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We study the heating of current-carrying conductors with inclusions when the kinetic coefficients

of inclusions are different from those of the conductor. It is shown that if the surface temperature

of the conductor is maintained constant and the thermal conductivity of the inclusion is higher than

the thermal conductivity of the conductor, the temperature distribution in the vicinity of the inclusion

is strongly different from the temperature distribution in a homogeneous conductor. Depending on

the parameters of the system the temperature at the location of an inclusion can be two times higher

than the temperature at the same location without an inclusion. We investigate the behavior of the

temperature difference as a function of the distance between the center of the spherical inclusion and

the conductor’s surface. We analyze different components of Joule heating, which are associated

with the change of the configuration of the electric current caused by the inclusion and with the change

of temperature distribution caused by different thermal conductivities of the conductor and inclusion.

We consider a stationary regime of conductor heating whereby the surface temperature of the

conductor is kept constant in time, and the case of a thermally insulated conductor. It is demonstrated

that in the latter case the temperature of the inclusion can be considerably lower than the surface

temperature of the conductor. VC 2011 American Institute of Physics. [doi:10.1063/1.3549608]

I. INTRODUCTION

Numerous experimental investigations (see, e.g., Refs.

1–5) have demonstrated that the action of an electric current

on conducting materials offers an efficient method for chang-

ing the internal structure of materials. In particular, it was

shown that the electric current alters the grain structure in

the materials,1–3 reduces resistance of the conductors,2,3

causes reduction of crystallization temperature,4 leads to for-

mation of twinning centers,5 etc. All of these effects were

observed in a wide range of electric current densities. In Ref.

1 the magnitude of the electric current densities whereby these

effects were observed varied in the range of 4�400 mA=cm2

while in Ref. 4 the electric current density was of the order of

105 A=cm2. Different effects are observed in current-carrying

conductors due to a multitude of associated physical mecha-

nisms when their composition is inhomogeneous. One of these

mechanisms is associated with the change of the work of for-

mation of the nucleus of the new phase when electric conduc-

tivities of the conductor and the new phase are different. This

mechanism in systems with different geometries was consid-

ered in a number of theoretical studies.6–10 Another mecha-

nism which must be taken into account in the analysis of the

effect of the electric current on structural material changes in

conductors is Joule heating. A separate investigation of the

effect of Joule heating on the temperature distribution in a het-

erogeneous conductor with inclusions, e.g., inclusions of new

phase, large grains of impurities or admixtures, is required in

order to analyze structural changes in current-carrying

conductors. Despite the obvious importance of such an

investigation, to the best of our knowledge, it has not as yet

been performed. Alternatively, because of the wide range of

the magnitudes of the electric current and different composi-

tions of the alloys, the development of a general theoretical

approach to the problem is quite topical.

In this study we investigate the change of the tempera-

ture distribution in the bulk of a heterogeneous conductor

caused by electric current. The effect of the electric current

on the conductor essentially depends on the experimental

conditions and a number of parameters: geometry (the width

of the conductor, the distance between the inclusion and the

conductor’s surface, and the size of the inclusion); ratios of

thermal and electric conductivity; specific heat and density;

and the temperature regime which is maintained at the con-

ductor’s surface. All of these dependencies are investigated

in the present study.

The presence of particulate inclusions in the conductor

is manifested through two mechanisms. The first one is asso-

ciated with the thermal conductivity jump at the particle’s

surface while the second one is related to the change of the

distribution of the electric current in the conductor in re-

sponse to the difference in electric conductivities of the par-

ticle and the host medium. These two mechanisms manifest

themselves differently. The first one has an appreciable

effect on the behavior of a system only when the thermal

conductivity of the particle is much larger than thermal con-

ductivity of the host medium. In the opposite case, when the

thermal conductivity of the inclusion is close to or less than

the thermal conductivity of the host medium, the effect of

the inclusion on the temperature distribution is insignificant.

When the effect of the thermal conductivity jump is significant,

the temperature at the location of an inclusion can be signifi-

cantly higher than the temperature at the same location
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without an inclusion. The effect of the change of the distribu-

tion of electric current in the presence of an inclusion is

more involved. In a wide range of parameters, the change of

the electric current distribution causes cooling of the hetero-

geneous conductor in comparison with the homogeneous

conductor. In this case, if the surface temperature of the con-

ductor is kept constant, the effect of cooling is always

smaller than the effect of heating caused by the first mecha-

nism. Hence the overall effect of an inclusion when the sur-

face temperature of the conductor is kept constant amounts

to heating. A special feature of the Joule heating mechanism

is that due to the nonlinearity a point symmetry appears in

the temperature field. In other words, because of the quad-

ratic dependence of the Joule heating rate on the electric cur-

rent density, the electric field (having dipole symmetry)

induces an isotropic component of the temperature field.

This temperature component decays as the inverse distance

from the heat source. Due to this low decay rate, the formal

space averaging of this component yields divergent integrals

and causes certain problems in determining various parame-

ters, e.g., average temperature. Therefore because of the

slow (Coulomb type) attenuation of these fields it is neces-

sary to take into account the finite size of the system. The

goal of this study is to determine the temperature distribution

in a heterogeneous system with internal heat sources for dif-

ferent regimes of heat exchange with the surrounding me-

dium and taking into account the finite size of the system.

In Sec. II we present a mathematical model and deter-

mine the temperature distribution when the surface tempera-

ture of the conductor is kept constant, neglecting the Joule

heating contribution to a heat source caused by the change in

the distribution of the electric current. Consequently, in Sec.

II we describe the case where electric conductivities of the

inclusion and the conductor are equal. In Sec. III we deter-

mine the temperature distribution caused by the change in

the distribution of the electric current and determine the gen-

eral behavior of the temperature distribution when the sur-

face temperature of the conductor is kept constant in time.

In Sec. IV we determine the temperature distribution in

the case of a thermally insulated conductor without heat

exchange with the surrounding medium. It is demonstrated

that under these circumstances it is feasible to attain substan-

tial cooling of the inclusion with respect to the bulk of the

conductor. In the Sec. V we discuss various features of mate-

rial structural changes in the conductor pertinent to the above-

discussed experiments.

II. MATHEMATICAL MODEL AND TEMPERATURE
DISTRIBUTION

Consider a solid metal slab with a width d and infinite in

y and x directions. At the distance s from the surface of the

slab there is a spherical inclusion with a radius a. The param-

eters of the spherical particle are denoted with the subscript

1 while the parameters of the host medium are denoted by

the subscript 2 (see Fig. 1). The density of the electric cur-

rent far away from the particle does not depend upon these

coordinates and equals~j0. The electric current far away from

the inclusion is directed along the surface of a slab, ~e1. The

temperature distribution in the slab reads:

T ~r; tð Þ ¼ T1h1 þ T2h2; (1)

where h1 ¼ 1 inside the inclusion and h1 ¼ 0 outside the

inclusion, h2 ¼ 1� h1 and Ti is determined by a heat con-

duction equation with a heat source:

@Ti

@t
¼ vi

~r2
Ti þ

Qivi

ci
; (2)

where ~r2
is the Laplace operator, vi; ci; vi are temperature

diffusivity, specific heat, and specific volume, respectively,

i ¼ 1; 2., Qi ¼ ~ji � ~Ei

� �
, ~ji; ~Ei are the electric current density

and the electric field strength in the domain i, and ~Ei ¼~ji=ri,

where ri is the electrical conductivity in the domain i. Here-

after we neglect the dependence of the kinetic coefficients on

temperature. In formulating the boundary conditions for Eq.

(2) we assume that the surface temperature of the slab �T0 is

kept constant. Then the boundary conditions at the surface of

the inclusion read:

T1 ¼ T2; ~n � v1
~rT1 � v2

~rT2

� �
¼ 0; (3)

where~n is a unit vector,~n ¼ ð~r � s~e3Þ= ~r � s~e3j j.
The boundary condition at the surface of a slab

z ¼ 0; z ¼ d is as follows:

T2 ¼ T0: (4)

The initial condition for Eq. (2) is Tð~r; 0Þ ¼ T0.

If the heat source Q does not depend on time, the gen-

eral solution of Eq. (2) can be written as follows: Tð~r; tÞ
¼ Ttð~r; tÞ þ Tsð~rÞ, where Tsð~rÞ is a stationary temperature

FIG. 1. Schematic view of a slab and the spherical inclusion.
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distribution in the system at t!1 that satisfies the follow-

ing equation:

vi
~r2

Ti þ
Qivi

ci
¼ 0: (5)

The term Ttð~r; tÞ describes a transient process and it is the so-

lution of Eq. (2) without external heat sources,

Ttð~r; tÞ ¼
X

cn exp �cntð Þ/n ~rð Þ; (6)

where /nð~rÞ and cn is a complete set of eigenfunctions and

eigenvalues of Eq. (2) without a heat source which are deter-

mined by the boundary conditions given by Eqs. (3) and (4),

and the coefficients cn are determined by the following rela-

tion: cn ¼
Ð

/n ~rð ÞTt ~r; 0ð Þd3~r. The initial condition for the

temperature distribution yields the initial condition for the

function determined by Eq. (6), Ttð~r; 0Þ ¼ T0 � Tsð~rÞ. Con-

sequently, if Tsð~rÞ is known, the problem reduces to deter-

mining the eigenfunctions and performing the summation of

the series in Eq. (6).

Hereafter we consider only the stationary solution

T ¼ Ts ~rð Þ and investigate the behavior of the system in the

limit t� d2=vi. The stationary temperature distribution

Tsð~rÞ can be written as follows:

Tsð~rÞ ¼ T0
dð~rÞ þ Tdð~rÞ þ Tað~rÞ; (7)

where T0
dð~rÞ is the temperature distribution in a homogene-

ous slab with a width d carrying electric current density ~j0

when the temperatures T0
d x; y; 0ð Þ and T0

d x; y; dð Þ at the boun-

daries z ¼ 0; z ¼ d are equal T0. Using Eqs. (2) and these

boundary conditions, it can be easily found that

T0
d zð Þ ¼ T0 �

Q0m2

c2v2

z2 � zd
� �

; Q0 ¼
j20
r2

: (8)

The term Tdð~rÞ in Eq. (7) describes the change of the temper-

ature distribution caused by the presence of the inclusion

without taking into account the redistribution of the electric

current. The term Tað~rÞ in Eq. (7) accounts for the redistribu-

tion of the electric current, and consequently the redistribu-

tion of the heat source. Each of these terms can be written in

the form given by Eq. (1). The function Tsð~rÞ � T0
dð~rÞ satis-

fies the following equation:

~r2
Tsi � T0

d

� �
þ Qivi=civi � Q0v2=c2v2 ¼ 0:

The above analysis implies that functions Taið~rÞ satisfy the

following equation:

~r2
Tai þ

Q0v2

v2c2

aiQai � 1ð Þ ¼ 0; ai ¼
c2v2vi

civiv2

; Qai ¼
~ji � ~Ei

Q0

:

(9)

The boundary conditions are as follows: at the surface of the

spherical inclusion, ~r � s~e3j j ¼ a, Ta1 ¼ Ta2, ~n � v1
~rTa1

�
�v2

~rTa2Þ ¼ 0 and at the surface of a slab Ta2 ¼ 0. Since the

function Tai accounts for the effect of the renormalized heat

source according to Eq. (9), the function Tdi is a solution of

the heat conduction equation without external heat sources.

Therefore the function Tdið~rÞ satisfies the Laplace equation:

~r2
Tdi ¼ 0: (10)

The boundary conditions for Eq. (10) are as follows: at the

surface of a spherical inclusion

Td1 ¼ Td2; ~n � v1
~rTd1 � v2

~rTd2

� �
¼ v2 � v1ð Þ~n � rT0

d ;

(11)

and at the surface of a slab Td2 ¼ 0. In order to determine the

functions Taið~rÞ it is necessary to find the renormalized heat

sources, Qai. The latter problem will be solved in Sec. III below.

First let us determine the temperature distribution Tdið~rÞ in Eq.

(11) which is caused by the gradient of the temperature T0
d .

We solve the problem with the method of reflections11

using successive reflections. Herewith, at every stage, one of

the boundary conditions that was violated at the previous

stage in order to meet another boundary condition is satis-

fied. The magnitude of the violation of the boundary condi-

tion at each stage is proportional to the power of a small

parameter. This method allows us to determine a solution in

the form of a series of small parameters which in our case

are: a/s, a/d, and s/d. The expression for the function Tdið~rÞ
can be written as follows:

Tdi ¼
X

n

T
ðnÞ
di þ

X
n

T
ðnÞ
Rd ; (12)

where n is a number of iteration, and the temperature compo-

nents T
ðnÞ
di and T

ðnÞ
Rd are introduced in order to satisfy the

boundary conditions at the surface of the inclusion and at the

surface of the slab, as required in the method of successive

reflections [see Eqs. (13)–(15) below].

Each term in Eq. (12) satisfies the Laplace equation (10)

and the corresponding boundary conditions.

At the surface of a spherical inclusion for n ¼ 0:

T
ð0Þ
d1 ¼ T

ð0Þ
d2 ; ~n � v1

~rT
ð0Þ
d1 � v2

~rT
ð0Þ
d2

� �
¼ v2 � v1ð Þ~n � ~rT0

d ;

(13)

and for n � 1,

T
ðnÞ
d1 ¼ T

ðnÞ
d2 ; ~n � v1

~rT
ðnÞ
d1 � v2

~rT
ðnÞ
d2

� �
¼ v2� v1ð Þ~n � ~rT

ðn�1Þ
Rd :

(14)

At the surface of the slab

T
ðnÞ
d2 þ T

ðnÞ
Rd ¼ 0: (15)

In order to solve the problem let us rewrite Eq. (8) in spheri-

cal coordinates with the origin at the center of the inclusion

using Legendre polynomials, P‘ uð Þ, where P2ðlÞ
¼ ð3l2 � 1Þ=2; P1ðlÞ ¼ l, and P0ðlÞ ¼ 1. Then

T0
d ¼ T0 � Tj

sðs� dÞ
a2

þ u2

3
þ 2u2

3
P2ðlÞ þ l u

2s� d

a

� �
;

(16)
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where u ¼ ~r � s~e3j j=a, and l ¼ ð~n � e3Þ. The parameter Tj is

determined by the following formula:

Tj ¼
Q0a2v2

c2v2

: (17)

The parameter Tj characterizes the Joule heat per unit mass

of the host conductor with a given heat capacity which is

released during time a2=v2. The functions T
ðnÞ
d =Tj can be

also expanded in the Legendre polynomials, P‘ðlÞ, series:

T
ðnÞ
di ¼ Tj

X
‘¼0;1;2

T
ðnÞ‘
di ðuÞP‘ðlÞ: (18)

The boundary condition [Eq. (13)] for T
ð0Þ‘
di ðuÞ yields (for

‘ ¼ 0):

T
ð0Þ0
d1 ¼

2ðv� 1Þ
3

; T
ð0Þ0
d2 ¼

2ðv� 1Þ
3u

; v ¼ v1

v2

: (19)

The functions T
ð0Þ0
d1 and T

ð0Þ0
d2 describe an isotropic tempera-

ture distribution component with respect to the center of the

inclusion. This component arises due to the following two

reasons: (i) the presence of the isotropic component in the

initial temperature T0
d [the second term in the parentheses in

Eq. (16)], and (ii) different thermal conductivities of the

inclusion and the host conductor. Depending on the magni-

tude of the parameter v this component can be positive or

negative which results in additional heating or cooling. For-

mulas for the dipole component read:

T
ð0Þ1
d1 ¼

v� 1ð Þ
a vþ 2ð Þ 2s� dð Þu; T

ð0Þ1
d2 ¼

v� 1ð Þ
a vþ 2ð Þu2

2s� dð Þ

for ‘¼ 1: (20)

Equation (20) describes the dependence of the dipole compo-

nent (with respect to the inclusion center) of the temperature

field versus the distance from the inclusion center u. In con-

trast with the isotropic component given by Eq. (19), the

dipole component depends upon the thickness of the conduc-

tor, d. The contribution of this component for a given density

of the electric current j0 grows when this parameter in-

creases. Note that the terms given by Eq. (20) change their

signs at s ¼ d=2. However, according to Eq. (18) the final

contribution of this component is determined by the coeffi-

cient P1ðlÞ ¼ l. Since for s < d=2, l ¼ �1, and l ¼ 1 for

s > d=2, the resulting temperature field with a dipole sym-

metry does not change sign at s ¼ d=2 and the sign is deter-

mined by the magnitude of the parameter v as is the case for

the isotropic component. The expression for the quadrupole

component which is multiplied by coefficient P2ðlÞ reads:

T
ð0Þ2
d1 ¼

4ðv� 1Þ
2vþ 3

u2 T
ð0Þ2
d2 ¼

4ðv� 1Þ
ð2vþ 3Þu3

for ‘ ¼ 2: (21)

Since the temperature at the boundaries of the conductor,

z ¼ 0; z ¼ d, is kept constant, there occurs an additional

contribution to the temperature field. This contribution is

associated with the boundary conditions in Eq. (15) and is

described by the temperature component, TRd.

In the first approximation, TRd ¼ T
ð0Þ
Rd , where the expres-

sion for T
ð0Þ
Rd can be written as follows:

T
ð0Þ
Rd ¼ Tj T

ð0Þ0
Rd þ T

ð0Þ1
Rd þ T

ð0Þ2
Rd

� �
; (22)

and the functions T
ð0Þ‘
Rd satisfy the following boundary

conditions:

T
ð0Þ‘
Rd þ T

ð0Þ‘
d2 P‘ðlÞ ¼ 0 at z ¼ 0; d: (23)

Equation (23) determines the temperature component T
ð0Þ‘
Rd .

Therefore the boundary condition at the surface of the slab

determines for each component ‘ of the multipole expansion

at the surface of the inclusion, the temperature component,

T
ð0Þ‘
Rd .

For further analysis it is convenient to introduce func-

tions uN ¼ ~r � ð2dN þ sÞ~e3j j=a and uþN ¼ ~r þ ð2dNj
þ sÞ~e3j=a, where N is an integer. These functions satisfy the

following relations: for z ¼ 0, uN ¼ uþN and for z ¼ d;
uNþ1 ¼ uþN : Using these relations, Eq. (15), and Eq. (23) for

‘ ¼ 0 we find that

T
ð0Þ0
Rd ¼

2ðv� 1Þ
3

X1
N 6¼0;�1

1

uN
�
X1
�1

1

uþN

 !
: (24)

Now let us introduce functions, lN ¼ ð~uN �~e3Þ=uN and

lþN ¼ ð~uþN �~e3Þ=uþN , where vectors ~uN; ~u
þ
N have the corre-

sponding absolute values uN; uþN . Clearly, at z ¼ 0,

lN ¼ �lþN , and at z ¼ d; lNþ1 ¼ �lþN : The latter relations

and Eq. (15) yield formulas for T
ð0Þ‘
Rd :

T
ð0Þ1
Rd ¼

ðv� 1Þ
aðvþ 2Þ ð2s� dÞ

X1
N¼�1

lþN
ðuþN Þ

2
þ

X1
N 6¼0;�1

lN

ðuNÞ2

 !
;

(25)

T
ð0Þ2
Rd ¼

4ðv� 1Þ
2vþ 3

X1
N 6¼ 0;�1

P2ðlNÞ
ðuNÞ3

�
X1

N¼�1

P2ðlþN Þ
ðuþN Þ

3

 !
: (26)

In order to use the boundary condition (14) for determining

the next correction, T
ð1Þ
di ¼ Tj

P
‘¼ 0;1;2 T

ð1Þ‘
di ðuÞP‘ðlÞ, it is

convenient to write the functions given by Eqs. (23)–(25) in

the system of coordinates with the origin at the center of

the spherical inclusion. To accomplish this we use the

transformation which relates the solutions of the Laplace

equation PkðlNÞ= uNð Þkþ1
written in systems of coordinates

with different origins (see Ref. 12). For u < 2d this relation

reads:

PkðlNÞ
ðuNÞkþ1

¼ ð�1Þk

ð2dNÞkþ1
sign Nð Þ

X1
m¼0

kþm

m

� �
umPmðlÞ
ð2dNÞm ;

PkðlþN Þ
ðuþN Þ

kþ1
¼ 1

ð2dNþ2sÞkþ1
signð2dNþ2sÞ

X1
m¼0

ð�1Þm
kþm

m

� �

� umPmðlÞ
ð2dNþ2sÞm : (27)
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In order to simplify notations let us introduce the following

functions:

tkm Nð Þ ¼ �1ð Þksign Nð Þ
k þ m

m

� �

1

2dNð Þmþkþ1
þ �1ð Þmþ1sign 2dN þ 2sð Þ

2dN þ 2sð Þmþkþ1sign Nð Þ

 !
;

�tkm 0ð Þ ¼ �1ð Þmþ1 k þ m

m

� �
1

ð2sÞmþkþ1
: (28)

Using these functions, the expression for the temperature

component T
ð0Þ
Rd can be rewritten using Eq. (22) and Eqs.

(24)–(26) as follows:

T
ð0Þ
Rd ¼

X1
m¼ 0

X
k¼0;1;2

f ðkÞ
X1

N 6¼0�1
tkmðNÞ þ �tkmð0Þ

 !
umPmðlÞ;

(29)

where f ð0Þ ¼ ½2ðv� 1Þ�=3, f ð1Þ ¼ ½ðv� 1Þð2s� dÞ�=
½aðvþ 2Þ�, f ð2Þ ¼ ½4ðv� 1Þ�=ð2vþ 3Þ.

Substituting Eq. (29) into the right-hand side of the sec-

ond expression in Eqs. (14) we arrive at the following cor-

rection to the functions Tdi:

T
ð1Þ‘
d1 ¼

ð1� vÞt‘
‘vþ ‘þ 1

u‘; T
ð1Þ‘
d2 ¼

ð1� vÞt‘
‘vþ ‘þ 1

1

u‘þ1
; (30)

where

t‘ ¼ ‘
X

k ¼ 0;1;2

f ðkÞ
X1

N 6¼ 0;�1
tk‘ Nð Þ þ �tk‘ 0ð Þ

 !
: (31)

The above procedure can be repeated in order to determine

the successive terms in the expansion. However there is no

need to perform these calculations since the successive terms

in the expansion yield small corrections with respect to the

characteristic temperature. Consequently, the solution of the

problem is as follows:

TdiðrÞ¼Tj

X
‘¼0;1;2

T
ð0Þ‘
di þT

ð1Þ‘
di

� �
P‘ lð ÞþT

ð0Þ0
Rd þT

ð0Þ1
Rd þT

ð0Þ2
Rd

" #
:

The derived formulas allow us to perform a complete analy-

sis of the temperature distribution, Td þ T0
d ¼ Ts � Ta.

Before presenting the obtained results let us consider the

most significant parameters of the problem. First, it must be

noted that according to Eq. (8), T0
d / z2. Since z varies at the

scale of the conductor width d, for a given density of the

electric current the temperature of the conductor is

T0
d / Tjd

2=a2. At the same time, according to the boundary

conditions (13) and (14), the temperature field Td associated

with the inclusion is proportional to ~rT0
d and, consequently,

increases as / Tj v d=a. Therefore the presence of the inclu-

sion has a significant effect when the parameter v ¼ v1=v2 is

of the order of � d=a or larger. In the opposite case, v 	 1,

the presence of the inclusion does not have a significant

effect on the temperature distribution in the conductor (until

now we have not taken into account the change of electric

current distribution). Conversely, it can be shown using the

boundary condition (11) and Eq. (8) that for v > 1 the pres-

ence of the inclusion is equivalent to introducing a surface

heat source while for v < 1 the presence of the inclusion is

equivalent to a heat sink. If one assumes that the temperature

diffusivity ratio does not depend on the temperature, the

inclusion causes heating in the vicinity of the particle which

is proportional to the parameter v, while the magnitude of

cooling (in case it occurs) is bounded by a small parameter.

In the latter case, ðTs � TaÞ=T0
d � a=d. Clearly, these con-

siderations have only an a priori character. The Eqs. (19)–

(24) and (29)–(30) derived above allow us to perform an

extensive analysis that demonstrates that the inclusion

strongly affects the temperature field only when the tempera-

ture diffusivity of the inclusion is considerably larger than

that of the surrounding medium. The effect of the inclusion

is associated with the terms T
ð0Þ0
Rd and T

ð0Þ0
di which can be

strongly changed by varying the magnitude of the parameter

v. Other terms, T
ð0Þ‘
di and T

ð0Þ‘
Rd (‘ ¼ 1; 2), weakly vary for large

values of the parameter v and tend to their asymptotic values

[see Eqs. (20), (21), (23), and (24)].

The azimuthal symmetry of the function D ¼ Tsð~rÞ
�Ta ~rð Þ allows us to represent it as Dð~rÞ ¼ Dðz; qÞ, where q
is the distance from the axis z passing through the center of

the inclusion and perpendicular to the slab surface. In Fig. 2

we show the behavior of the function D z; qð Þ
¼ D z; qð Þ � T0

� 	
=Tj for different distances s between the

center of the inclusion and the left boundary for q ¼ 0 (T0 is

the surface temperature of the slab). In Fig. 3 we plot the

function D z; qð Þ for different distances q from the axis of

symmetry when the center of the inclusion is located at the

same distance from the left and right boundaries of the con-

ductor, s ¼ d=2. All of the length parameters d; s; q are

measured in units of the particle radius, a ¼ 1. The spatial

temperature dependence Dð~rÞ ¼ Dðz; qÞ exhibits a mirror

symmetry, i.e., temperature distribution caused by the inclu-

sion with the center at s is related to the temperature distribu-

tion caused by the inclusion with the center at d � s by the

mirror reflection transformation with respect to a plane

z ¼ d=2. Due to these circumstances we plotted temperature

distributions only for the cases which are not related by the

mirror reflection transformation (see Fig. 2). The maximum

temperature difference between the inhomogeneous and ho-

mogeneous conductors D is attained at z ¼ d=2. Inspection

FIG. 2. Dependence of D ¼ D� �T0ð Þ=Tj vs distance z from the left surface

of the slab, z ¼ 0, for different distances s between the center of the spheri-

cal inclusion and the left surface of the slab. The distance from the axis of

symmetry of the system: q ¼ 0, a ¼ 1, d ¼ 16, v ¼ 48.
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of Fig. 3 reveals an essential difference between the tempera-

tures in the inhomogeneous and homogeneous slabs only in

the vicinity of the axis of symmetry passing through the cen-

ter of the inclusion and perpendicular to the faces of the slab.

The effect of the inclusion rapidly diminishes with distance

from the axis. In Figs. 2 and 3 we show the behavior of the

temperature field for large magnitudes of the thermal con-

ductivity ratio v. The above analysis demonstrates that when

this parameter decreases the effect of the inclusion dimin-

ishes. Now let us determine the functions Taið~rÞ.

III. EFFECT OF CHANGE OF THE DISTRIBUTION
OF ELECTRIC CURRENT ON JOULE HEATING
OF INCLUSIONS

In order to determine functions Tai we again use the

method of reflections10 whereby functions Tai are repre-

sented as follows:

Tai ¼
X

n

T
ðnÞ
ai þ

X
n

T
ðnÞ
Ra : (32)

At the surface of the spherical inclusion, ~r � s~e3j j ¼ a,

Ta1 ¼ Ta2, ~n � v1
~rTa1 � v2

~rTa2

� �
¼ 0 and at the slab’s sur-

face Ta2 ¼ 0. The functions T
ð0Þ
ai are determined by Eqs. (9)

and satisfy the same boundary conditions at the surface of

the inclusion, ~r � s~e3j j ¼ 0, as functions Tai. The functions

TðnÞa for n � 1 are determined by the Laplace equation,
~r2T

ðnÞ
ai ¼ 0, and satisfy the following boundary conditions at

the surface of the spherical inclusion:

T
ðnÞ
a1 ¼ T

ðnÞ
a2 ; ~n � v1

~rT
ðnÞ
a1 � v2rT

ðnÞ
a2

� �
¼ v2� v1ð Þ~n � ~rT

ðn�1Þ
Ra :

(33)

The functions T
ðnÞ
Ra are determined by the Laplace equation:

~r2T
ðnÞ
Ra ¼ 0; T

ðnÞ
a2 þ T

ðnÞ
Ra ¼ 0 at z ¼ 0; z ¼ d: (34)

Therefore in order to find the temperature distribution,

Tað~rÞ, it is first necessary to determine the heat sources Qai.

In the magnetostatic approximation (for details, see Ref. 7),

the distribution of electric current is determined by the fol-

lowing equations:

~r �~j ¼ 0; ~r� ~E ¼ 0; ~j ¼ r~E:

The formula for the electric current density reads:

~j ¼~j1h1 þ~j2h2; ~j1 ¼~j0

3j
jþ 2

;

~j2 ¼~j0 1� 2n
a3

r3
P0

2 ~n �~e1ð Þ

 �

� n~e?j0
a3

r3
P1

2;

(35)

where n ¼ ð1� jÞ=ðjþ 2Þ, j ¼ r1=r2, cos#1 ¼ ~n �~e1, P1
2

¼ 3 sin#1 cos#1, and~e? is a unit vector perpendicular to the

direction of the electric current~e1.

Expression (35) is obtained in the approximation of an in-

finite medium. In the case of a slab the electric current density

must satisfy the additional condition, namely, the vanishing of

the normal component of the electric current density at the

slab’s surface. The latter condition changes only the last term

in Eq. (35) which is proportional to ~e?. All calculations here-

after are performed using Eq. (35) with the accuracy of the

terms of the order of a3=s3. The above formulas yield:

aQa1 � 1 ¼ 9aj

jþ 2ð Þ2
� 1; (36)

where a ¼ a1 [a2 ¼ 1, see Eq. (9)].

Formulas (9) and (36) imply that a heat source (36) is a

heat sink when a < 8=9. The maximum cooling rate

is attained for large j� maxf1; ag and infinitely small val-

ues of j, i.e., aj
 1. In these limiting cases

aQa1 � 1 ¼ �1. The minimum cooling rate is attained for

j ¼ 2 where aQa1 � 1 ¼ 9a=8� 1. When a > 8=9 in the

interval of the electric conductivity, j2 < j < j1; where

j1; 2 ¼ 1=2 9a� 469
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� 8=9ð Þa

p� �
, the inclusion acts as

an additional heat source. In contrast to the case of a heat

sink the heating rate grows infinitely with the increase of the

ratio of thermal conductivities, a.

The above formulas yield an expression for a heat

source, Qa2 in the form of a Legendre polynomials series:

Qa2 � 1 ¼ u�6n2 2P2 cos#1ð Þ þ 2ð Þ � 4u�3n P2 cos#1ð Þ:
(37)

Formula (9) indicates the reason for neglecting the contribu-

tion from the additional term in the expression for the elec-

tric current density that corresponds to the reflection of the

electric current density term / e? as mentioned above.

Indeed, it is easily seen that the contribution of this term in

the heat source is of the order of a6=s6.

Now let us introduce a function Q‘
i , where Q0

1

¼ � aQa1 � 1ð Þ is determined by Eq. (36), and Q0
2 ¼ �2n2=

u6, Q2
2 ¼ ð�2=u6Þn2 þ ð4=u3Þn. The expression for the func-

tions T
ð0Þ
ai can be written as follows:

T
ð0Þ
ai

Tj
¼
X
0;2

T
ð0Þ‘
ai uð ÞP‘ cos#1ð Þ: (38)

The dimensionless temperatures, T
ð0Þ‘
ai , ‘ ¼ 0; 2, are deter-

mined by the following equation:

@2T
ð0Þ‘
ai

@u2
þ 2

u

@T
ð0Þ‘
ai

@u
� ‘ð‘þ 1Þ

u2
¼ Q‘

i : (39)

FIG. 3. Dependence of D ¼ D� �T0ð Þ=Tj vs distance z from the left surface

of the slab, z ¼ 0, for different distances from the axis of symmetry of the

system, q. The distance between the center of the spherical inclusion and the

left surface of the slab: s ¼ 8, a ¼ 1, d ¼ 16, v ¼ 48.
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Solutions of these equations with corresponding boundary

conditions at the surface of the inclusion read:

T
ð0Þ0
a1 ¼

n2

2
�2vþ1

6
Q0

1þ
Q0

1

6
u2; T

ð0Þ0
a2 ¼

2

3
n2�vQ0

1

3

� �
1

u
� n2

6u4
;

(40)

T
ð0Þ2
a1 ¼�

n2þ4n
3ð3þ2vÞu

2;

T
ð0Þ2
a2 ¼

1

3u3

2n 2vþ1ð Þ� 2vþ4ð Þn2

3þ2vð Þ þ n2

3u4
�2n

3u
:

(41)

In order to derive expressions for the functions T
ð0Þ
Ra given by

Eq. (34) it is sufficient to keep only the terms of the order of

�1=u since the rest of the terms are of the order of a3/s3,

a3/d3 and higher at the surface of a slab. Consequently, the

corresponding compensating corrections can be neglected

without violating the initially chosen accuracy of the calcula-

tions. The procedure for determining the function T
ð0Þ0
Ra is

absolutely similar to the procedure for calculating the func-

tion T
ð0Þ0
d . The final result is as follows:

T
ð0Þ0
Ra ¼

2n2

3
� vQ0

1

3

� �
1

uþ0
�

X1
N 6¼ 0;�1

1

uN
� 1

uþN

� �" #
:

Repeating the procedure used above for calculating Td, we

arrive at the following formulas for Tai:

Tai

Tj
¼
X
‘¼0;2

T
ð0Þ‘
ai uð ÞP‘ ~n �~e1ð Þ þ T

ð0Þ0
Ra þ

X1
‘¼0

T
ð1Þ‘
ai uð ÞP‘ lð Þ;

(42)

where

T
ð1Þ‘
a1 ¼

1� vð Þta‘

‘vþ ‘þ 1
u‘; T

ð1Þ‘
a2 ¼

1� vð Þta‘

‘vþ ‘þ 1

1

u‘þ1
;

ta‘ ¼ ‘
2

3
n2 � vQ10

3

� � X1
N 6¼ 0;�1

t0‘ Nð Þ þ �t0‘ 0ð Þ;
(43)

and t0‘ Nð Þ and �t0‘ 0ð Þ are determined by Eqs. (28).

In Figs. 4 and 5 we plotted the function

Ta ~rð Þ=Tj ¼ Ta1h1 þ Ta2h2ð Þ=Tj. Inspection of these figures

shows that the temperature Ta ~rð Þ can be negative relative to

the conductor’s surface (see Fig. 4) or positive (see Fig. 5).

This effect is caused by the source Q0
1 ¼ �ðaQa1 � 1Þ

which, depending on the parameters identified above, can act

either as a heat source or a heat sink. On the other hand, for-

mulas (40) show that when v increases, the effect of the

source Q0
1 is enhanced since the magnitude of a decreases.

The latter readily allows us to attain large negative tempera-

ture differences. However, the increase of v is accompanied

by the increase of D ¼ Tsð~rÞ � Ta ~rð Þ, that compensates for

the effect of Tað~rÞ so that the total effect is the increase of

the temperature in comparison with the temperature in a ho-

mogeneous conductor T0
d . The resulting temperature is

shown in Figs. 6 and 7 where Fig. 6 corresponds to the case

when Q0
1 is a heat sink and Fig. 7 illustrates the case when

Q0
1 is a heat source. Clearly, in the latter case the magnitude

of the heating is considerably larger. The above analysis

shows that for cooling the inclusion relative to the conductor

surface it is necessary to decrease the term D ¼ Td þ T0
d .

Reduction of Td can be achieved when v ¼ 1 and conse-

quently, Td ¼ 0. In order to reduce T0
d we consider small val-

ues of d. Since the diameter of the inclusion 2a ¼ 2 and for

very small values of d=a the accuracy of the calculations

declines, we considered the cases with d ¼ 3 and d ¼ 5. The

difference between these two cases is small, and in Fig. 8 we

showed only the case when d ¼ 5. In order to exclude the

FIG. 4. Dependence of Ta=Tj vs distance z from the left surface of the slab

z ¼ 0, for different distances s between the center of the spherical inclusion

and the left slab surface: a ¼ 1, d ¼ 16, q ¼ 0, v ¼ 48, j ¼ 33, a ¼ 0:3.

FIG. 5. Dependence of Ta=Tj vs distance z from the left surface of the slab

z ¼ 0, for different distances s between the center of the spherical inclusion

and the left slab surface: a ¼ 1, d ¼ 16, q ¼ 0, v ¼ 48, j ¼ 3, a ¼ 3.

FIG. 6. Dependence Ts � �T0ð Þ=Tj vs distance z from the left surface of the

slab z ¼ 0, for different distances s between the center of the spherical inclu-

sion and the left slab surface for the case when Q0
1 is a heat sink: a ¼ 1,

d ¼ 16, v ¼ 48, q ¼ 0, a ¼ 0:3.
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effect of thermal diffusivity ratio it is assume that v ¼ 1.

Inspection of this figure demonstrates that in this case the

temperature in a heterogeneous conductor with an inclusion

is only slightly different from the temperature in the homo-

geneous conductor, T0
d .

Therefore the temperature inside the conductor cannot

be smaller than its surface temperature during stationary

heating of a conductor by electric current. The reason is that

even when the contribution of Td is eliminated by assuming

v ¼ 1, the contribution of T0
d is always larger than the abso-

lute value of the cooling. It must be noted that the magnitude

of the cooling shown in Fig. 5 is obtained for a large magni-

tude of the temperature diffusivity ratio, v. Decreasing the

thermal diffusivity ratio causes the decrease of not only the

temperature component Td but also the decrease of the tem-

perature component Ta which is caused by the change of dis-

tribution of the electric current. The latter assertion follows

from the expression for the second term in the formula for

the function T
ð0Þ0
a1 [see Eq. (40) for v ¼ 1] and the second

term in Eq. (40) for the function T
ð0Þ0
a2 .

The temperature in a homogeneous conductor is

expressed as T0
d / ðd2=4a2ÞTj, and since d > 2a, T0

d is

always larger than the magnitude of cooling which is less

than Tj=3 [see the second term in Eq. (40) for v ¼ 1]. Conse-

quently, the slab is always heated relative to its surface when

the surface temperature is kept constant.

We consider the case when both faces of the slab are

maintained at the same temperature, T0. Analysis of a more

general case when the temperatures of the two faces of a

slab, z ¼ 0 and z ¼ d, are different and equal T0 and Td,

reduces to the appearance of the additional term in Eq. (8):

T0
d ¼ T0 �

Q0m2

c2v2

z2 � zd
� �

þ Td � T0

� � zd

d2
:

This transformation is equivalent to imposing the additional

constant temperature gradient Td � T0

� �
=d. In order recover

this case in the derived formulas it is sufficient to replace the

coefficient 2s� dð Þ=d by 2s� dð Þ=d þ Td � T0

� �
a2=d2Tj in

all formulas. The latter transformation only violates symme-

try with respect to the plane z ¼ d=2. It must be noted that if

Td � T0

� �
=Tj > d2= 2a2ð Þ then the temperature distribution

in a homogeneous slab is monotone.

IV. TEMPERATURE DISTRIBUTION IN THE
HETEROGENEOUS AND THERMALLY
INSULATED CONDUCTOR

So far it has been assumed that the surface temperature

of the conductor is kept constant. In practice this situation

occurs in the presence of surface endothermic processes,

e.g., the evaporation of liquid having a large latent heat of

phase transition. If the thermal conductivity of the surround-

ing medium is significantly smaller than the thermal conduc-

tivity of the conductor and radiative heat transfer is

negligibly small, the system can be considered thermally

insulated. The boundary condition in this case is ~rT2 ¼ 0:
Let us determine the temperature distribution in this system.

In the homogeneous conductor the only solution that satisfies

the above boundary condition reads:

T2ðtÞ ¼
Q0v2

c2

t: (44)

This solution describes the heating of a homogeneous ther-

mally insulated slab whereby the temperature increases with

time. The stationary solution in a thermally insulated system

with a heat source does not exist. In the presence of the

spherical inclusion the temperature distribution is inhomoge-

neous, and we seek the solution in the following form:

Tð~r; tÞ ¼ Tbð~r; tÞ þ T2ðtÞ: (45)

Formulas (44) and (45) yield the following equation for

Tbið~r; tÞ:

@Tbi

@t
¼ vi

~r2Tbi þ
Q0v2

c2

biQai � 1ð Þ; bi ¼
c2vi

v2ci
; (46)

where Qai is determined by Eq. (9). A general solution of

Eq. (46) can be represented in a similar manner to the

FIG. 7. Dependence Ts � �T0ð Þ=Tj vs distance z from the left surface of the

slab z ¼ 0, for different distances s between the center of the spherical inclu-

sion and the left slab surface for the case when Q0
1 is a heat source: a ¼ 1,

d ¼ 16, v ¼ 48, q ¼ 0, a ¼ 3.

FIG. 8. Dependence Ts � �T0ð Þ=Tj vs distance z from the left surface of the

slab z ¼ 0, for different distances s between the center of the spherical inclu-

sion and the left slab surface when the size of the inclusion is close to the

width of the slab: a ¼ 1, d ¼ 5, q ¼ 0, v ¼ 1, j ¼ 33, a ¼ 0:01.
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general solution of Eq. (2) as Tb ~r; tð Þ ¼ Tt ~r; tð Þ þ Tbs ~rð Þ.
Equation (44) implies that T2ð0Þ ¼ 0, and consequently, we

obtain the following initial condition:

Tt 0ð Þ ¼ T0 � Tbs ~rð Þ;

where Tbs ~rð Þ is the solution of a stationary problem and T0 is

the initial temperature.

Similarly to the previous sections our goal is to determine

the stationary component, Tbsð~rÞ. When t� d2=vi, the tem-

perature distribution is T ~r; tð Þ ¼ Tbs ~rð Þ þ T2 tð Þ. The equation

for the stationary component of temperature, Tb, reads:

�vi
~r2Tbi þ

Tj

a2
biQai � 1ð Þ ¼ 0; �vi ¼ vi=v2:

Functions Tbi can be exactly calculated in the same manner

as functions Tai. The only difference is that at the slab sur-

face instead of the boundary condition (34) we have

~e3 � ~r T
ðnÞ
b2 þ T

ðnÞ
Rb

� �
¼ 0. The final solution of the problem

reads:

Tbi=Tj ¼
X
l¼0;2

T
ð0Þl
bi uð ÞPl ~n �~e1ð Þ þ T

ð0Þ0
Rb þ

X1
l¼ 0

T
ð1Þl
bi uð ÞPl lð Þ;

where

T
ð0Þ0
b1 ¼

n2

2
�2vþ1

6
�Q0

1þ
�Q0

1

6
u2;

T
ð0Þ0
b2 ¼

2

3
n2�v �Q0

1

3

� �
1

u
� n2

6u4
;

T
ð0Þ2
b1 ¼�

n2þ4n
3ð3þ2vÞu

2;

T
ð0Þ2
b2 ¼

1

3u3

2nð2vþ1Þ�ð2vþ4Þn2

ð3þ2vÞ þ n2

3u4
�2n

3u
;

(47)

and the terms

�Q0
1 ¼ �

bQa1 � 1

v
; (48)

T
ð0Þ0
Rb ¼

2n2

3
� v �Q0

1

3

� �
1

uþ0
þ

X1
N 6¼0;�1

1

uN
þ 1

uþN

� �" #
;

T
ð1Þl
b1 ¼

1� vð Þtb‘
‘vþ ‘þ 1

u‘; (49)

T
ð1Þ‘
b2 ¼

ð1� vÞtb‘

‘vþ ‘þ 1

1

u‘þ1
;

tb‘ ¼ ‘
2

3
n2 � v �Q10

3

� � X1
N 6¼ 0;�1

t0‘ðNÞ þ �t0‘ð0Þ;
(50)

t0‘ Nð Þ and �t0‘ 0ð Þ are determined by Eqs. (26).

In Figs. 9 and 10 we have shown the temperature distri-

bution along the axis passing through the center of the inclu-

sion and perpendicular to the slab. Equation (48) implies the

feasibility of the strong cooling of the inclusion by reducing

the temperature diffusivities ratio, v. When v is large the

inclusion is heated with respect to the conductor’s surface

(see Fig. 9), and temperature distribution varies less sharply

than in the case of small v when the inclusion is strongly

cooled (see Fig. 10).

The magnitude of the characteristic temperature used

for normalization of the obtained results in the present study

is Tj ¼ j2
0a2=r2j2, j2 ¼ c2v2=v2. In the studies mentioned in

Sec. I the characteristic temperature and electric current den-

sity vary in a wide range. For the majority of the alloys the

electric conductivity, r � 108Si=m, thermal conductivity,

j � 102 W=mK, and for the electric current density

j0 � 105 A=cm2 which was attained in Refs. 4 and 5 the

magnitude of Tj for metal alloys is of the order of

a=mð Þ2108K, e.g., we obtain that Tj � 1� 100 K when

a � 10�3 � 10�4 m.

V. CONCLUSIONS

We comprehensively studied the effect of inclusions on

temperature distribution in current-carrying conductors. It was

demonstrated that when the size of the inclusion is of the order

of the size of the conductor, the temperature distribution is

significantly different from that in the homogeneous conduc-

tor, and the inclusion can be either heated or cooled with

respect to the host conductor. The effective cooling can be

achieved in the case of a thermally insulated conductor (see

FIG. 9. (Color online) Stationary temperature distribution in the thermally

insulated conductor Tb=Tj vs distance z from the left surface of the slab

z ¼ 0, for different distances s between the center of the spherical inclusion

and the left slab surface: a ¼ 1, d ¼ 16, q ¼ 0, v ¼ 50; j ¼ 33; b ¼ 0:3.

FIG. 10. Stationary temperature distribution in the thermally insulated con-

ductor Tb=Tj vs distance z from the left surface of the slab z ¼ 0, for differ-

ent distances s between the center of the spherical inclusion and the left slab

surface: a ¼ 1, d ¼ 16; q ¼ 0, v ¼ 0:05; j ¼ 33; b ¼ 0:3.
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Figs. 9 and 10). In the regime when the surface temperature of

the conductor is maintained constant, the inclusion is always

heated (see Figs. 6–8). In the latter case, the magnitude of

heating can be strongly affected by changing the parameters

of the inclusion. The goal of this study was to investigate the

effect of Joule heating on the temperature profile in a cur-

rent-carrying conductor with an inclusion which is formed

either during the phase transition or structural transforma-

tions, which were observed in Refs. 1–6 and 10.

The results obtained in this study imply that the strong

reduction of crystallization temperature observed in Refs. 4

and 5 can be explained by the compensation of the heating

which occurs during formation of a new phase. Elucidation

of this aspect requires separate investigation of the phase

transition in current-carrying conductors subjected to Joule

heating. Although some aspects of this problem were ana-

lyzed in the literature, the multitude of regimes and proc-

esses involved render this problem a worthwhile subject for

further study.

ACKNOWLEDGMENTS

We wish to thank an anonymous reviewer for numerous

valuable comments and helpful suggestions that have

improved the quality of our initial manuscript.

1A. K Misra, Metall. Trans. A 16A, 1354 (1985); 17A, 358 (1986).
2R. Takemoto. and H. Mizubayashi, Acta. Metal. Mater. 43, 1495 (1995).
3H. Mizubayashi and S. Okuda, Phys. Rev. B 40, 8057 (1989).
4J. P. Barnak, A. F. Sprecher, and H. Conrad, Scr. Metall. Mater. 32, 879

(1995).
5H. Mizubayashi, N. Kameyama, T. Hao, and H. Tanimoto, Phys. Rev. B

64, 054201 (2001).
6X. L. Wang, Y. B. Wang, Y. M. Wang, B. Q. Wang, and J. D. Guo, Appl.

Phys. Let. 91, 163112 (2007).
7Yu. Dolinsky and T. Elperin, Phys. Rev. B 47, 14778 (1993).
8Yu. Dolinsky and T. Elperin, Phys. Rev. B 50, 52 (1994).
9Yu. Dolinsky and T. Elperin, Phys. Rev. B 62, 12656 (2000).

10F. C. S. da Silva, E. F. Ferrari, and M. Knobel, J. Appl. Phys. 86, 7170 (1999).
11J. Happel and H. Brenner, Low Reynolds Number Hydrodynamics (Martu-

nus Nihhoff, Dordrecht, The Netherlands, 1973).
12E. W. Hobson, The Theory of Spherical and Ellipsoidal Harmonics (Cam-

bridge University Press, Cambridge, England, 1965).

054904-10 Y. Dolinsky and T. Elperin J. Appl. Phys. 109, 054904 (2011)

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp

http://dx.doi.org/10.1016/0956-7151(94)00354-K
http://dx.doi.org/10.1103/PhysRevB.40.8057
http://dx.doi.org/10.1016/0956-716X(95)93218-S
http://dx.doi.org/10.1103/PhysRevB.64.054201
http://dx.doi.org/10.1063/1.2800790
http://dx.doi.org/10.1063/1.2800790
http://dx.doi.org/10.1103/PhysRevB.47.14778
http://dx.doi.org/10.1103/PhysRevB.50.52
http://dx.doi.org/10.1103/PhysRevB.62.12656
http://dx.doi.org/10.1063/1.371808

	s1
	cor1
	s2
	E1
	E2
	E3
	E4
	F1
	E5
	E6
	E7
	E8
	UE1
	E9
	E10
	E11
	E12
	E13
	E14
	E15
	E16
	E17
	E18
	E19
	E20
	E21
	E22
	E23
	E24
	E25
	E26
	E27
	E28
	E29
	E30
	E31
	UE2
	F2
	s3
	E32
	E33
	E34
	UE3
	E35
	E36
	E37
	E38
	E39
	UE4
	F3
	E40
	E41
	UE5
	E42
	E43
	F4
	F5
	F6
	UE6
	s4
	E44
	E45
	E46
	F7
	F8
	UE7
	UE8
	UE9
	E47
	E48
	E49
	E50
	s5
	F9
	F10
	B1
	B2
	B3
	B4
	B5
	B6
	B7
	B8
	B9
	B10
	B11
	B12

