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Abstract — Monte Carlo techniques for the calculation of the effective multiplication factor Koy of a
nuclear reactor are discussed. A source iteration procedure based on a fixed number of fission points
per generation is rigorously analyzed in the framework of the Markov chain corresponding to that
procedure. It is shown that the estimated eigenvalue converges asymptotically to the correct eigenvalue
of the transport equation and the bias in K is bounded by an expression of the form C-N 12 where
N is the number of fission points in each generation and C is a constant depending on the bulk prop-

erties of the reactor.

Sur Panalyse de Pitération de source a I'aide de la chaine de Markoff — Techniques
de Monte Carlo pour traiter les problémes de criticalité: 1

Résumé — Sont discutées des techniques de Monte Carlo pour calculer le facteur effectif de multipli-
cation K, d’un réacteur nucléaire. Un procédé d’itération de source reposant sur un nombre fixe de
points de fission par génération est analysé rigoureusement a l'aide de la chaine de Markoff correspon-
dant & ce procédé. On montre que la valeur propre estimée converge de maniére asymptotique vers
la valeur propre correcte de Péquation de transport et que le biais en K,; se trouve limité par une
expression C-N "2 N étant le nombre des points de fission dans chaque génération et C étant une
constante dépendant des propriétés principales du réacteur.

Zur Markow-Ketten-Analyse der Quelliteration —Monte-Carlo-Verfahren
' bei Kritikalitatsproblemen: I

Zusammenfassung — Es werden Monte-Carlo-Verfahren zur Berechnung des effektiven Multiplika-
tionsfaktors K, eines Kernreaktors diskutiert. Ein auf einer festen Zahl von Spaltpunkten pro Ge-
neration beruhendes Quelliterationsverfahren wird im Rahmen der diesem Verfahren entsprechenden
Markow-Kette unter Zugrundelegung strenger Mafstibe analysiert. Es wird gezeigt, daf§ der geschdtzte
Eigenwert asymptotisch zum richtigen Eigenwert der Transporigleichung konvergiert und der sys-
tematische Fehler von K durch einen Ausdruck der Form C-N~""? begrenzt wird. Dabei ist N die
Anzahl der Spaltpunkte in jeder Generation und C eine von den Haupteigenschaften des Reaktors
abhdngige Konstante.

I. INTRODUCTION ' method can be applied with essentially no simplifying

assumptions to the solution of the problems where

Monte Carlo methods have become increasingly ~ more standard numerical techniques suffer from var-
important in solving complicated eigenvalue problems  ious degrees of approximation. The problem arising in
of reactor physics. The reason is that the Monte Carlo  any Monte Carlo simulation of a transport problem is
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(a) to guarantee that the estimators used in the simu-
lation be unbiased for the quantities to be estimated,
and (b) to meet the requirement that the simulation
procedure and estimator result in a Monte Carlo game
with the lowest possible statistical error for a given
computing time. For fixed-source problems the elabo-
rated theory of unbiased estimators and variance
reduction techniques are well developed. The relatively
recent results in predicting statistical error of the
Monte Carlo calculation permit at least in principle the
solution of the second part of the problem, i.e., select-
ing a simulation procedure and an estimator most
appropriate from the point of view of efficiency for
the solution of the problem in question. Thus the
mathematical principles underlying the Monte Carlo
method for fixed-source calculations are well devel-
oped. '

The status of the Monte Carlo development for
the fixed-source problems is quite superior to that for
Monte Carlo eigenvalue calculations, however. It is
well known that Monte Carlo eigenvalue estimators
are all biased.!”” Nevertheless, no methods are avail-
able to calculate the amount of this bias or to obtain
some theoretical bounds for the value of the bias. The
obvious cause for the bias is the use of ratio estimators.
The following simple considerations suggest that a
ratio used for K, estimation will be biased. Suppose
that X and A1) are estimators of the neutron
population in the n’th and (n + 1)’th generations?®
based on finite samples of size N. Assume also that the
equilibrium neutron distribution is attained, i.e., sam-
ples in the »n’th and (n 4 1)’th generations are ob-
tained from the same probability density distribution.
Thus, if (A{”) =No, then (A{"*) = K,z Ny where
the symbol (-) stands for the average over the equi-
librium neutron distribution. Then we may represent
MY and A{"*D in the following manner:  °

A = Noll +&\"]
and
X/S/’H—l) =KeffN0[1 + g/(er-l)]
with (") = (e{/*1y = 0. Consider the following
ratio estimator for K
X+

(ny — >
KNn - X(n) . (1)

#We will confine ourselves to consideration of the
Monte Carlo eigenvalue calculations by means of sampling
successive neutron generation, leaving as outside the scope
of this paper the surface multiplication concept® and the
method of fission matrix.! To our knowledge, these two
methods were applied only occasionally for the solution of
special classes of eigenvalue problems while different ver-
sions of K, estimation procedures based on sampling suc-
cessive neutron generations are incorporated in any Monte
Carlo criticality code.

The average of the estimator (1) does not equal
K.z, i.e., the estimator (1) is biased. It is convenient
to define the value of the bias as follows:

<X}(\In+l) <f~}$}n+])_€/{/ﬂ)>

B= =T —K
)\jsln) > eff 1+€1£/n)

=Koy

After a simple algebraic transformation, we obtain

[g/&]n)]Z _ g[&ln-H) 'gl(\ln)
1+ep

B = Keff

Assuming the sample size N to be sufficiently large so
that &{/*1 <« 1 and £{" < 1, we conclude that the
order of the value of B is that of the second moment
of random variable £, i.e., of the order 1/N. Thus,
the value of the bias in the estimator (1) is propor-
tional to the inverse of the sample size N in each gen-
eration:
1

B N 2)
The cause of the bias defined by the last expression is
that the average of the ratio estimator does not gen-
erally equal the ratio of averages of the numerator and
the denominator. The 1/N dependence of the bias in
K,/ was rigorously obtained for the sampling proce-
dure based on the discrete model of the neutron trans-
port equation.” To the best of our knowledge, a
Markov chain analysis of Monte Carlo procedures for
criticality calculation similar to the analysis existing for
fixed source problems® does not yet exist. In the fol-
lowing we attempt to apply such an analysis to a pro-
cedure based on a fixed number of fission points per
generation. We analyze the limiting properties of the
Markov chain showing that the amount of bias in
K.rr does not exceed C/N'2, (C being a problem-
dependent constant with a bias of the order N7!, as
we show in Ref. 9).

The standard methods for computing statistical
errors and confidence limits in Monte Carlo calcula-
tions are invalid for eigenvalue calculations, because
of the correlations between successive generations and
deviations of the fission source from the fundamental
mode for any finite generation.'® Certainly the lack
of a rigorous theoretical basis for Monte Carlo eigen-
value calculations does not prevent successful practi-
cal applications of Monte Carlo methods for criticality
calculations. Although it is not feasible to estimate the
magnitude of the bias in K, there are strong theo-
retical and numerical corroborations’®’ that the
amount of the bias decreases as the inverse of the
number of neutrons in a generation. Consequently, it
is desirable to keep a large number of neutrons per
generation.® Practical calculations allowing more o1
less meaningful conclusions about the value of the bias

®In practical applications, the number of neutrons per
generation varies in the range 500 + 2000.
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involved indicate that the value of the bias is not more
than 0.25% for the majority of reactors.!' Thus the
value of the bias may approach the error in Kopr
caused by uncertainties in the neutron Cross secticns:
it becomes considerably less than any reasonably
attainable statistical error of the calculation. Another
class of problems where the bias in Monte Carlo eigen-
value calculations does not appear to be of great
importance are Monte Carlo criticality safety calcula-
tions. ‘2, The Monte Carlo method is especially suit-
able for nuclear reactor safety calculations because of
the complicated geometry of an actual nuclear power
plant system. The adequate precision in Ksr appropri-
ate for most safety calculations is of the order of ~1%,
(Ref. 12) or even of the order of ~5% for criticality
clearance work."® These values considerably exceed
the conjectural amount of the bias in Kepr. Further-
more, the extremely slow convergence rate of the fis-
sion rate distribution to the fundamental reactor mode
that is characteristic of many practical problems results
in large errors in the eigenvalue and makes the prob-
lem of the bias less significant in those applications.
However, the implementation of detailed cross-section
libraries in modern sophisticated multipurpose Monte
Carlo codes decreases considerably the uncertainty in
K,y caused by the errors in the cross sections. This
fact and the increasing tendency to use Monte Carlo
codes as numerical integral experiments and for test-
ing other numerical methods make even the small
values of the bias in K,;r unacceptable.

The effect of correlations between successive gen-
erations tends to underestimate the statistical error of
the estimate of K. This underestimation is not likely
to be large for system-integrated parameters like eigen-
values but may become quite unacceptable for local-
ized estimators of reaction rates and fluxes. The
underestimation of the variance estimate caused by
neglecting the correlations between successive genera-
tions depends strongly on the dominance ratio (the
ratio of the modulus of the eigenvalue of the neutron
transport equation \, following the lowest eigenvalue
Ao to No) (Ref. 10). For systems with dominance
ratios close to unity, the value of the variance estimate
obtained with the assumption that the correlations are
negligibly small (the standard practice in Monte Carlo
criticality calculations) becomes quite unreliable and
may differ strongly from the variance unless the corre-
lation coefficient vanishes when the dominance ratio
approaches unity. This situation appears to be quite
unlikely.

The Monte Carlo methods used in eigenvalue cal-
culations are based essentially on intuition with the
general rule of thumb being to sample the maximum
possible number of generations and the maximum pos-
sible number of neutrons per generation. This makes
it difficult, if feasible at all, to pose the problem of
devising efficient (with respect to variance per unit of
computing time) Monte Carlo procedures for eigen-

value calculations. The purpose of the present work is
to devise a rigorous formalism for the Monte Carlo
procedure for K.z estimation and thus to eliminate
some of the above-mentioned difficulties characteristic
of Monte Carlo eigenvalue calculations.

The general scheme of the Monte Carlo procedure
for estimation of some quantity 7 in fixed-source cal-
culations may be described as follows: Neutron histo-
ries are generated on the computer by random
sampling from the appropriate stochastic model. A
neutron history ¢ is a sequence of points [Ri]4,ina
six-dimensional phase space R of neutron energies E,
directions of flight w, and spatial coordinates r:c =
(Ry,...,Ry), constructed in a random fashion by
sampling from the stochastic model and ending with
the loss of a neutron. To each random walk c, a ran-
dom variable £(c) = §(Ry,..., Ry) is assigned. The
random variable £(c) is said to be an unbiased estima-
tor of I if it fulfills

I= () =fﬂ £(c) du(c)

=f95<R1,...,Rk)du(Rl,...,Rk), @3)

where Q. is the space of all possible random walks
= (Ry,..., Ry,) and du(Ry,..., Ry) is the proba-
bility density function (pdf) of the random walk
c=(Ry,...,Ry). In practice, the estimate of 7 is
obtained by taking the finite average:

n

ZERD, LR )

i=1

<E>n =

S e

The statistical error of this finite average and the con-
fidence limits are calculated by the use of the central
limit theorem for random variables £(q):

. to
31_{1; Prob((s),, —I< Tﬁ)
1 t ( ZZ)
=-— exp| ——|dz , (5)
Vard P\ »

where the variance o2 is defined by
o =f [£(c) — 112 du(c) . ©)
Qe

The integral over the space of random walks Q. in
Eq. (6) may be approximated by a finite average simi-
lar to expression (4).

In this paper we present a rigorous stochastic
model for Monte Carlo eigenvalue calculations simi-
lar to that for the fixed-source scheme presented
above. We also discuss in detail the origin of the bias
in eigenvalue and derive an expression for the value of
the bias useful for practical applications. We also
derive an explicit formula for the value of the bias as
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a function of a number of neutrons sampled in each
generation, the bulk properties of a reactor, and some
parameters indicating the deviation of the initial
approximation from the fundamental reactor mode.

II. BASIC DEFINITIONS AND
STATISTICAL MODEL

We consider only Monte Carlo procedures for esti-
mation of K., with a constant number of fission
points in each generation.® Hereafter, a generation
refers to an arbitrary set of N points (R,)Y, in a six-
dimensional phase space Rs. A Monte Carlo proce-
dure for the estimation of K, consists of transitions
between successive generations. Transitions from one
generation to another are governed by a set of
probabilistic laws specified below such that the prob-
ability of transition from generation number
n:[R{MIN | to generation number (1 + 1):[R{MDIN
depends only on [R{]# . Thus, subsequent genera-
tions constitute a homogeneous Markov chain with
infinitely many states.!*!3 It is necessary to note that
the properties of the homogeneous Markov chains
with infinitely many states are different from those
of Markov chains with absorbing states encountered
in fixed-source calculations. The probabilistic laws
governing the transitions between the states of the
infinite Markov chain are chosen such that the num-
ber of points in a generation remains constant. To
each state of the Markov chain [R{]Y, a random
variable £[R{™,..., R("] is assigned that is called
Ky estimator. Thus the Monte Carlo K, estimator
is a linear functional operating in a space of state vec-
tors (Ry,. .., Ry) of this Markov chain.

The preceding derivation is based on a refined ver-
sion of the Monte Carlo procedure for K, estimation
described in Ref. 3. Let the n’th generation of neu-
trons be placed in points [R{™], of phase space.
The recurrent procedure of estimating K,z by sam-
pling a sequence of generations with a constant num-
ber of points in a generation is defined as follows:
Fission neutrons are started from the points of the
n’th generation [R{™]N and are tracked until
absorbtion, leakage, or fission occurs. The probabil-
ity of selecting a point R{™ as a starting point is given
by the expression

v[R{™M]
S BT ™

2 v[R(™]

i=1

P[R{M] =

‘Although Monte Carlo games with an increasing
number of fission points per generation seem to provide
asymptotically unbiased estimates of the effective multipli-
cation factor,*® the Monte Carlo procedures with a con-
stant number of fission points in a generation are still
incorporated into any criticality code because of the sim-
plicity of coding and processing of results.

where »(R) is the mean number of secondary neu-
trons emitted in a fission process caused at point R.
The fission sites caused by these neutrons constitute
the points of the (n + 1)’th generation [R{"*D]Y .
Sampling of neutron histories from the points of the
n’th generation is repeated until the N fission points
[R{"+D]X | are obtained. Thus starting points for the
next generation are obtained by sampling with replace-
ment from probabilities defined by expression (7) from
the finite population of points [R{”]% ;. The points
constituting the initial generation [R(V]Y | are chosen
completely arbitrarily.? This sampling scheme is
guaranteed from extinction or explosion of the neu-
tron population (except of course for the trivial case
of zero fission). The transitions between generations
arc recognized easily as transitions between successive
states of a homogeneous Markov chain!’!® with
infinitely many states:

[R(V,...,RP1-[RP,...,RP]
= . o [RM, LR L (8)

To each state of the Markov chain'® [R{"™, ..., R("]

we now assign the following random variable:
ENVIR{, .., RU]

B N-1 l%
IR, RPI-1 N

V[RIVT, )

where /" [R(™, ..., R{P] is the number of neutron
histories to be sampled from the points of the n’th
generation [R{™]Y  in order to obtain N fission
points of the next generation [R{"*1]¥ . The arith-
metic average of the random variable £ [R(", . . .,
R{] after sampling n, successive generations is given
by

R (noy = 1< N-1
N T B IPRB L RPI -
1 Z X
X N;V[Ri( . (10)

dSuppose that the points of the initial generation are
sampled from some initial probability density distribution.
Certainly the closer the initial distribution is to the fun-
damental reactor mode, the fewer are the number of gen-
erations to be sampled in order to obtain the solution. In
many practical cases a poor or successful choice of the ini-
tial distribution will be crucial for the realization of the
Monte Carlo criticality calculations (the situation referred
to in Ref. 12 as “the difficulty in calculating K, of the
world”). We will prove below that the value of the bias in
K.yr estimate also depends on this initial distribution. The
value of the bias, however, can be made arbitrarily small by
increasing the number of points in each generation N unless
the initial distribution is orthogonal to the main eigenfunc-
tion of the transport equation.
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In the following we will prove that the “one-
g2neration average” of the random variable K
{average over all possible values of /¥ [R(F, "
R] for a given generation} converges with proba-
bility 1 (almost sure)'® to some value Ay and that \y
differs from the effective multiplication factor Ao by
no more than C/N'/2, with the constant C completely
defined by some bulk properties of a reactor and fis-
sion importance function. Thus the random variable
gVIRIM, .., R(P] is a Monte Carlo K.y estimator
with a known upper bound for the bias. In order to
clarify the physical meaning of the estimator 9), con-
sider expression (9) for large N. Since /™ [R{", .. |
R{] increases when N is being increased, expression
(9) for large N becomes

ENVIR(M, ... R
1 N

= TRm T RE LR A

The last expression is the ratio of secondary neutrons
produced from the N fission points of the n’th gener-
ation to the value /" [R{™ ... R{M]—a sample of
the number of neutron histories to be generated from
the points of the n’th generation in order to obtain N
fission events in the same generation. Actually, it is a
production-to-fission-rate ratio estimator of K, with
production and fission rates being estimated from the
same generation.

In order to proceed, consider the integral form of
the neutron transport equation:

Nbi(R) = fD¢,<R')K(R',R)dR/ .12

where K(R’,R) is the number density of fissions at
point R caused by »(R’) fission neutrons emitted at
R’, I'is the order of the eigenfunction of integral
Eq. (12), and D is the domain in phase space Ry
defined by the expression '
D= V;X(Emim Epa )XV,
where
x = direct product

V, = convex bounded spatial domain
with volume V

(Emins Emax) = finite closed interval on the energy
axis

V. = domain of all possible directions of
neutron flights.

As follows from the definition, the domain D pos-
sesses finite measure

H’(D) =4 V(Emax - Emin) .

For /=0, Eq. (12) becomes
Nodo(R) :f 6o(RVK(R,R)dR" , (13
D

where ¢o(R) is the normalized equilibrium fission rate
at R, i.e., the normalized pdf of fission point R in Ry,
and A is the lowest eigenvalue of the integral trans-
port Eq. (12), i.e., the effective multiplication factor
(Ao = K.r). The existence and uniqueness of a posi-
tive eigenfunction of Eq. (13), ¢o(R) with the positive
eigenvalue A\, which is greater than the modulus of
any other eigenvalue N;; was proved in the framework
of the theory of linear positive operators with invari-
ant cone in a Banach space!” under varying assump-
tions® of the medium type, cross sections, and
scattering laws of energy dependence.'822 [t has been
proven also that this positive eigenfunction is domi-
nant,** i.e., that the following limit exists:

n—o

lim )\i K" (R,P)F(R)dR = M(F)¢o(P) , (14)
0

where K" (R, P) stands for the n’th iterate of the
kernel of the integral Eq. (12):

K™ (R, P) =fD ...fD K(R,R\)K(R,R>)
1 n

...K(R,,P)dR,...dR, , (1%
where
F(R) = arbitrary initial pdf

M(F) = some linear functional operating in the
Banach space of the solutions of Eq.
(13), i.e., a constant dependent on the
initial distribution F(R)

$o(R) = normalized equilibrium fission rate distri-
bution

Ao = dominant eigenvalue of Eq. (12).

In order to proceed further, we now introduce the
following functions:

— , R€D
e(R) =4 u(D) , (16)
0 , R €D
POR) =1, (17)
P“>(R>=P(R>=f K(R,0)dQ , (18)
. D

“No attempt has been made to present a complete bib-
liography on the existence and uniqueness theory for criti-
cality solution in neutron transport theory. More references
can be found in the papers referred to.
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and

P<">(R)=f K™(Q,R)e(Q)dQ , n=2,3,... .
D

19

[It should be noted that P(R) physically yields the
integrated number of fissions all over the phase space
resulting from one particle entering fission at R,
whereas P (R) for n> 1 yields the number of fis-
sions at R after n iterations due to a fission distribu-
tion e(Q). This difference stems from the need to
preserve the meaning of G” of Eq. (20) for n =1 and
should not cause any ambiguity.]

N
ZP(n-lrl)(Ri)
G™(Ry,...,Ry) ="

2 PU(R)
i=1

20

The function e(R) may always be represented as
follows:

e(R) = €9do(R) + €,0(R) , 21)
with ¢¢(R) and 6(R) being normalized:

fD%(R)dR =fD6(R)a’R =1.

Substituting the function 6(R) into Eq. (14), we
obtain

lim if K (R,P)6(R)dR = c¢o(P) . (22)
No Jp

n—oco 0

Define the sequence of functions
6 (P) =f K™ (R,P)0(R)dR .
D

We may conclude from Eq. (22) that " (R) may be
represented as

0 (R) = Njcho(R) + ¥ (R) ,

where
lim - [y M(R)| =0 .
n—oo )\6'

Hereafter we may assume that ¢ = 0, because if it is
not so, we can always include the constant ¢ into ¢ in
expansion (21). We define the norm in the space of the
solutions of Eq. (12) as follows'® [the limit of Eq.
(14) is in the sense of that norm]:

[F(R)| = fD \F(R)|dR . 23)

Now substituting Eq. (21) into the expression for
P™(R) in Eq. (19), we obtain

PU(R) = eNi¢o(R) + 1" (R) , (24)

with
Yy M(R) =60")"(R)
and

lim 6] Xl— =0 . (25)
h—oo 0

Since the integral operator of the integral Eq. (12) is
a bounded operator with a norm A, (Ref. 18),

[K(P, Q) =N .
Then,

Hf K(R,Q)O(R)dR"
D :

= [K(R, Q) 10(R) ]| = Nol0(R)]
and applying the last inequality successively we get
10 (R < Ngl6] -

Thus the sequence of functions 8 "”(R) is bounded.
Equation (25) will also be satisfied if we assume that

0 <y

where y and A, are some constants and |\;| < \g. In
such a case one may write

aly R = (1= e)vIN]" . (26)

Now we present a case when A entering inequality
(26) coincides with the eigenvalue A, of Eq. (12) fol-
lowing the dominant eigenvalue Ay. Suppose that the
following expansion is valid uniformly:

0(R) = 2 oy$/(R) ,
=
with
Z o=y <o .
=

Then substituting the last expansion for §(R) into the

expansion (21) and using Eq. (19) we get again
PU(R) = e N\do(R) + ¥ " (R) ,

with

[ (R =e

/Z a;No(R)
=1

l =€ [Z__; laNgi(R)] -

Suppose that the eigenfunctions of Eq. (12) are nor-
malized with unit norm

|a¢/<R>n=fDl¢,<R>de=1 .

"The integral operator of Eq. (12) is not a self-adjoint
operator with an orthonomal complete set of eigenfunctions
[6:/(R)]]Zs, so that the infinite series expression for 8(R) is
not always valid. Note also that a ¢,(R) component is not
included in the expansion. This is so because any such com-
ponent is removed from the expansion and attached to

£080(R) of Eq. (21).
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Then, since N\ > |\,;| for all /,

e Lo (N =syINT(T =€) -
=1

a1y (R

The last inequality is different from inequality (26),
since in inequality (26) A\, is some constant, satisfying
IA1| < No, but not necessarily equal to the eigenvalue
of the transport equation. Hereafter we will use the
same notation for both meanings of A\, keeping in
mind that A, of inequality (26) equals in some special
cases the eigenvalue of the neutron transport equation
N\, following the dominant eigenvalue \o. The con-
stant e, entering inequality (26) may be interpreted as
some measure of the deviation of the initial approxi-
mation e(R) from the fundamental reactor mode
Po(R).

Substitution of expression P (R) [Eq. (24)] into
the definition of G (Ry,..., Ry) [Eq. (20)] yields

E [eoNg 1 do(R) + ¥ " D(R)]
,Ry) ="

G"(R,,... <

2 leoNgdo(R)) + ¥ M(R)]

i=1
Now taking the limit as n — o and using inequality
(26) we get

lim G (R,,. ..

n—oo

s Ry) =No @7

The kernel of integral Eq. (12) may be represented in
the form

K(R',R) =v(R")Gs(R",R) , (28)

where G7(R’,R) is the fission Green function of the
neutron transport equation. The value G/(R’,R)
equals the number density of fission events at R due
to one fission neutron born at point R’. Then from the
definition of P(R) of Eq. (18) we get

P(R’)=fDK(R’,R)dR=v(R’)f Gs(R’,R)dR .
D

The average number of fission events produced by
one fission neutron started with probability (7) from
fission points [R{™,. .., R{"] of the n’th generation
is given by the expression

PR, ..., RP]
(n)
N | MR f (n)
——L—— .| G/IR;"”,P]dP
= N
2

Z [R(")]

i=1

Z P[R(”)]

== (29)
v[R{"]

z

Mz

i

This is also the probability of obtaining a fission event.

Now we will derive the expression for the value of
Pingr(m, ri (R, .. , R{™1], which is the prob-
ablhty that for a given state of the Markov chain
(R, R(”)][(”)[R(”) ..., R, source particles
w111 be neeaed to sample accordmg to the above spec-
ified probabilistic laws in order to obtain N fission
points. First, we must recall that if I/ [R{"™,. ..,
R(”)] source particles have to be sampled until N fis-
sions are obtained, then the /’th pamcle must yield a
fission event. Thus the sought value is given by the
probability that I/ [R{™, ..., R{P] — 1 source par-
ticles will yield N —1 fxssmns and the /’th particle
will vield fission. Since the probability of the first
event is given by the formulas for the probability of -
N — 1 successes in a simple binomial experiment with
the probability of success given by expression (29), we
have

Pyoyig(n ., R

,,,,,

_ IMRM, .., RP] -1
N-1

(m) g(n) (m)
% {1_Pj(rn)[R§n)"”’R1(\7)]}/ [RY™,..., RNI-N

x {P{OIRM,.., RPNV (30)
We will now derive an alternative expression for the
probability P/ [R{",. , R{M], given by Eq. (29).

The probab111ty in Eq. (29) is basically derived from
the concept of an average over N batches of trials with
a varying number of successes (fission events) n; and
a fixed number of trials N in each batch:

However, the probability of a success P may be
learned in a different manner as an average over N
batches of trials with a varying number of trials /;
necessary in order to obtain a fixed number of suc-
cesses, N, namely,

1

P=_—
Nj

uMz

The meaning of the relative frequencies #;/N and N//;
is quite different because in n,/N we know only that
n; successes occurred in N trials while in N//; we
know that N — 1 successes occurred in /; — 1 trials and
that the /,’th trial was a success. Then to retain the
same meaning in both equivalent expressions for P we
should take (N—1)/(/;—1) in the last expression
rather than N/I;. Grouping terms by frequencies of /;
leads to

Z ?——N( = Z ,——P(l)
=N *i i

i
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Thus the followmg alternative expression for P{") x
[R{M, ..., RP] is valid®:

hod N-—-1

1mrm, S py—n IR, LR -1
XP/(n)(Rl ,,,,, RN)[RYI);---)R%)]
=P"[R(™,...,R(’T . 31)

Consider the average of the random variable
ESOIR, ..., R{(V] defined by Eq. (9) over all pos-
sible values of /™[R, ... R{M]:

IR, .., RP DR, RGN

= SR, R
,,,,,,

REIRI, ., RG] . (32)

Substituting Eq. (9) into Eq. (32) and using Egs. (29)

and (31), we get

IR, ..,
- N-1

/(n)[R(n) Z R(’”]-N {[(")[RY’), e R/(\;')] -1

.....

1 N
)
X5 2 vIRY ]} ,<n>[R(n) ..... R

i=1

1

fall (n)
N P[R;™] . (33)

™Mz

X [RM,...,RP] =

I
—_

Note that the above average is in fact the expected
value of £{" in the n’th generation with a fixed and
limited number of fission points N. To be more spe-
cific, the game played is the following. The fission
points of the n’th generation [Rf"),. ..,R,(V’Z)] are
assumed to be already givex}v by the (n — 1)’th gener-

ation. Thus, in Eq. (9), 2 »[R{”] and N are al-
j=1

ready fixed and neutrons are now sampled starting at
[R{M, ..., R{M] according to the probabilities of Eq.
(7) and are transported in the medium until leakage or
absorption or fission occurs. This process is continued
until Y fission points [of the (n# + 1)’th generation]
are obtained [R{"*D, . .. RU*D]. This will require
IR ..., R{Y] neutrons to be sampled. This /¢
will then be introduced into Eq. (9) to obtain ong¢ sam-
ple value of £{V[R"™,...,R{"’]. Repeating that
game with the same points [R{"), ..., R{"] and cal-
culating the arithmetic average Value of £ {”) will vield
a quantity converging to (£}, of Eq. (33).

Let us now introduce the shorthand notation for
the average:

¢Equation (31) can also be proven formally by induc-
tion. See Appendix A.

ENIRI, - RO R, R
:E}gn)[Rgn),”"Rj(\?)] . (34)

Then Eq. (33) may be written in an equivalent form:

kMOIRM, ..., RPM] = ZP[R‘") . 3%
The one-generation average defined by Eq. (35) is
the random variable defined for each state of the
Markov chain, expression (8). We now derive the
expression for the transition probability of the Markov
chain (8), i.e., the conditional probability that with the
n’th generation fission points [R{™, ..., R{(P] given,
the fission points of the (n + 1)’th generation in
dR{"™ D, .., dR*Y are at [R{™"V,..., RV
The conditional probability to get a fission event in
dR{"*) at R{"*!) starting from the points of the n’th
generatlon is given by

ZK[RI(H) R(n+1)]de(n+l)
— Y
P/[R(D] gROD = 2

N
}j P[R{M]
(36)
Expression (36) is the ratio of the total number of fis-
N
sions in dR{"*" at R"*Y due to Z v[R{™] parti-

i=1

cles emitted at [R{™,..., R{M] to the total number
of fissions. Since the transition from the n’th gener-
ation to the (n + 1)’th generation consists in obtain-
ing N fission points starting from the points of the
n’th generation, the probability of this event is given
by the product of the probabilities defined by expres-
sion (36). Thus the transition probability for the Mar-
kov chain (8) is

KIR{™,...,R\PIR™D, . RV

N
1
T KR, RG]

E : (37)
P[R/(”)]

z

m=1

Mz

{

i

From definition (37) it follows that the transition
probability is normalized, e.g.,

f o KR™,.RY
D Dy

x [RD L RETVIGRTD L gRUTD =1 .
38)

So far we have considered the one-generation average
of the estimator along with definitions and properties

of the Markov chain. The global average is, however,
obtained by averaging further over the generations, by
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looking at {(£{"), in the limit as #n — co. To study this
limit we need first to consider some limit properties of
the Markov chains.

1I. LIMIT PROPERTIES OF THE MARKOV
CHAIN MODEL FOR K,/ ESTIMATION

We will now recall some basic results from the the-
ory of Markov chains. >19%3 Let X € E denote a state
of a Markov chain with the transition probability
P(X,Y) and f some function of x. Then the strong
law of large numbers for Markov chains states that for
any initial state x; of a Markov chain the following
limit exists:

Prob[lim —1— if(X,-) :ff(Z)vr(Z)dZ} =1, 39
n—e N ;2 E

where w(Z) is the stationary probability density distri-
bution of the Markov chain, which is the solution of
the following integral equation:

w(Z) =fEP(X,Z)7r(X)dX . (40)

It is also proved!® that the following limiting relation
exists:

gim PU"N(X,Z)=m(Z) 41
and :
|PX,Z) —w(Z)| <yo" , 42)

with v and 0 < p < 1 independent of » and X. The
expression P (X, Z) in Eq. (41) is the n-step transi-
tion probability of the Markov chain, which is defined
by the following recurrent formulas [this definition is
equivalent to that of £” in Eq. (15)]:

P(”“)(X,Z):f PM(X,Y)P(Y,Z)dY . (43)
E

For the Markov chain defined in Sec. 11, the expres-
sion for the function f(X) of the state of a Markov
chain is given by Eq. (35), with X;= [R(),..., R{].
Then, applying the strong law of large numbers for the
fission Markov chain of Eq. (8), we get that for any
initial generation [R{]1%, the following expression is
valid:
1 X ~
Prob { lim — 3 AP IR, ..., R{]

no—® Mg p=1

fD} Dy

X Fi[R{™, ..

kIR, ..., R

L RMIAR™ ...

where Fy(R,, ..., Ry) is the stationary distribution of
the Markov chain of Eq. (8), which in our case satis-
fies the equation

’ R\)

D) Dy

X F(Py,...,PNy)dPy...dPy . (45)

FiR,,...

’P[\"!RI)- . ‘9RN)

Expression (41) for the fission Markov chain then
takes the form

s RN)

’ RN) ’ (46)

lim kP, ..

n—o

=F(Ry,...

L PyRL, ...

where k" (Py, ..., Py|Ry,. .., Ry) is defined by the
following recurrence relation called the Chapman-

~ Kolmogorov equation in the theory of Markov

chains®3:

kD, PR, . RA)

:fDl "'fDNk(”)(Pl,...,PNJQI,...,QN)

i dQN )
(47)

Xk(Q1,. .- ONIR1, ..., RN) Qs -

with
N
k(O)(Pl’~~'sPN9Q1,'~'7QN)=H6(PI*QI) .
i=1

It is necessary to note that the limit in Eq. (46) does
not depend on (P, ..., Py). In the actual procedure
for K, estimation, we generate a sequence of gener-
ations according to Eq. (37). At each generation we
calculate the random variable £{P[R{™,..., RY],
and the average of this random variable over n gener-
ations is used as an estimate A{” of the effective mul-
tiplication factor Ay:

.....

com 1 &
NP = 2 EPIR, . RN ora(o
k=1
43)

In order to verify the validity of this procedure, one
has to look at the expectation value of N{"” and check
whether it equals N\, or not. The expectation value of
A" is obtained by averaging £ [R{®,...,R{’] in
each generation, substituting the average value of
EPOIRM, ..., RE] in each generation k into Eq.
(48) and taking the limit as n— oo. The average of
WOIRM, .. R in the k’'th generation can be
obtained by averaging over all possible values of
[RRE, ., R®)] according to Eq. (32). The value
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S(”)(Rz’-' , Rn) then serves as a one sample’ esti- O )1 o (k) 0
mate of(g(n)[R(n) LRI re, gty Thus (AN = . DNkN RV, R¥]

the expectation of the K estlmator of E 48) is

given EY 7 o 49 X F[R(M, ..., REPTdRY ... dRP .

1 (51)
()\(")> = lim —
noe N Substituting the expression for K (Ry,..., Ry)
from Eq. (35) into Eq. (51), we obtain

Z OIRY, .. LR Lrim, . R 1
- Ry = f N
(49) N by Joy N
or N
| x 32 P(R)Fy(Ry,...,R)dR, ... dRx
<)\(") — h ol R(k) . .,R(k) . 50 i=1
Y= n Zz: N1 (50) (52)

In Sec. IV we show that the estimator of Eq. (48) is an

According to Eq. (44) the average over successive gen- ] . : 1
asymptotically unbiased estimator of Ao, i.e.,

erations in Eq. (50) exists and equals with probability
1 the average over the stationary distribution. Thus, lim (R =\ (53)
N—oo N -0

IV. CONVERGENCE OF THE K, ESTIMATOR

In this section we estimate the modulus of the difference between the average of the K, estimator and A,.
Substituting expression (46) for F(R,,..., Ry) into Eq. (52), we obtain

N
Ny =tim [ o[ kPP PyIRy . Ry) ~ T P(R) AR, .. dRy . (54)
=% Jp, Dy Ni=l
From definitions (17) through (20), it follows that
1 N
X,ZP(R,-)=G‘°)(R1,---,RN) . (55)
i=1

Then, using expression (27) for \g, we can write

()\1{,")>—)\0=hm *k(n)(Pl,...,PNlRl,...,RN)
=% Jp, Dn _
XxGO(R,,...,RN)dR,...dRy— G (P,,...,Py) . (56)

Now we will verify the following identity:

f o) KPP PNIRL, ., RN)GO (R, ... ,RN)dR, .. .dRN— G (P, ..., Py)
Dy Dy

n—1
= /Z(j)fD fD [GORy,...,RN) =GO, ..., 0K(Q,...,ONIR, ..., RN)AR, ... dRy
1 2N

XKD (P, L PylOy, -, ON) O, - dOy e

Denoting the terms in the sum of identity (57) by a,, we get for / = 0:

a0=f f GO(Ry,...,RN)K(Qy,...,ONRy,...,RN)dR, ... dRy
Dy Dan

Xk(n—l)(Pls'-'9PN§Ql9"'!QN)dQI"'dQN~fD GU)(QI""’QN)
1

Dz,\r

Xk(QIa---sQN!Rh---;RN)dRI ...dRNk(n_l)(P‘,...,PNiQI,...,QN)dQI...dQN
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Applying the Chapman-Kolmogorov Eq. (47) and the normalization condition Eq. (38), we obtain

a0=f f G(O)(Rla"-,R‘\/)k(n)(P],---,Pg\"les-'-’R;\')dR'~--dRN'
Dy D~

[ GO 0K TPy, PrlQ . ON) Q1 A= Ag = A -
JDI Dy

Similarly the term with /=1 is

a1=f f GORy,...,RK(Ors. ., OnIR1, ... RN) AR, ... dRN
Dy Dan

><k(”‘z’(Pl,...,PNIQI,...,QN)dQ,...dQN—f f GA(Qy,...,0N)
Dy Don

X k(Quy...» OnRL, .-, RN) AR, ... ARNK (P, .., PN, .-, ON) dOy . dON -
Again applying the Chapman-Kolmogorov Eq. (47) and normalization condition Eq. (38), we obtain

a1=f | GOR,...., R, ..., PyIR,. .., Ry AR ... dRy
Dy

Dy
—fD fD GO(Orr . OK D Py, PalO1s ., ON) Q- A0y = A1 = A2 .
1 N

Similarly, one can show that for each a; we get a; = A, — A1, and thus the sum of the right side of Eq. (57)
takes the form :
AQ-‘A1+A1—...+A,,_.1"‘A,,=A0—An.

All the terms are cancelled, except Ay and A,, which are identical to the left side of the identity. Thus iden-
tity (57) is valid.

According to the definition of norm (25) and the definitions of the one-step transition probability
k(Py,...,Pn|O1,...,On) [Eq. (37)] and the n-step transition probability k™ (Py,..., Px|Q1,- > ON)
[Eq. (47)], the following equalities are valid:

"k(Pla'-',PN,Ql,...,QN)" =1
and
k™ (Py,. .., Py|Q1,..., O =1 . (58)

Then, substituting the left side of identity (57) into Eq. (56), we obtain

n—1
Y = No = lim Ef f (GO, ..., Rk (P, ..., Py|Ry, ..., Ry)dRy ... dRN
n=® =0 J Dy Dn
—GUHD(Qy,. .., ONKTEN (P, PAIQL - ON) Q1 - dONT (59

Substituting expression (24) for p™(R) into definition (20) of G"(R,,...,Ry), we get

N N
Z lrfo)\éH(ﬁo(Ri) + ,;1 €1¢(1+1)(Ri)} DUD(R,,

= ... RN)
| DO(R,,...,R
2 {60*5%(&) +Z en&“)(R,-)] SR B
i=1 i=1
and
- I+2 N (+2)
2
i; [eo)\o ®o(Q) + ;a‘ﬁ (Qi)] B DU (O, ON)

GUHD(Qy,...,0nN) =

M=

N = /H0FH .
€0>\(§+1¢0(Qi) + E 61\//(I+1)(Qi)] D (Ql’ sty QN)
i=1

i
—
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Denote (Ry,...,Ry)=X and (Q,,...,0n) =Y.
Then from definition (19) and Eq. (29) follows

G+ () _ K{)(/H)(X)
KD (X)

where K is the transport operator of Eq. (13). Since K
is a positive linear operator, the following inequalities
are valid®*:

, (60)

infzsinf-{(—fssup—{QSSupZ .
vy p X Kp X Kp Yy p

Using these inequalities” we obtain from Eqgs. (58)
and (59):

n—1
[Ny =Nl = lim 3 [sup GP(R,y, ..., Ry)
= =0
—infGY(R,,...,RN)| .
(61)

For every / the points (Ry,..., Ry) are sampled from
the pdf k)(Py,..., Py|Ry,...,Ry). Since the sums
appearing in the definition of GY)(R,,..., Ry) can
be viewed as sample averages, they approach in prob-
ability the expected values as N— c. We obtain

lim GY(R;,...,Ry)
N—oo

=C;=const =sup G'(-) = infG'(-) .
Then we obtain from inequality (61):
lim [ = hol =0

Therefore, the devised Markov procedure for esti-
mation of K, provides an asymptotically unbiased
estimate of the effective multiplication factor of \,.
Now we will estimate the difference between the ex-
pected value of the Monte Carlo K, estimator (9),
(MY =Ny, and the eigenvalue A, for finite N. In
order to do this, we must investigate the structure of
the stationary distribution of the fission Markov chain
Fy(Ry,...,Ry). This distribution with independent
R; is invariant under finite permutations of the vari-
ables R;. The random variables Ry, ..., Ry are called
exchangeable if the n! permutations R;,...,Rin
have the same N-dimensional probability distribution.
The theory of exchangeable probability distributions
was developed in Refs. 25 and 9. In further consider-
ations we will use only the symmetry of Fy(R;,...,
Ry) in respect to all permutations of the arguments.
Introduce the following one-dimensional pdf’s:

Ji(R,N) =f f FRi,...,RN)
Dy Dy

X0(R;—R)dR;...dRy .

"The same inequalities are valid for the adjoint opera-
tor and are used for /= 0.

From the symmetry of the stationary distribution of
fission Markov chain Fy(R,..., Ry) it follows that
Ji(R,N) =fn(R) for j=1,..., N. Then, from the
formula for the total probability, we obtain

N
2. K(P,,R)

WRY=| .
’ fDI fDN ép(l%)

XIn(Py) ... fn(PN)dP; ... dPy .

It is necessary to note that Eq. (62) for the mar-
ginal pdf Fy(R) is a nonlinear integral equation while
the integral equation for the stationary probability dis-
tribution of the fission Markov chain is a linear one.

Now consider the adjoint equation for the equilib-
rium fission importance function ®§(R):

(62)

No®g (R) =f K(R,P)®5(P)dP . 63)
D

Multiplying Eq. (62) by ®;(R), integrating over R,

and utilizing Eq. (63), we arrive at the following
expression:

wa(R)fN(R)dR:Ao fD fD A7
1 N

XIn(Py) ... fn(PN)dPy .. .dPy .

From the definition of f(R) and expression (52), it
can be easily verified that

(64)

M= [ InRIP(R)AR .
D
Subtracting the expression

A [ [ aiP1vee) dP} / [ po<P>fN(P> dP]
D

from each side of expression (64), we obtain after
some algebraic transformations:

j P(R)/w(R) dR
AN —No=1InNo ,D >

jD &3 (R)fv(R) dR

where [ is given by

!—N
3 82(P) f 33 (P)f<(P)dP
_ D

i=1
1}\/:-[ ‘..f N
Dy Dy

> p(P) f P(P)fv(P) dP
J=1 D

X IN(P1) .o Sn(PN)YAPy ... dPy .
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Applying to the last expression the theorem' of

Appendix B with u(t) = &;5(P) and v(¢) = P(P), we
obtain
C
D\N“MISW ; (65)

where C is some linear functional of the adjoint equi-
librium fission density ®(R), p(R), and fy(R), i.e.,
some problem-dependent constant.

Some useful conclusions may be drawn from the
analysis of inequality (65). As we can see from
inequality (65), the K, estimator (9) is an asymptot-
ically unbiased estimate of K, since its expected
value approaches Ay as N— oo. Thus expression (53)
is valid. An upper limit bound for the amount of the
bias for finite N is given by the right side of inequal-
ity (65):

c
B=— .
VN

The value of B is proportional to the inverse of the
square root of the number of fission points in a gen-
eration N. Since Iy =0 when p(R) =const (see
Appendix B), the bias in this case equals zero, i.e.,
A~ = Ag. In this case the equilibrium fission rate dis-
tribution is constant over the reactor. Then the Monte
Carlo estimator (9) simply becomes an unbiased batch
estimator since in each generation the expected value
of the estimator equals K. It must be noted that the
causes of the bias in K, are the statistical errors of
the numerator and denominator of expression (59).
For large N we can assume that

d,
C+ —
supG(Ry,...,Ry) = VN
c - A
VN

d,

C - ==

infGO(R,,...,Ry) = VN
c+ 4

N

Substituting these expressions into (61), we obtain
inequality (65). It is necessary to note that inequality
(65) is valid, however, for all values of N, not neces-
sarily large ones. The constant C entering the inequal-
ity (65) is prohibitively difficult to calculate. In Ref. 9
we derived an expression for the value of the bias that
is valid for large N and is appropriate for practical cal-
culations.

iSeveral similar theorems were proved in Ref. 26.

V. ASYMPTOTIC STATISTICAL PROPERTIES
OF THE K,;; ESTIMATOR

In this section we present some statistical proper-
ties of the one-generation average of the estimator
48), kKPR, ..., R¥]. From the definition of the
n-step transition probability of the Markov chain
expression (47), it follows that

sup  |k™(Py, ..., Py|Ry,. ..
Qi Pi,R;eD

— k(.. ONlRI, .., Ry) =a<1 . (66)

Under condition (66), the stationary distribution of the
Markov chain (8) exists and the following estimate of
the convergence rate in (46) is valid®*:

[Fs(Ry, s Ry) =K (Qy. oo, ONIRy, - R
=a . 67)

Inequality (67) is valid for any initial state of a Mar-
kov chain (Q) Now suppose that the following
limit exists:

n
lim (l 2 (BPIRO, ...
n

n—oo k=
2

yR/\’)

i=1"

R{P1 - <w>>}2>

v

0. (68)

According to Eq. (39) with probability one, this limit
equals the average over the stationary distribution:

’ wa fD [ ZP(R)_O\(H))}

X Fs(Ry,...,RN)dR,.. . dRy .

Under conditions (66), (67), and (68), the central limit
theorem for Markov chains'® is valid and the follow-
ing limit exists:

n
lim Prob (1 D HEMOIRP, R

ne ng=1

(N} < ’—") __L[ exp<~z—2) dz . (69)
N \/—ﬁ B \/27l' — 2 '

The last expression, Eq. (69), states that the one-gen-
eration average of the K,z estimator (48) is asymptot-
ically normally distributed around its mean value
(A{M>. Thus the confidence limits and statistical error
of estimator (48) may be calculated, provided that
variance o is calculated. The total mean square error
of the estimator (48), d?, is given by the expression

d>=¢%+B? .
VI. CONCLUSIONS
We have presented the rigorous stochastic proce-

dure for Monte Carlo estimation of the effective mul-
tiplication factor of a nuclear reactor. An upper limit
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=

bound of the bias in the K, estimator was obtained
which follows a N =172 behavior. It is worthwhile to
note that the value of the upper bound of the bias does
not depend on the details of the Monte Carlo game,
i.e., on the explicit expression for the Markov chain
transition probability, Eq. (37). Inequality (65) could
probably be sharpened, however, in the case when
the detailed structure of the transition probability
KIR(™, ..., R{MIR"D .., RY*D] is considered. It
is also necessary to note that all the results presented
are still valid for any Monte Carlo K, estimator
EMIRM, ..., R{P] defined on the states of some
Markov chain with the transition probabilities differ-
ent from Eq. (37), if the one-generation average of
EMIRM,. .., R{M] is given by Eq. (35).) The results
presented above will still be valid if the Monte Carlo
estimator depends on two successive states of the Mar-
kov chain, provided that the one-generation average
satisfies an equation of the form

GAPIR(™, .. R, R{D, RG]
1 N
= N;P[R,(”)] +OMRM, ..., R
with

lim 6 [R(™, ..

n—oo

LRMI=0.

This can be verified by substitution of the one-
generation average from Eq. (69) into expression (56)
for the difference between the expectation of the esti-
mator and the eigenvalue. Then, repeating the above
performed transformations and taking the limit as
n— oo, we arrive at inequality (65).

APPENDIX A

Theorem:

& N-1  (n=1)!
p“,z_:,v n—1 (N=D)l(n—N)!

pNa=p) N

Proof: The theorem is proved by induction.
Define

A N—1 (n—1)!
fN_nz;N n—1 (N=1)!(n—N)!
& (n=)pNa—p N
T A (N=Din-N)!

P}V( 1 — p)n—N

i1t is necessary to note that not all the Markov proce-
dures for K, estimation yield an asymptotically unbiased
estimate of K. An example of a Markovian Monte Carlo
game providing a biased estimate of K, is presented in
Appendix C.

Setting N =2, we find that

2

:oo 21-— n—2:—________p = .
b n;‘;zp( p) —a - ?

Now suppose that fy = p and consider fy41:

> (n—2)!

f”*‘zn:%] (N—D!(n-N-1)!

xpN-H(l _p)n—N—l .

Denoting m =n — 1, we get

- (m—1)! N+1l(1 _ ,ym—N
fN+1—-m§N (N—l)!(m—N)!p “(1-p)
_=-p( p W& (m=-1D!
"(N~—1>!<1—p> L m=wy P
Denote
- Uy ) |
gN—n};N T

Since fiy = p, then
1 —p N-—1
= (N-2)! (-——) .
env=( ) >

Therefore,

ey & (m=D!
op 2 =y 1P

=(N_1),(1_—_p>N—1(1+__1_) ,
4 p l-p

Thus
> (m—1)! .
,,;N -y P
_w-na —p)2<1 —p>‘”“
p(l—p) 4

:(N—l)!<1—_£)N .
p

Therefore, fy,, = p. Thus, by induction we conclude
that fy = p for all N.

APPENDIX B

Theorem: Let u(P) >0, v(P) >0, and f(P) >0
be some bounded functions defined in domain S and
fs f(P)YdP =1. Then for every N the following
inequality is valid:
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t N |
. 2 u(P) fﬁu(P)f(P)dP N f c
Iy= j f ’fv‘ ~- = I17Pydp;| < N (B.1)
N Zepy [ eespyar | |
J=1 N !
Proof: Since N
Z:U(Pi) N :
fu(P)f(P) dP:f f =l T r@)ap,
S St SN =1
then ,
2 T |
2. u(P;) 2 ulB) | N
Iy=———|[ o |5 [vprsprar-= [1/P) P,
fv(P)f(P)dP R I 2710 0 =1
Jj=1
N
iz;u l) 1 N N
—f - f - NZ U v(P)f(P) dP—v(Pf)}Hf(P/)dP .
f v(P)f(P) dP S Z_: i=1 LlJs =1
Applying the Schwartz inequality
1/2 1/2
[ a@e e @z < [ [ gl(z)gzz(z)dz] [ [ gl(z)gaz(zmz]
D D D
with
N
o L u(P)
g@ =S f(P) 5 &@) =7 ;
=t > u(P)

g5(2) = [ f (P)f(P)dP—v(Pi)]
and the identity

N N 2
f f {E [f v(P)f(P)dP——v(P)]} Hf(P,)dP,zN-f [U(P) —f v(P)f(P)dP] Sf(P)dP ,
Sy sy Li=1 =1 s N

we obtain
N 2 172
E P)
vs———4 [ [ |5 [/,
f oP)fPyap | | D) |
£

1 2 12
X {NL[U(P) —-fSU(P)f(P) dPJ f(P) a'P} .

Since functions #(P) and v(P) are bounded,

2 1/2
¢ %U [U(P)— f o(P)f(P) dP] (P) dP} .
f o) f(P)dp YN VS s
S

Iv<
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This completes the proof. In the case in which v(P) =
const, Iy =0. The sequence of points (P,)Y, of
inequality (A.l) is an arbitrary sequence of points
in domain S. In the case when this sequence is a finite
sample of size N from the pdf f(P), the inequality
(A.1) cannot be improved. Then inequality (A.1)
has the clear probabilistic meaning since the sums
entering (A.1) become Monte Carlo estimates of the
corresponding integrals with the statistical error pro-
portional to IVN. In the case, however, when this
sequence is the sequence of uniform numbers (see
Ref. 27), inequality (A.1) may be sharpened and
becomes

In<

zla

APPENDIX C

EXAMPLE OF THE MARKOVIAN MONTE
CARLO GAME THAT PROVIDES A BIASED
ESTIMATE OF K, EVEN WHEN THE
NUMBER OF FISSION POINTS IN
A GENERATION IS INFINITE

Suppose that in order to obtain N fission points of
the (n + 1)’th generation from the fission points of
the n’th generation, fission neutrons are started from
the fission points of the n’th generation R until the
fission event occurs. The probablhty of acceptmg point
R{™ asa startmg point is given by the expression

V[R (”)]

TARCL

i=1

PIR("] =

The difference between this procedure and the proce-
dure described in Sec. II is that once point R was
accepted as a starting point, fission neutrons are sam-
pled from this specific point until the first fission
occurs. Thus, the starting points of each history are
sampled N times. The points of fission events pro-
duced by these neutrons are accepted as the points of
the (n + 1)’th generation. The K, estimator for this
game is given by the expression

1 il 1
(n) (n) (n) (H) o
SN {Rl : R N 7 ; v ] Ni(m [Ri(n.}] ’

(C.1)

where N, [R{™] is the number of fission neutrons
to be sampled ‘from the points R until the first fis-
sion occurs. Averaging of this estxmator over all pos-
sible values of N,/ [R(™] yields

_____1_._ — (n)
<Ni(n) [Ri(n)]> _fDGf[Ri ,R]1dR . (C.2)

The transition probability of the Markov chain corre-
sponding to this game is given by the following
expression:

K(R\,...,RN|Pi,..., PN)
AR Gf(Rj,Pi)‘ V(Rj)

THA o) S R “
=
where
‘MM=L@MQMP. .4
Then

1 N
N =< Z KPP PRy, RY)
i=1

Xp(R,)de N dRN

f
2=
™=

l
—

jn. KO, .. PylX, .o XN)
Dy DN ‘

v(X))  Gr(X,R))
N Gr(X))

Z: v(Xm)

Xp(Rl)Xm . dXNdR1 . an

X
—=
M=

.
I
—
~
I
—_

Integrating the terms with j i, we get

wef.“f K@D, ..., Py Xi,.... XN)
Dy D1

s (X))  GHX,R)
Ex N Gr(X))

2 v(Xm)

m=1

X p(R)dRdX, ...dX,

In order to simplify the calculations, we assume fur-
ther that the number of secondary neutrons generation
per fission event is constant:

v(R) = vy = const .

This is not too severe an approximation since in real-
ity »(R) varies in a rather narrow interval. Then

v(X) 1
~ TN

Z (Xm)

m=1



MARKOV CHAIN ANALYSIS: I 75

and
N = f B R G ¥ R
Dy Doy
& GAY), X))
[H VE
Gr(Y)
X —mp(R dRAY,...d¥YndX,...dX,
Gf(X) ) 1 N 1 N
f f K@= 2P, ... PylY,...,Yy)
N/ 1, oy,

Gy(Yi,X) G/(X,R)
G/(Y)  Gi(X)

P(R)YdXdRAY,...dYy

Repeating this procedure successively, we obtain

o = L f f G (P, Ry)
N/ 19D, oy Gr(P1)
X Gf(Rl,Rz) Gf(Rn—lan)
Gf(Rl) Gf(Rn~1)
X p(R,)dR,...dR,

The last expression is the Monte Carlo estimate of the
functional

I= f F(R)p(R) dR
D

from the solution of the integral equation

Gs(P,R)

P)dP ,
G,P) f(P)

f(R) = (C.5)
. D

which does not coincide with the criticality equation.
Thus the procedure presented is not “sufficiently
stochastic” to provide the convergence to the equilib-
rium distribution. The Monte Carlo estimate \{
differs from Ay when n— o, and N— o0, as can be
deduced when comparing Eq. (C.5) with the critical-
ity equation

No/o(R) = VofD G/P,R)fy(P)YdP .  (C.6)
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