainder of the averaging
process, we obtain the analog of Eq. (33), with

-

(Vz% o D WIXWH P WD PR g, wg)?

replacing

¢
W—1> W) Py W) -
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The summation over K*(1) and integration over

Dsy are now identical to those of Egs. (33) and (34),

and we finally obtain

PPy X wids ({wd) X PRg,wa)? (v, - 1)
$24)

(44)

Comparison of Egs. (44) and (37) indicates that
(a) introduction of correlations from surface S§2
eliminates the 1/v, dependence and, at the same
time, (b) the coefficient of that correlation term
is smaller by approximately a factor P;. The same
phenomenon was observed in the one-surface case.
Thus, at small values of V1,vy, the uncorrelated
term dominates; at large values of V1,V,, it approaches
zero and the correlated terms dominate.

The third and last term of 5? consists of
products of contributions from particles whose
tracks are identical only up to S1. A pattern
develops in which taking the correlation to S1 will
eliminate the 1/v, dependence, while also reducing
the coefficient by a factor =P,. This term has the
form

(n§2)=

(K2w-11 K2 K9,iy) K9(1,i5)

IS

iy=1 i'2=i2+l ig=1 l'('j=l
X W%(l)Wz(l,lz)Wz(l,lé)
XWd(l,iz,id)Wd(l,i;,ic’[) . (45)

We repeat the process of averaging indicated by
Eq. (24), integrating n§1 with the weights of pdf’s:

2

2 -
neg, =

5 KXD-1] k%)
by= V2,2 E E
172 i2=l [’2=i2+1

y B0 B85 2 Dow, 1585 P 1iwg?
g1 (izi3)
X K91,i,)K91,i5) . (46)

Summing this expression over K9(1, j2) and taking
a product over j, as in Eq. (29),

5 KXW-1] K3
b2=V2 2 E E ag(iz,i3)
2 0=t iy
k) i vy
X IT &lBs"?1s, 3 BIKUL,j,)]
j2=1 K90,j5)=1

X K%1,i,)K91,iY) . 47

Unlike Eq. (29), here, when the summation is done
over K9(1,j,), there will be two terms for which
/2 = i and j; = i3. Therefore, the result of the sum
for each product over j, is V%Pd[ﬁgi”z)]Pd[ﬁég”l)], SO
that

5 K2)-1 K2() . y
b=l 20 2 asiniPalpl P PEL Y]
VI ig=1 ih=iy+t
K1) ,
X TT elpsy'?1 . (48)
Ja=1

By integrating b, over all pig,’s,

KA(DIKX (1) -1
b3:<W%(ﬁSI)><<W2>Pd>§v2<Wd>2 ( /[ V%( ) ] 3

and as in Eq. (33),

V1
o= [ s T Pigi(ps)BIKA(D)]bs

K*)=0
v -1
.= PLwhPg (wy)- P2, (wy)? ——‘Vl—
-1
=, =D (49)
1

Thus, we can now write the second moment for
two-surface splitting as

)= S3(1,v2) = Ninmixea) + (Mg, + (02}

_ 5t Cz(V2‘1)+01(V1‘1)
ViV, 1204 vy ’

(50)

where ¢, and ¢, can be deduced easily from Egs. (44)
and (49). In the point-surface approximation, as-
suming that P,, Py, and the pdf’s of the weights are
independent of the point on the surface, then

St PP PIwhHwiXwg) (v, - 1)
Vv, ¥ 1)
N P PEPEWHw, 2 wgh? (v, ~ 1)

Vl :

(7Y =

(51

Taking the correlation back to S, resulted in reduc-
tion of the 1/v; dependence to an asymptotic value
of ¢, smaller than ¢, by approximately a factor of
‘P2'

In the above model, we assume that the pdf’s of
the weights depend only on the point at which the
particle branch crosses the surface. Thus, f,(w;)
depends on ﬁé‘z’”) only. Then f, {[wgl’”)]ﬁéll’”)} must
be some average over the surface S1, or /> is also
dependent on the crossing point at S1 and f
(W4,D52,851). In the same way, fy(wy) is either an
average over S2 (and a nontrivial average), or it
depends on ﬁg,‘;] 2), Taking the more elaborate depen-
dence into account, however, will not alter Eq. (5]),
but merely change the form of the coefficients ¢; and
¢y so that the averaging over S1 and.S2 cannot be
separated. For example, ¢; of Eq. (49) will become
[P WD PPy wads,)s,]. The same approach
applies to the more general n-surface case.
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The calculation of ¢, and ¢, in the course of a
Monte Carlo run is prohibitively difficult because
averaging must be performed over the g;(Fs;)’s.
However, ¢, and ¢, can be estimated from Eq. (51),
where all the quantities are “bulk properties” that
are easier to calculate than D itself. Therefore,
S3(w1,v2)[ST = ry(v1,v,) gives us

1 . dy(vy — 1)+ di(vi— 1) -

ry(vy,v2) = D1Vs V1Vs v (52)
In the point-surface approximation
82 = PP, Py wdwd) |
resulting in
_ Wy (wg?
d{=P,Py D (W(21> (53a)
and
<Wd>2
dy=P; ——- 53b
2 d <W‘21> ( )

We realize that if two values of r,(v,»,) are known,
then d, and d, can be calculated by using three
initial batches for three different pairs of (v,,»;).
However, after the first batch, d, and d, can be
estimated from Eq. (53) by using quantities obtain-
able in the course of the run. The next two batches
are already done in a near-optimum zone by use of
Eq. (52). This procedure will be further demonstrated
in the numerical example.

If 7, and 7, are the average times required to
process a particle starting from S1 and S2, respec-
tively, the time to process NV source particles will be

T(y,vy) =NTHNP (v, - Dry + NPYg (v~ D1y,

and the time ratio will be

Ty(vy,v2)
T,(vpy) = _T{V;tli_
=[1+y@ - 1) +yp(v,- D], (54)
where

Y1=PiBy By=74/7)
2= (Pogy By (B2=172/T) .

Both v, and vy, can also be estimated easily from
the times obtained in the same tihree batches that
are used for d, and d,.

Finally, the functional expression of the benefit
factor is given by

By(vy,v3) = 1oy, v2) T (vy,v2)
- [__l__*_ dy(vy — 1)+ di(v; - i)}
viVa

vy, vy
X[1+7@ - D+yp - D] .

(55)

IV. n-SURFACE SPLITTING

Following the conventions of the preceding sec-
tion, we now adopt the following notations and
definitions:

(1>i2a133 LRI lm)

= m-dimensional array uniquely identifying
a split particle reaching the mi’th splitting
surface. This particle is a progeny of the
particle (1,i,,...,{y-,) that reached sur-
face Sj,-; and was split there into vp_,
particles from which K™(1,i,,i3, .
reached surface S,,.

R Y

Wm(laila-~-)im) : . .
= additional weight accumulated by the par-
ticle reaching S,,;, assuming that the parti-
cle left surface S,,.; with unit weight

FnlWm(L, .o ), B2 im)] .
= conditional pdf where ﬁg,;‘""’m) is the
phase-space point at which the particle
crosses Sy,

PulPsim-1y]
= probability of a particle generated at
Ds(m-1) to cross surface Sy,

gm(ESm)
= conditional distribution of a particle to
cross surface S, at pgy,.

As stated before, the index addressing the parti-
cles that reach the detector region is (iy). With the
above definitions, which are extensions of the defini-
tions- of the preceding section, we can write the
contribution, or score, of a single independent source
particle history with »n splitting surfaces and with
v, splitting on S, as

K1) K3,ip) K3uig,05)

n=23 2

iy=1 i3=1 ig=1

n . .
K" (1,iq,...,ip-1)
in=1

K9a,...,iy)
X
ig=1

_wilMwy(1idws(1,ia,03) . .. wal(l,ia, . . . in,lq)
ViVals. ..Uy :

(56)

The pdf of the above contribution, though
lengthy, is merely an extension of Eq. (23) and
can be written as
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p(m) = P1g1(Psy) X f1lw, (1), ﬁSl]‘: (1)(pS1)[1 - Pz(PSl)][”‘_K Wl

Kz(l)]

Kz(x) X K N i)
. 2 V2 1 =1,

X TT 225721 falwa(Ljn), B2 ’1[ . 2)} (172 [0 12)]

j2=1 ]
. 3, K3,72)

{1 _Pa[ﬁélz’lz)]} [v2-K~(1,/2)] X n g [p(l J2, !3)}

J3=1

y K
X f3lws(1,/2,73), p(‘ 2, 13)] X [K L ]3)]1, Q, 12,13)[17(;]2,,3)]

AP o WA
X {1 _P4[ﬁ§37]29]3 ]} [V3 372,73 ] .
J4=1

I ORI CHN )]

XTI n-1lBe 0 OV fue Wni(Lafz, s i), By ™)
In-1=1

Vn—y KM(1,...,jp-1) (1 ,/ ) vin-11 [Pn—1-K"Q, ... ,in-1]
X p P ,nx[p n=0] X {1 - P,[p{ n-01y -
[K"(l,lz, ,]n-l)] g S(n-1)

Kn(l,...,fn_l) ) “ - Vn
x 11 gn[ﬁs‘,‘;---”"1fn[wn<1,...,f,,),ﬁs,,w-""1X[ ; . ]
Kel,...,jn)

in:l

, ‘ Kd ' k4, ....in)
Bk X {1 = Py[pll-- /Wy UK Ceoidl e T fylwa(Lifay e o s o))
' Ja=t

d ,
X Pé( (1,....0n)

= Pigy(Bs)fulwi(1), By ] [ o (‘1)] PE* O (Bg)[1 - Py(ps )] 1K W]

n K, j1-p)

x T1 T &Bs - P1alw, .., By

J1=1
Vi I+1 B (] = (1., 1=K, i)
X P, i1 - P, [P Dy
[K’”(l,jz,...-,jz)] b (751 t st

K90,...,in)

X T1  falwa(l,...,jimid] , n+1=d. 57
jd=t

We adopt the shorthand notation

; = VI-1 KD e di=1)
B[K’l,...,_)]—[ ‘ ]p e B D [ D]
( it Kl(l ) I Psi-n
- P [p(l ,11—1)]} o=k (4o f1-D)] , (58)

which is the probability that of v;_; particles emitted at pS, 1)’”‘1), exactly Ki(1,...,ji-;) particles will
reach surface SI.
We recall the useful relations

vI-t :
D BIK!(1, ..., -1 =1 (58a)
Kla,...,i—p=0

%



152 DUBI et al.

and
vy .
Z) BIK!'1, ..., j;-01K', .. i) =via Py [ﬁél(’l'_'{)’”'l)] (58b)
| ki, i-n=1 '
and

vi-1 .
1 3 BIKUL, ..., ioDIKM, s )UK, i) = 1= vy = DRFIBGGy 01 . (580)
K (l,..’.,j[_1)=1

We skip the derivation of the first moment, which is identical to the derivation of the no-correlation term
of the second moment and can thus easily be repeated, and look directly at the second moment. The n? can
be subdivided into partial sums so that the first sum contains squares of contributions from the same particle’s
track (or branch); this n2nmixed Will lead to the uncorrelated term. The second partial sum contains products
of contributions from particles whose tracks are identical up to (and only up to) the n’th surface, nén} In this
part, the 1/v, dependence will be removed. In general, n§, is the partial sum containing products of contribu-
tions from particles whose tracks are identical up to the I’th surface SN. ,

 Let us start with n2nmixed. This process of averaging extends that discussed in Sec. IIl and contains
(a) integration over all the weights, for all possible arrangement of indices, (b) integration over all surface
phase-space points, and (c) summation over every KI(1,...,ji-) forevery set (1,...,j;-;) from 1 to »;_;.
This averaging process is expressed in the form

oo . vy 2
om0 = [ sy [ dwi(DPigi@sfaben (D), Bsa) k%:l [K'i(‘l)]Pf O (Bs)[1 - Py(Ps)) 17K )

n KI('l,...,jl-l) a = oo a )
X H n S1 dﬁSI’”.’” ‘/(; dwl(l9"',jl)gl[ﬁsl"“,” ]

=2 J1=1

N =, ,d) i KN, i s (e adD)
X filwi(1, ..., ), By ) 2 Py gy

Kl+l(1’j29"'yjl)=l
. I+ O\ K%in) e
X A1 = Ppay [ple e ID] PIoETT 0] Tl fodwdu,...,fd)
jd::]. .

de[wd(l,...,id)]-x} , ntl1=d, , )

where the products over the j,’s are those appearing in p(n) and X is any quantity to be averaged with p(n).
Then, n2nmixed iS given by

K K3, kdq,...,i .
, SO R s e wal P
Nunmixed E E o v 7 )2

ip=1 i3=1 ig=1 Le--"n

In Eq. (59) we have the product of all the pdf’s of the various weights. We first apply the integration
over the weights on n%,mixed and obtain

KX K"ein-D i (pg DWR BTN L w])

De.
a= ), ... 52

2
e 2 1)

K9%1,ig ... ip) -

By inserting a, into Eq. (59) where the integration over the weights was already performed, we execute the
product over j, and the summation over K4(1,...,j,). Summing over K41, ... .jn), Eq. (57a) will apply
for all j, # i,. We find v, X Pd[ﬁgln’”' ”")] only for (1,...,jn) = (1,...,i,) by using Eq. (57b). We integrate
over 58;""1") again, obtaining unity for the product over j, because the integration is done over normalized
gn, except for (1,...,7n) = (1,...,in), where we obtain {w2YP;)s,. At this stage, the product over j, is
concluded and because nothing depends on iy,
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K2(1) k",
a, =

i7=1

yin—-2)

in-2=1

__(1 )
<W1(PS1) <W2LPS2M D.

V1V2 V,,-.lvn

<<“Vn >Pd>Sn

XK™(1,... ,i;1—1)<Wd> .

The a, is calculated by Eq. (59), With,index [ ranging °

from 2 to (n — 1).

On a, we now apply the multiplication, over j,, -1
with the corresponding summatxon over K*(1,/,, . .
jn-1) and integration over By n"l')’]" D, The sum
over K™(1,...,j,-y) with B[K"(1,...,j,-)] will
yield unity [Eq. (57a)]; except for the case where
(1,. W In-0 = (1,00 in), Wthh gives v,,l X

P [ps(n o in-1)], Integratxon over. ps(,, 1)1" 2 ylelds
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unity; again, except for (1,...,ju-1) = (1, s in-1)

where we get (w2_)-P, ds(n-1)- Thus,

Kk K%V, iy
as= E >
f2=l : in_zzl
X <W%(ﬁsl)> P «W >P >S(n 1)«W )Pd>Sn<Wd)
. ViV v,y
XKL, iy)

This process repeats, reversing in j,; at each

stage, the product over j,, with the summatxon over
KI“(I,]._,, ...,J) and integration over pS, ° ’”),
yields (w}? [pél7 =] to become «whPp, g and

leave no dependence on ;. After executing the prod-

- uct over any j;, we can execute the product OVerjj-g,

with correspondmg summation over K! and integra-
tion over pg _y), applied to

l—l [ oed —_ .oy -
_RW KT 1) 2B )L (BSGy TV IWRP, ey . CWEIP g, (W)
An-1+1 = 2 2 Ki(1,...,0-1).
i2=l il_l=1 Vl P VI—IVI P Vn (60)

Recall that a,_;,, describes the propagation of the average as j; reverses toward j,. Putting / = 1 into Eq.

(60), we immediately obtain the required average:

PAWDP g (WP, . .

WP, (W)

ap <77unm1xed

We see that the unmixed term gives the expected 1/v, ...

ViVy ... Uy
(61)

v, dependence. The correlation terms reduce

that dependence until particles of common track only up to S1 are considered and yield an asymptotic

constant as v, . . . v, increases.
The term 7751(1 =1,
and only up to the /’th sphtting surface. Thus

, n) contains products of contributions from particles whose track is identical up to

K2(1) K"l(l,...,il_z) K, i) KN, ip-1) KN, i KU e KPP0, g ey
=227 .
12—- i1_1=l ij=1 i1+1=1 i}+1=t‘1+1+1 i +2=1 i]42=1
KA, o iigegn i) KU g iy i)
> b Wi ... w1, ...,iD]
ir=1 [&:1
. . . . . . N .
X [Wl+l(19 « .. ,l],;.x)W[.;.l(l, ceey l[+1) Wl+2(1, Y l],l[+1,l]+2)W]+2(1, ey l], l1+1,l]+2)
. . K N
Xwa(l, o igwa(L, e, S i) )t (62)

We now substitute Eq. (62) into the averaging process of Eq. (59), and follow a process similar to that
used for n%nmixed. The first step is integration over the pdf’s of the weights. This process turns n% into

K20 K, o) (KM,

a,=2 3,

i2=l

i=t i1+1=1 ij4150]+1+1
= (1,
}><W1+1[pS(1+1)

X (w(Bg, ) . .

X (w? [ﬁf;,

in-1] K, 0p

Do iy DX

KA, i) K9, i g i)

2

ig=1 ig=1

XAy L)
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This expression does not depend on iy or iy, so it can be written as

K21 KM, . i) KL i i g s geg)
WE2 2 .
i2=1 =1 1141=1 i]41=i] 4y in=1 in=1

X WHBs 1)) .. AwgKAUL, o i dKOL, i it e i)Wy e o)

As before, we apply on a, the product over j,, with the summation over K4(1, . .. ,Jn) and integration over
the n’th splitting surface phase-space points. In the summation over Kd(l,jz, ..., Jn), Eq. (57a) applies except
when (1,75, ...,/,) = (L,iy ..., i,) and when (1,j,,...,7,) = (1,..., i1,141 . . . in). Both cases will occur
because (1,/,, ..., J,) scans all possible branches of the random walk. From the two cases of matching indices
and by using Eq. (57b), we obtain

—(1,i5,...,1 (1,09, ..., ], i ey iy
VuPy [pg‘n’z ln)]V,,Pd [pgillz RIS ’n)] )
Integration over ﬁ_(s-ln”'"i”) for every possible (1, ..., j,) will leave the expression independent of i,, and iy, and
will thus result in

K2(1) K, .o (K. ip-1) K, i KN igy ipegs e s in=2) KN4 i it s igeg)

=23, ...

3 o . o o o
12=1 i i[+1=1 H+1=141%1 in-1=1 in-1=1

—(I,iz,. ey in—l)]

XWHDs ) . ... wpy (Psc-1y Bov ”H’W’ln_l)])

Xwp—q [Ps(n-l)

X «Wn>Pd>§n<Wd>2Kn(1:i2, NP MDY € TN /10 ) FUTNIDNY Y )| (N M)

Note that the 1/v, dependence is removed.
This process will be repeated as we go backward in applying the product overj,,, where at each stage

—(1,...,i —(1,...,ip)
<Wm [Psémﬂ)lm)]xwm [psl(m+1)1m ])
is transformed into v _
«Wm)PmH)g‘men XKm(I: LR lm)Km(ls LI ) iliill'.f'l, seey lil’n) H

which eliminates the »;? dependence. This process continues until we reach the product over Ji1+1, which is
applied to

KA Kla,.qo) K, ip-n) K. i i ey
_ _ —(1,...,10 —{1,...,
@G-t =225 .Y 2 > WiBs)) . .. WilBs P w gy [Bgginy 0D

i2=1 i=1 i141=1 il41=1] 4141
2 2 pl+2 . ..
W Psnwa? K21, . oL i )KL, L i)
.. .v)? ’

(e i i]4) 2
X (Wl+1 [pS(“_l) I+ ]><<WI+Z>PS(I+3)>S(I+2) e
With summation over K*%(1, . .. ,J1+1), only two terms will not yield unity; (1, ..., j+) = (L, ..., i141)
and (1,...,/;41) = (1,..., i, ij4). The final result will be independent of either i;,, or i1+1; however, because

the summation limits of i;44, ij4; are different than those previously encountered,

KAy Kl i

Ap-1+1 ~ Z: e Z—) <W§(i)_sl)> e (VV;’[E‘(;I‘ ,Il)]> <<¥vl+1>P[+2>§(l+1)«W]+2)P[+3>§‘([+2) e ((W,,)Pd>2
i2=l i[=1
WHIK?, . ) = 1IX K, L))
X 3 .
vy...»)
On a,+; we will apply the product overj; with the summation over K'*1(1,f,, ..., j;) and integration over S..

For every j; such that (1,...,j;) # (1,...,4), the summation over K/*! will yield unity [compare with Eq.
(57a)].
However, in the one instance where (1,...,j) =(1,...,i), Eq. (57¢) applies and the result will be
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K1) KN, i)

An-1+2 = E 2

fa+1 i[-1

<W2(1351)>

—(1,..., 01 =) 2
R 12 N M)

X <<W]+1>Pl+2>g(1+1) o ((w,,)Pd>§,,<wd>2
. 1 -1
) g ()

From this stage to the final summation over K*(1)
and integration over pg,;, the process is identical to
that of nénmixed, concluding

a = (n§1> = Pl[«W3>P2>S1 ce ((W?ﬁl)P[)s(l-l)]
X Cwh P st X (W) P

-1
o o P W) '1. = <Vlv, )

(see Ref. 19) . (63)

The second moment of a general n-splitting-
surface Monte Carlo scheme is given by

n
S}?t(Vl, ey Vn) = <n%mmixed) + E (n§1> s (64)
I=1

where (n2,nixea? is given by Eq. (61), and (n5) by
Eq. (63).

The general behavior expected is now confirmed.
The uncorrelated term is linear in all transfer proba-
bilities and goes to zero asy; > (i=1,...,n). The
first correlated term (a,), which accounts for correla-
tions from the n’th surface only, is bilinear in P; only
and is asymptotically constant as p,, = oo:

n=t (WP P;ipsi vy~ 1
(ngn) =P1(H ‘_l_fﬂ) «Wz)Pé)Sn(Wd)z( nVn ) .
i=1
(65)

The asymptotic value of S3(v,, ..., v,) is the coeffi-

cient of (n,) given by

n
E = PlwdPPs X TT UwpPripd)wa)

i=2
n+1=d . (66)

The ratio SX(v,, ..., »,)/S} will be denoted by
ra(vy, . . ., vy) and can be written in the form

YRecall that fy[wg,Pse] is assumed to depend only on
Psq, the point of crossing of the surface. If we let f; depend
on both pgg and Ps(e-1), the coefficient of (vg ~ 1)/v-1/(v.. . »)
in ag will be AWHPKWRIPK . . . (Wh_ DPLWRPE, 1 (((Woe PPt X
(o WP KW DSOS (n-1))S(n-2) - - - )S2)81- In P-S approxi-
mation, Eq. (68) is valid and, in general, the functional form
displayed in Eq. (67) is preserved.

2
n 1 dn Vn—l
oV, oo o Vp) =53 = +
n(vs ") ST v vy V.. Vper Py
d,- Vp-y — 1 v, -1
+ n-1 n-1 + .+dll
vy V-2 Vn-y vy
(67)

In the point-surface approximation using Egs.
(63) and (61),

<Wl+1>2 <W1+2>2 v (Wd>2
Wiy Wi~ (wh

di = PrasPrey .. - Py

mEd Gy

= T1 PIW. (68)

i=l+1

The equations obtained for n = 2 can now be
derived as a special case of Egs. (68) and (63). The
term r,(v; , ..., Vn) requires knowledge of n coeffi-
cients (d,’s) that can be determined if n values of
ra(vy, ..., V) are known. This process will require
n + 1 calculations with different values of the v;’s;
also Eq. (68) can be used to estimate the coefficient.
The quantities involved in that estimation are bulk
properties that can be tallied during the Monte Carlo
calculation.

The time required to process N source particles
can be written as .

TaWis...,vp)=Nr+NP(v, - 1)1,
+ NP (Psv (v, - Dy
+ NP (Pys{Pylsivy(va — DTy + ...
e T NPLPYst o APdSt-1)V1
e Vpovy — D1y (69)

where 7; is the average time per secondary, starting

on the i’th surface. The time ratio T.(v, ..., V) is
_7}1(1"13-"91}}1)_ _
Tr(Vl,...,Vn)"‘ Tl(l) _[1+PIBI(V1 1)

+P(Ppswi(v, — 1), . ..

oot PP Py

o APISH-P1- - Vn-1n — 1B ]
=[1+g(vy —1) tgpy(v, ~ D +. ..

T gy . Up—(0y —1)] . (70)

The general expression for the benefit factor is given

as
Ba(vy, .- V) XDy, )

(71)

)=y, .
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The term 7,(v,, ..., v,) contains n unknowns (g;’s).
However, these unknowns can be obtained in the
same n + 1 calculations from which the d;’s are
obtained.

V. NUMERICAL RESULTS

The following numerical results were obtained
for four simple test problems.

V.A. Problem ]

A homogeneous cylinder of x4, = 10-cm length
and 15-cm radius is considered. Four energy groups
are assumed and the source is located at the x =0
plane, emitting particles normally and uniformly
distributed in all energy groups. The detector is the
leakage current through the x4 = 10-cm-plane
surface. Table I shows cross sections of the four
groups with a transfer probability matrix.

Table II presents some basic numerical results
obtained from the Monte Carlo runs. The splitting
surface is the plane surface xsp = 5 cm. The Py and
Py are approximately two and three orders of magni-
tude larger than D; thus, their calculation is easier
than that of D. The P, is obtained by dividing by
N, the number of histories reaching the splitting

TABLE 1
Particle Transfer Matrix (Probabilities)

surface (V) for the first time, and P; is obtained by
dividing by N, the number of particles reaching the
detector surface (Ny). Initially, the average (Pps, is
obtained; P, and Py are by-products of the calcula-
tion, requiring negligible additional time.

Experimental estimates of §? are obtained by
using the square of the PRSD for each » and the
experimental quality factor [gex, as (PRSD)?T].
Filled circles in Fig. 3 represent values of the experi-
mental variance ratio (S,%/S’)exp as functions of ».
The statistical nature of these results is illustrated
by v = 10, (So/SDexp = 0.083, well below the
minimum possible value of ;5. The theoretical vari-
ance ry(v) ratio was calculated in two ways: (a) the
point-surface (P-S) - approximation (open circles)
uses Eq. (18) for d,. In this case, (wg) = W) =1 so
that d, = Py, yielding an underestimation of the
variance ratio and its asymptotic value; this is a
result of replacing the second moment of P; over
the splitting surface by the square of the average and
(b) the value (S%OOO/S%)exp was used to calculate
dy = 3.663 X 1073, yielding values that closely follow
the experimental results. All the results are of a
statistical nature and contain large statistical errors.
For » = 1 the error is 27.7% and the statistical error
relevant to Fig. 3 is the fourth moment.

Figure 4 shows results for the benefit factors
of the above three cases. In Eq. (17), 8, was derived
from T,0/T (5000 histories), yielding 8, = 0.65,
and B(v) was calculated from Eq. (17). While B(»)
derived from d; follows quite accurately Byexp), the
P-S approximation results in an overestimation of

Into Group the benefit. Yet optimum Vopt Obtained from the
3, P-S approximation [using Eq. (19)] from all the
Group | (em™) | /%, 1 2 3 4 cases 10 < » < 1000 was found to be in the range
250 < wopr < 300 (263 from » = 10 and 294 from
1 0.6 1 025 | 025 | 025 | 025 v = 1000), as seen in Fig. 4. This is a near-optimum
2 : range in which the splitting is more efficient than
2 0.9 3 0 0.25 102505 analog Monte Carlo by a factor of =35. An important
3 1.2 0.5 0 0 0.25 | 0.75 result is that values of v,p, derived from samples
4 15 0.4 0 0 0 1 not larger than 10% of the samples sizes of Table II
(Np) were also in the range 200 < Vopt < 310. For
TABLE 1I
Numerical Results for Problem 1: Homogeneous Cylinder with Leakage Detector
v Detector Response, Source Particles Used, T
Splitting D + PRSD (%) Np X107 (s) P X102 Py X 10%
0] 1.757X 105+ 27.8% 740 3073 1.845 5.54
50 2.228X 10+ 6.1% 290 1917 1.835 12.14
100 2.227X10%+ 493% 260 2421 1.839 12.11
500 2.080X 105 7.72% 45 1412 1.849 11.25
1000 1.742 X 105+ 10.9% 22.5 1122 1.64 10.65
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Fig. 3. Variance ratio versus splitting parameter.

example, for » = 10, using 20 000 source histories
(5.2% of the sample of Table II) we obtain P; =
7.8 X 107, P, = 1.93 X 107, and B, = 0.69, yielding
Vopt = 307. Likewise, for 2000 source histories and
v =-1000, we obtain P; = 1.412 X 1073, P, = 1.36 X
10, and B, = 0.68, yielding vop; = 275. In general,
at small values of », the advantage (1/B) increases
sharply [that is, B(v) decreases] because of the
1/v behavior of r,(») [Egs. (67) and (68)]. In the
optimum range, the variation of B(») is small because
it is balanced by the still-decreasing variance ratio
and linearly increasing time ratio, until the variance
ratio reaches the neighborhood of its asymptotic

10°# * Numerical experiment
i ° Prediction (by P-S approximation)

3 + Prediction (by d,)
o
E 107" 2 ¢
@ E Region of optimal
, benefit .
| I ; g zfo o
10‘2 o1l RIS BN | [ NREeil SR EEELS
1 10 10? 10° 10*

Splitting parameter »

Fig. 4. Benefit (B — q,/q1) versus splitting parameter.

value, where B(v) will increase linearly. This behavior
is expected to be typical of one-surface cases but
is not expected to extend to the general case. Strong
nonlinear behavior may increase the gradients and
reduce the near-optimum range as #n increases.

The above example suggests the following optimi-
zation algorithm. Calculation begins with any chosen
value of v, for instance, » = 10, and is carried on
for 20 000 histories. (The size of this batch should be
chosen for reasonable accuracy of bulk parameters.)
This takes about 90 of the 2500 s required to get
below 5% PRSD values at near optimum. The error
in D is then still 250%. Then v, is estimated (a
very short run of 1000 analog histories will suffice
to estimate (), yielding v,p; = 307, a near-optimum
value. Accordingly, » is changed and another batch
at v =307 is used to obtain v,p¢, based on an estimate
of d,. This process may be repeated using every
history in the estimation of D. After 3.7% of the
time required for an optimal 5% error calculation,
we achieve satisfactory optimization improvement by
a factor of =32 relative to analog Monte Carlo and
7% away from optimum (factor 35).

V.B. Problem 2

In problem 2, a similar homogeneous cylinder
with the same energy groups and cross sections and
an isotropic line source along the symmetry axis of
the cylinder is considered. The detector is the total
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leakage current through the circular envelope of
the cylinder. The 100-cm-long cylinder has a Tdet =
5-cm radius. The splitting surface is the cylindrical
surface at rg, = 2.5 cm. In this case, D = 1.988 X
102 £ 0.97%, much larger than in the previous case.
This difference will result in much smaller advantage
of splitting, because P, and P; are much larger
(0.1306 and 0.1522, respectively). Thereby, we
reach higher accuracy in comparing the variance
ratio and the benefit, shown as a function of »
in Figs. 5 and 6. Both curves obtained from the
P-S approximation underestimate the variance ratio
and the benefit function. The P-S line is asymp-
totically parallel to the two other lines on a log-log
scale. The estimation of Vopt by the P-S approxima-
tion yields very satisfactory results (6 < Vopt < 9),
which are well within the optimum range. All other
features of small sample optimization were very
similar to those of problem 1; at 3 to 5% of the
total time, satisfactory values of Vopt €an be obtained
for any starting 3 <» < 500.

V.C. Problem 3

Problem 3 involves the cylindrical geometry
of the first example, with normal plane source at
x = 0 and total leakage detector at Xdet = 10 cm.
We now introduce two different media and apply
survival biasing to the calculation. Material “a”
extends from x = 0 to x = 5 ¢m and material b
from x =5 cm to x = 10 cm. The splitting surface
is located at x = 6 cm within medium “b.” Cross-
section properties of both materials are given in
Tables III and IV. Four energy groups are assumed
for each material.

To demonstrate convergence, we chose a very
large starting value of » = 2000, and accumulated

-
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Fig. 6. Benefit (B - g,/q1) versus splitting parameter.

information until the PRSD of D was ~50% (D =
3.21 X 10 £ 50%). Then we computed the following
quantities: P; = 0.104, P; = 0.0587, w,) = 0.5188,
wd = 05004, (wy) = 0.4979, and Ww32) = 0.4427.
An estimate of 0.5 was made for . Using Eqgs. (18)
and (19), we obtained Vopt = 23.15, which required
282 s. Then v was changed to 23 and the run con-
tinued for another 252 s. The above quantities were
computed, and this time § could be estimated from
the two different batches, yielding § = 0.583. Again,
Vopt Was estimated from the P-S approximation yield-
ing vope = 16.6. Using the ratio (53000/S33)exps d
was estimated to be 0.1315, resulting in Vopt = 12.
Figures 7 and 8 show the experimental variance
ratio and benefit as functions of v, derived from the
large sample runs. The PRSD in these runs was ~3%,
except for the last three points (500, 1000, and
2000), for which 10% was achieved. The theoretical
values clearly follow the experimental results. Both

- @ Experiment
O Theory (P-S approximation) P2y
— i \ i 2 /62 =_. 30"
,Q_ 100 - + Theory (d;) Estimated asymnptotic value &?f (-Sy/fl,) exp Py
oR o 0.232 o
'é - Estimated asymptotic value of (S3/53)th =
s L & Ps = 0.1515
g | + \
ps ° Y SN \
o O \ln foWe W
107" NI NE ] Lol Lt L1t
1 10! 10? 108 104

Splitting parameter v

Fig. 5. Variance ratio versus splitting parameter.
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TABLE III
Cross-Section Properties of Material A
Into Group
Z
Group | {fem™) | Z/Z; 1 2 3 4
1 0.4 1.0 025 § 0.25 | 025 | 0.2§
2 0.6 067 | G 025 | 025 | 0.25
3 0.8 0.5 0 0 0.25 | 0.75
4 1.0 04 0 0 0 1
TABLE IV
Cross-Section Properties of Material B
Into Group
2
Group | (em™) | Z,/Z; 1 2 3 4
1 0.6 1.0 0.10 | 0.17 | 0.23 | 0.5
2 0.8 075 | O 0.17 | 033 ] 0.5
3 1.0 0.6 0 0 0.33 | 0.67
4 1.2 0.5 0 0 0 1

v = 12 and v = 17 are well within a satisfactory
optimal range. At the optimal v = 15, 2319 s was
required to achieve 3%, a total of 534 s was used to
obtain a near-optimum splitting value. However,
after 282 s, we already had a reasonable value of
v = 23. The starting point of 2000 was deliberately
exaggerated. Also, the PRSD limit of 50% could
probably be lifted so that a smaller batch could be
used. Batch size should depend on the error in the
bulk parameters and not on D. Still, in general,
the batch size required to obtain optimization is
an essential topic for future studies.

NQ; o Experimental
12) + Theoretical (d, derived from v =1, » = 100}
2 10°¢
8
[+3]
§ ®
8 oo
o * e + R _a PP
> 107! L ) &
1 10 102 108

Splitting parameter v

Fig. 7. Variance ratio versus splitting parameter.
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10° 10 102 10°
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Fig. 8. Benefit versus splitting parameter.

V.D. Problem 4

The fourth problem involves two-dimensional
geometry with two splitting surfaces (Fig. 9). An
isotropic point source emits particles into the upper
semicircle, which has a 3-cm radius; the detector
is the integrated flux in the region enclosed by the
Sy line and the circle circumference. Three energy
groups are considered with cross-section properties
shown in Table V.

The integrated flux is considered only over the
upper two groups. Although analog Monte Carlo is
used, wy # 1 because the detector is not a leakage
detector. A collision estimator is used for the flux,
scoring 1/Z; at each collision point within the de-
tector surface. Figure 10 displays very good agree-
ment between the experimental values and the
theoretical values of the variance ratio and benefit
as a function of the splitting parameter. Here, v was
considered equal on both surfaces. The theoretical
values of d, = 0.1035 and d, = 0.2105 were obtained
by using three calculations of r,(2) and 7,(8). Similar
results were obtained for other pairs of values [for

/ 14? \
| S

3cm l ‘Point source

Fig. 9. Two-surfaces splitting geometry.
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TABLE V
Cross Sections of Materials of Problem 4
Into Group
Z;
Group | (em™) | Z4/%; 1 2 3
1 1.0 0.9 0.7 0.9 0.0
2 2.0 0.75 0 0.5 0.5
3 1.0 1.0 - -—- 1.0

example, from ry(6) and r,(25), we derive d, =
0.1057 and d, = 0.2449]. The P-S approximation also
yields good results. For example, from v = 8, we
obtain P, = 0.04403, P, = 0.3210, Py = 0.5191, (wy) =
0.9889, and (w3) = 1.4529, yielding

_ Pde(Wd>2

=0.097
wh

d

and

2
dy= Pi(‘%‘!-)— =0.2223 .
Wd>
Obtaining the integrated flux D = 5.816 X 102 +
2.7% required 30 s at the optimum » = 3. In this
case, near-optimum, which is 2 < yg, < 5, was
achieved after 6 s of calculation, using the P-S
approximation and three small batches for the
estimation of 8, and 3, (1.01 and 0.6453).

The above numerical results are in no way
intended as a demonstration of the ultimate prac-
ticality of the method and the algorithms, but rather
as a simple preliminary numerical test. .

VI. CONCLUSIONS

A statistical model was presented by which a
direct statistical approach yielded an analytic expres-
sion for the second moment, the variance ratio,
and the benefit function in a model of an n surface-
splitting Monte Carlo game.

In addition to the insight into the dependence
of the second moment on the splitting parameters,
the main importance of the expressions developed
lies in their potential to become a basis for in-code
optimization of splitting through a general algorithm.
An approach to such an algorithm was briefly con-
sidered, consisting of a short run with some estimated
splitting parameters. From this run, the bulk param-
eters can be derived and a first estimate of the
optimum parameters can be reached using the P-S
approximation and an estimated §. Then n more
batches follow, after each of which Vopt may be
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Fig. 10. (a) Variance ratic and (b) benefit versus splitting
parameter.
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updated and used for the next run. After n + 1
batches, the d;’s and g;’s can be estimated and used
for the final estimate of v, .

Many questions remain for further investigation
and generalization. It is essential to reach a near-
optimum value for any in-code algorithm long before
a target error is obtained for the selected response.
Such a property seems difficult to prove generally,
and the algorithm must be tested on a large spectrum
of problems using some general multipurpose code
before any final conclusions are drawn.

The knowledge of the d;’s and g;’s [specifically
B,(¥)] may not be enough because if one assumes
no limitation on the »;’s, a problem of finding the
minimum of a multivariable function arises. Assuming
that all the v;’s are equal will reduce the problem,
but may yield only a local optimum. This general
question deserves further consideration in an attempt
to further illuminate the general properties of the
benefit function. Furthermore, optimization can be

considered with respect to the location and number
of the splitting surfaces. This is a more difficult
question in this model because the benefit is not
an explicit function of these parameters. As men-
tioned earlier, an important extension of this model
occurs when particles reach the detector by different
routes and by crossing- different splitting surfaces.
Weight-dependent biasing methods as well as the
possibility of (11,2#r) and fission should be studied.
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