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Local heating of heterogeneous current-carrying conductors
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We study the heating of current-carrying conductors with inclusions when the kinetic coefficients
of inclusions are different from those of the conductor. It is shown that if the surface temperature
of the conductor is maintained constant and the thermal conductivity of the inclusion is higher than
the thermal conductivity of the conductor, the temperature distribution in the vicinity of the inclusion
is strongly different from the temperature distribution in a homogeneous conductor. Depending on
the parameters of the system the temperature at the location of an inclusion can be two times higher
than the temperature at the same location without an inclusion. We investigate the behavior of the
temperature difference as a function of the distance between the center of the spherical inclusion and
the conductor’s surface. We analyze different components of Joule heating, which are associated
with the change of the configuration of the electric current caused by the inclusion and with the change
of temperature distribution caused by different thermal conductivities of the conductor and inclusion.
We consider a stationary regime of conductor heating whereby the surface temperature of the
conductor is kept constant in time, and the case of a thermally insulated conductor. It is demonstrated
that in the latter case the temperature of the inclusion can be considerably lower than the surface

temperature of the conductor. © 2011 American Institute of Physics. [doi:10.1063/1.3549608]

. INTRODUCTION

Numerous experimental investigations (see, e.g., Refs.
1-5) have demonstrated that the action of an electric current
on conducting materials offers an efficient method for chang-
ing the internal structure of materials. In particular, it was
shown that the electric current alters the grain structure in
the materials,' reduces resistance of the conductors,>’
causes reduction of crystallization temperature,* leads to for-
mation of twinning centers,5 etc. All of these effects were
observed in a wide range of electric current densities. In Ref.
1 the magnitude of the electric current densities whereby these
effects were observed varied in the range of 4—400 mA /cm?
while in Ref. 4 the electric current density was of the order of
10° A/cm?. Different effects are observed in current-carrying
conductors due to a multitude of associated physical mecha-
nisms when their composition is inhomogeneous. One of these
mechanisms is associated with the change of the work of for-
mation of the nucleus of the new phase when electric conduc-
tivities of the conductor and the new phase are different. This
mechanism in systems with different geometries was consid-
ered in a number of theoretical studies.®'® Another mecha-
nism which must be taken into account in the analysis of the
effect of the electric current on structural material changes in
conductors is Joule heating. A separate investigation of the
effect of Joule heating on the temperature distribution in a het-
erogeneous conductor with inclusions, e.g., inclusions of new
phase, large grains of impurities or admixtures, is required in
order to analyze structural changes in current-carrying
conductors. Despite the obvious importance of such an
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investigation, to the best of our knowledge, it has not as yet
been performed. Alternatively, because of the wide range of
the magnitudes of the electric current and different composi-
tions of the alloys, the development of a general theoretical
approach to the problem is quite topical.

In this study we investigate the change of the tempera-
ture distribution in the bulk of a heterogeneous conductor
caused by electric current. The effect of the electric current
on the conductor essentially depends on the experimental
conditions and a number of parameters: geometry (the width
of the conductor, the distance between the inclusion and the
conductor’s surface, and the size of the inclusion); ratios of
thermal and electric conductivity; specific heat and density;
and the temperature regime which is maintained at the con-
ductor’s surface. All of these dependencies are investigated
in the present study.

The presence of particulate inclusions in the conductor
is manifested through two mechanisms. The first one is asso-
ciated with the thermal conductivity jump at the particle’s
surface while the second one is related to the change of the
distribution of the electric current in the conductor in re-
sponse to the difference in electric conductivities of the par-
ticle and the host medium. These two mechanisms manifest
themselves differently. The first one has an appreciable
effect on the behavior of a system only when the thermal
conductivity of the particle is much larger than thermal con-
ductivity of the host medium. In the opposite case, when the
thermal conductivity of the inclusion is close to or less than
the thermal conductivity of the host medium, the effect of
the inclusion on the temperature distribution is insignificant.
When the effect of the thermal conductivity jump is significant,
the temperature at the location of an inclusion can be signifi-
cantly higher than the temperature at the same location
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without an inclusion. The effect of the change of the distribu-
tion of electric current in the presence of an inclusion is
more involved. In a wide range of parameters, the change of
the electric current distribution causes cooling of the hetero-
geneous conductor in comparison with the homogeneous
conductor. In this case, if the surface temperature of the con-
ductor is kept constant, the effect of cooling is always
smaller than the effect of heating caused by the first mecha-
nism. Hence the overall effect of an inclusion when the sur-
face temperature of the conductor is kept constant amounts
to heating. A special feature of the Joule heating mechanism
is that due to the nonlinearity a point symmetry appears in
the temperature field. In other words, because of the quad-
ratic dependence of the Joule heating rate on the electric cur-
rent density, the electric field (having dipole symmetry)
induces an isotropic component of the temperature field.
This temperature component decays as the inverse distance
from the heat source. Due to this low decay rate, the formal
space averaging of this component yields divergent integrals
and causes certain problems in determining various parame-
ters, e.g., average temperature. Therefore because of the
slow (Coulomb type) attenuation of these fields it is neces-
sary to take into account the finite size of the system. The
goal of this study is to determine the temperature distribution
in a heterogeneous system with internal heat sources for dif-
ferent regimes of heat exchange with the surrounding me-
dium and taking into account the finite size of the system.

In Sec. II we present a mathematical model and deter-
mine the temperature distribution when the surface tempera-
ture of the conductor is kept constant, neglecting the Joule
heating contribution to a heat source caused by the change in
the distribution of the electric current. Consequently, in Sec.
IT we describe the case where electric conductivities of the
inclusion and the conductor are equal. In Sec. III we deter-
mine the temperature distribution caused by the change in
the distribution of the electric current and determine the gen-
eral behavior of the temperature distribution when the sur-
face temperature of the conductor is kept constant in time.
In Sec. IV we determine the temperature distribution in
the case of a thermally insulated conductor without heat
exchange with the surrounding medium. It is demonstrated
that under these circumstances it is feasible to attain substan-
tial cooling of the inclusion with respect to the bulk of the
conductor. In the Sec. V we discuss various features of mate-
rial structural changes in the conductor pertinent to the above-
discussed experiments.

Il. MATHEMATICAL MODEL AND TEMPERATURE
DISTRIBUTION

Consider a solid metal slab with a width d and infinite in
y and x directions. At the distance s from the surface of the
slab there is a spherical inclusion with a radius a. The param-
eters of the spherical particle are denoted with the subscript
1 while the parameters of the host medium are denoted by
the subscript 2 (see Fig. 1). The density of the electric cur-
rent far away from the particle does not depend upon these
coordinates and equals ﬁ). The electric current far away from
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FIG. 1. Schematic view of a slab and the spherical inclusion.

the inclusion is directed along the surface of a slab, €;. The
temperature distribution in the slab reads:

T(F,I) ZT]H] +T292, (1)

where 0; = 1 inside the inclusion and 6; = 0 outside the
inclusion, 0, = 1 — 60, and T; is determined by a heat con-
duction equation with a heat source:

8Tl‘ -2
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i wV T+

Ovi

b
Ci

2

where 62 is the Laplace operator, y;, ¢;, v; are temperature
diffusivity, specific heat, and specific volume, respectively,
i=1,2.,0; = (ji- E), i, E; are the electric current density
and the electric field strength in the domain 7, and E; = j;/0;,
where ¢; is the electrical conductivity in the domain i. Here-
after we neglect the dependence of the kinetic coefficients on
temperature. In formulating the boundary conditions for Eq.
(2) we assume that the surface temperature of the slab T is
kept constant. Then the boundary conditions at the surface of

the inclusion read:
T=T, it (VT =6VE) =0, ()

— —

where 77 is a unit vector, 7 = (I — s&3)/|I" — s&3].
The boundary condition at the surface of a slab
z =0, z=d is as follows:

T, =T. 4

The initial condition for Eq. (2) is T(7,0) = To.

If the heat source Q does not depend on time, the gen-
eral solution of Eq. (2) can be written as follows: T(F,¢)
= T,(7,t) + T,(¥), where T,(r) is a stationary temperature
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distribution in the system at t — oo that satisfies the follow-
ing equation:
O

1

=2
AV LU} 5)
The term 7,(7, t) describes a transient process and it is the so-
lution of Eq. (2) without external heat sources,

T(F,1) = cuexp(=7,0) ¢, (7), 6)

where ¢, (7) and y, is a complete set of eigenfunctions and
eigenvalues of Eq. (2) without a heat source which are deter-
mined by the boundary conditions given by Egs. (3) and (4),
and the coefficients ¢, are determined by the following rela-
tion: ¢, = [ ¢,(P)T(7, 0)d’F. The initial condition for the
temperature distribution yields the initial condition for the
function determined by Eq. (6), T,(7,0) = T¢ — T,(F). Con-
sequently, if Ty(7) is known, the problem reduces to deter-
mining the eigenfunctions and performing the summation of
the series in Eq. (6).

Hereafter we consider only the stationary solution
T = T,(7) and investigate the behavior of the system in the
limit ¢>>d?/y;. The stationary temperature distribution
T, () can be written as follows:

Tv(f) = Tg(’_}) + Td(’?) + Ta(f)a (7)

where TY(F) is the temperature distribution in a homogene-
ous slab with a width d carrying electric current density o
when the temperatures T9(x,y,0) and TY(x, y,d) at the boun-
daries z =0, z = d are equal Ty. Using Eqs. (2) and these
boundary conditions, it can be easily found that

Oov2

21>

2
T0(z) =Ty — =22 (22— zd), Qo = 5702 (8)
The term T,(7) in Eq. (7) describes the change of the temper-
ature distribution caused by the presence of the inclusion
without taking into account the redistribution of the electric
current. The term 7, (7) in Eq. (7) accounts for the redistribu-
tion of the electric current, and consequently the redistribu-
tion of the heat source. Each of these terms can be written in
the form given by Eq. (1). The function T(7) — T9(F) satis-
fies the following equation:

)
V(T = T9) + Qwi/ciz; — Qova/c2yn = 0.

The above analysis implies that functions 7, (F) satisfy the
following equation:

=72 Q()Vz C2 Y2 Vi _‘E_:
Vng+—(OCiQa[_l):0, ai:L, ai:]l—l-
1202 Cixiv2 Qo
©)

The boundary conditions are as follows: at the surface of the
spherical inclusion, |F—sés| =a, Ty =Tap, 7+ XlﬁTal
- XzﬁTHQ) = 0 and at the surface of a slab T,,, = 0. Since the
function T,; accounts for the effect of the renormalized heat
source according to Eq. (9), the function T}; is a solution of
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the heat conduction equation without external heat sources.
Therefore the function T;(7) satisfies the Laplace equation:

VT, = 0. (10)

The boundary conditions for Eq. (10) are as follows: at the
surface of a spherical inclusion

Ty =Tap, 7i- <X1§le - XzﬁT(n) = (1o — n)it- VTY,
(11)

and at the surface of a slab 7, = 0. In order to determine the
functions T,;(7) it is necessary to find the renormalized heat
sources, Q. The latter problem will be solved in Sec. III below.
First let us determine the temperature distribution 7,;(7) in Eq.
(11) which is caused by the gradient of the temperature Tg.

We solve the problem with the method of reflections''
using successive reflections. Herewith, at every stage, one of
the boundary conditions that was violated at the previous
stage in order to meet another boundary condition is satis-
fied. The magnitude of the violation of the boundary condi-
tion at each stage is proportional to the power of a small
parameter. This method allows us to determine a solution in
the form of a series of small parameters which in our case
are: afs, a/d, and s/d. The expression for the function T ()
can be written as follows:

Ti=Y Ty +> T4 (12)

where 7 is a number of iteration, and the temperature compo-
nents T[(;;) and TI(;;) are introduced in order to satisfy the
boundary conditions at the surface of the inclusion and at the
surface of the slab, as required in the method of successive
reflections [see Eqgs. (13)—(15) below].

Each term in Eq. (12) satisfies the Laplace equation (10)
and the corresponding boundary conditions.

At the surface of a spherical inclusion for n = 0:

0 0 _, = (0 = (0 I
T =1, i (VT = V1Y) = (o = w)ii- VT,
(13)
and forn > 1,

T =138, 7 (VTR VTR ) = (=) VT .
(14)
At the surface of the slab
T + 1) = 0. (15)

In order to solve the problem let us rewrite Eq. (8) in spheri-
cal coordinates with the origin at the center of the inclusion

using Legendre polynomials, Py(u), where P,(u)
=(3u>—1)/2, Pi(u) = u,and Po(p) = 1. Then
= s(s—d) u? 2u? 2s—d
T =Ty —T; —+ =P
$=To -1 (D s 2 + 22,
(16)
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where u = |i" — sé3|/a, and = (77 - e3). The parameter T; is
determined by the following formula:

Qoa*v,
)2

T, = (17)

The parameter 7; characterizes the Joule heat per unit mass
of the host conductor with a given heat capacuy which is
released during time a*/y,. The functions T / T; can be
also expanded in the Legendre polynomials, P[( ), series:

=T, > T w)Pe(w). (18)

(=0,1.2

The boundary condition [Eq. (13)] for T\ (u) yields (for
/= 0):

(0)0 2()( 1) T(O)O 2(% 1) X1
Z _— _——— —_ T . 1
dl 3 ’ d2 3u ’ X 7 ( 9)

The functions Tfl‘f)‘) and Tﬁg)o describe an isotropic tempera-

ture distribution component with respect to the center of the
inclusion. This component arises due to the following two
reasons: (i) the presence of the isotropic component in the
initial temperature Tfi) [the second term in the parentheses in
Eq. (16)], and (ii) different thermal conductivities of the
inclusion and the host conductor. Depending on the magni-
tude of the parameter y this component can be positive or
negative which results in additional heating or cooling. For-
mulas for the dipole component read:

o1 _ (x—1) _ o1 (x—1)
le - ( +2) (2 d) Td2 (/C+2)M2
for £ = 1. (20)

(25— d)

Equation (20) describes the dependence of the dipole compo-
nent (with respect to the inclusion center) of the temperature
field versus the distance from the inclusion center u. In con-
trast with the isotropic component given by Eq. (19), the
dipole component depends upon the thickness of the conduc-
tor, d. The contribution of this component for a given density
of the electric current j, grows when this parameter in-
creases. Note that the terms given by Eq. (20) change their
signs at s = d/2. However, according to Eq. (18) the final
contribution of this component is determined by the coeffi-
cient Py(u) = . Since for s < d/2, u=—1, and y =1 for
s > d/2, the resulting temperature field with a dipole sym-
metry does not change sign at s = d/2 and the sign is deter-
mined by the magnitude of the parameter y as is the case for
the isotropic component. The expression for the quadrupole
component which is multiplied by coefficient P, (u) reads:

T(o)z B 4(x—1) 2 T(O)z _ 4(z—1)

_ for0=2. (21
AT e T e b

Since the temperature at the boundaries of the conductor,
z=0, z=d, is kept constant, there occurs an additional
contribution to the temperature field. This contribution is
associated with the boundary conditions in Eq. (15) and is
described by the temperature component, Tp,,.
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In the first approximation, T}, = T,(e d>, where the expres-
sion for T}(e d) can be written as follows:

T =T(T8° + TR + T, (22)

and the functions TI(;(?Z satisfy the following boundary
conditions:

Tit' + Ty Pi(w) = 0atz =0, d. @3

Equation (23) determines the temperature component TI(Q(;,)Z.
Therefore the boundary condition at the surface of the slab
determines for each component ¢ of the multipole expansion
at the surface of the inclusion, the temperature component,
"

For further analysis it is convenient to introduce func-
tions uy = |[F— (2dN +s)és|/a and  uy = |[F+ (2dN
+5)é3|/a, where N is an integer. These functions satisfy the
following relations: for z =0, uy = u,‘\ﬁ and for z=d,
Unyp = u§ Using these relations, Eq. (15), and Eq. (23) for
¢ = 0 we find that

2D L) e
N

#0,—00 Uy

Now let us introduce functions, uy = (ily - €3)/uy and
py = (i, - €3)/uy, where vectors iy, i@y, have the corre-
sponding absolute values uy, uy. Clearly, at z=0,
py = —uy.andatz =d, py,; = —u. The latter relations
and Eq. (15) yield formulas for T,(;Z,)[:

TI(Q?I)I = (1((};;12)) (2S - d) (N__OO (:jILV 2 + Z (::)2>7

V) N+#£0,—c0
(25)

=y ) 20

In order to use the boundary condition (14) for determining
the next correction, T< =T;> r—012 fh>( YPo(p), it is
convenient to write the functlons given by Egs. (23)—(25) in
the system of coordinates with the origin at the center of
the spherical inclusion. To accomplish this we use the
transformation which relates the solutions of the Laplace
equation Py(uy)/(uy)"" written in systems of coordinates
with different origins (see Ref. 12). For u < 2d this relation
reads:

Pr(iy) (= 1)* o~ [(kt+m m(1)
(uy) ' (2dN) k“ Z(m >2dN)

0

v
=
=
D

gt

v
)
=

Pr(1y) | ) - [ k+m
()" - (2dN+2s)kHSIgn(2dN+ZS) Zo(_l)n m
N m=
" P (1)
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In order to simplify notations let us introduce the following
functions:

) =1 sign() ()

(=1)™*sign(2dN + 2s)

(2dN + 25)" ™ sign(N)

k+m 1
(25)m+k+1 :

1
((ZdN)m+k+l +

fom(0) = (1)’"“( (28)

m

Using these functions, the expression for the temperature
component T,(&) can be rewritten using Eq. (22) and Eqgs.
(24)—(26) as follows:

TIS?(ZZ):Z Zf <Ztkm

m=0k=0,1,2 NA0—c0

+ tkm )>umpm(ﬂ)7

(29)
where  f(0) = [2(x = D]/3,  f(1) = [(x = 1)(2s = d)]/
la(x +2)], f(2) = [4(x = DI/ (21 + 3).
Substituting Eq. (29) into the right-hand side of the sec-
ond expression in Egs. (14) we arrive at the following cor-
rection to the functions 7;:

me =0t o e (=0t 1
— T O e VA D 30
e e S Ry s P
where

=1 f(k)( Z tu(N) + t_kz(O)). (31
k=012 N#£0 o

The above procedure can be repeated in order to determine
the successive terms in the expansion. However there is no
need to perform these calculations since the successive terms
in the expansion yield small corrections with respect to the
characteristic temperature. Consequently, the solution of the
problem is as follows:

Ta(r l Z(Td, 4Tl ) Po() + T £ T 4 702
(=0,1,2

The derived formulas allow us to perform a complete analy-
sis of the temperature distribution, T, + Tg =T,—T,.
Before presenting the obtained results let us consider the
most significant parameters of the problem. First, it must be
noted that according to Eq. (8), T2 o z2. Since z varies at the
scale of the conductor width d, for a given density of the
electric current the temperature of the conductor is
TS x Tjal2 /a*. At the same time, according to the boundary
conditions (13) and (14), the temperature field T, associated
with the inclusion is proportional to ﬁTS and, consequently,
increases as « T; y d/a. Therefore the presence of the inclu-
sion has a significant effect when the parameter y = y, /i, is
of the order of ~ d/a or larger. In the opposite case, y < 1,
the presence of the inclusion does not have a significant
effect on the temperature distribution in the conductor (until
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now we have not taken into account the change of electric
current distribution). Conversely, it can be shown using the
boundary condition (11) and Eq. (8) that for y > 1 the pres-
ence of the inclusion is equivalent to introducing a surface
heat source while for y < 1 the presence of the inclusion is
equivalent to a heat sink. If one assumes that the temperature
diffusivity ratio does not depend on the temperature, the
inclusion causes heating in the vicinity of the particle which
is proportional to the parameter y, while the magnitude of
cooling (in case it occurs) is bounded by a small parameter.
In the latter case, (T — T,)/T) ~ a/d. Clearly, these con-
siderations have only an a priori character. The Egs. (19)—
(24) and (29)—(30) derived above allow us to perform an
extensive analysis that demonstrates that the inclusion
strongly affects the temperature field only when the tempera-
ture diffusivity of the inclusion is considerably larger than
that of the surrounding medium. The effect of the inclusion
is associated with the terms T,(;)d)o and Tgl))O which can be
strongly changed by varymﬁg the magnitude of the parameter
- Other terms, Td fand T (¢ =1,2), weakly vary for large
values of the parameter y and tend to their asymptotic values
[see Egs. (20), (21), (23), and (24)].

The azimuthal symmetry of the function A = T(F)
—T,(7) allows us to represent it as A(¥) = A(z, p), where p
is the distance from the axis z passing through the center of
the inclusion and perpendicular to the slab surface. In Fig. 2
we show the behavior of the function D(z,p)
= [A(z, p) — To]/T; for different distances s between the
center of the inclusion and the left boundary for p = 0 (T is
the surface temperature of the slab). In Fig. 3 we plot the
function D(z, p) for different distances p from the axis of
symmetry when the center of the inclusion is located at the
same distance from the left and right boundaries of the con-
ductor, s =d/2. All of the length parameters d, s, p are
measured in units of the particle radius, @ = 1. The spatial
temperature dependence D(7) = D(z, p) exhibits a mirror
symmetry, i.e., temperature distribution caused by the inclu-
sion with the center at s is related to the temperature distribu-
tion caused by the inclusion with the center at d — s by the
mirror reflection transformation with respect to a plane
z = d/2. Due to these circumstances we plotted temperature
distributions only for the cases which are not related by the
mirror reflection transformation (see Fig. 2). The maximum
temperature difference between the inhomogeneous and ho-
mogeneous conductors D is attained at z = d/2. Inspection

: T
s=12
8o} . -
¢ T
s=2 o - T “
BN~ |
(Tg'TO)/T] \
\\
‘ \
: \
201 : |
0 4 ° 12 —

FIG. 2. Dependence of D = (A — Tp)/T; vs distance z from the left surface
of the slab, z = 0, for different distances s between the center of the spheri-
cal inclusion and the left surface of the slab. The distance from the axis of
symmetry of the system: p = 0,a = 1,d = 16, y = 48.
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FIG. 3. Dependence of D = (A — Tp)/T; vs distance z from the left surface
of the slab, z = 0, for different distances from the axis of symmetry of the
system, p. The distance between the center of the spherical inclusion and the
left surface of the slab: s = 8,a = 1,d = 16, y = 48.

of Fig. 3 reveals an essential difference between the tempera-
tures in the inhomogeneous and homogeneous slabs only in
the vicinity of the axis of symmetry passing through the cen-
ter of the inclusion and perpendicular to the faces of the slab.
The effect of the inclusion rapidly diminishes with distance
from the axis. In Figs. 2 and 3 we show the behavior of the
temperature field for large magnitudes of the thermal con-
ductivity ratio y. The above analysis demonstrates that when
this parameter decreases the effect of the inclusion dimin-
ishes. Now let us determine the functions 7, (7).

lll. EFFECT OF CHANGE OF THE DISTRIBUTION
OF ELECTRIC CURRENT ON JOULE HEATING
OF INCLUSIONS

In order to determine functions 7,; we again use the
method of reflections'® whereby functions T,; are repre-
sented as follows:

Ti=Y T¢ +> Ty, (32)

At the surface of the spherical inclusion, |F— sé3|=a,
T =Tp, 11- gqxlﬁTal — XzﬁT » ] = 0 and at the slab’s sur-
face T,o = 0. The functions T(S?CS are determined by Egs. (9)
and satisfy the same boundary conditions at the surface of
the inclusion, |i"— s&3| = 0, as functions T,;. The functions
T" for n>1 are determined by the Laplace equation,
V2T = 0, and satisfy the following boundary conditions at
the surface of the spherical inclusion:

al = T a

T = T(?, - (hﬁT(grp - XZVT£§)> = — )i ﬁT}e’;l)-

The functions T,g';) are determined by the Laplace equation:
VT =0, TW 4TV =0 at =0, z=d. (34

Therefore in order to find the temperature distribution,
T,(7), it is first necessary to determine the heat sources Q,;.
In the magnetostatic approximation (for details, see Ref. 7),
the distribution of electric current is determined by the fol-
lowing equations:
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V.j=0, VxE=0, j=0E.

The formula for the electric current density reads:
g ne e - 3K
J=qhbi+pbh, 1 =jo—F

K+2
- - a3 Cl3 (35)
h=Jo |1 =285 Po(iT- &) | = E&ujo-5 P,

where ¢ = (1 —«)/(k+2), k= 0d1/02, cost) =ii- &), P}
= 3sin1; cos Y1, and €, is a unit vector perpendicular to the
direction of the electric current & .

Expression (35) is obtained in the approximation of an in-
finite medium. In the case of a slab the electric current density
must satisfy the additional condition, namely, the vanishing of
the normal component of the electric current density at the
slab’s surface. The latter condition changes only the last term
in Eq. (35) which is proportional to €, . All calculations here-
after are performed using Eq. (35) with the accuracy of the
terms of the order of a® /s>. The above formulas yield:

Qo

a—l=—->7
#Qar (k+2)°

-1 (36)

where o = o) [a, = 1, see Eq. (9)].

Formulas (9) and (36) imply that a heat source (36) is a
heat sink when o < 8/9. The maximum cooling rate
is attained for large x > max{1, «} and infinitely small val-
ues of x, ie, ax < 1. In these limiting cases
Q41 — 1 = —1. The minimum cooling rate is attained for
Kk =2 where 0Q, — 1 =92/8 — 1. When « > 8/9 in the
interval of the electric conductivity, x; < Kk < K;; where
k1,2 =1/2(92 — 4%9./(o — 8/9)), the inclusion acts as
an additional heat source. In contrast to the case of a heat
sink the heating rate grows infinitely with the increase of the
ratio of thermal conductivities, o.

The above formulas yield an expression for a heat
source, O, in the form of a Legendre polynomials series:

Qur — 1 = u 8 (2Py(cos V1) +2) — 4u 3¢ Py(cosvy).
(37

Formula (9) indicates the reason for neglecting the contribu-
tion from the additional term in the expression for the elec-
tric current density that corresponds to the reflection of the
electric current density term o e; as mentioned above.
Indeed, it is easily seen that the contribution of this term in
the heat source is of the order of a®/sS.

Now let us introduce a function Qf, where QY
= —(aQ, — 1) is determined by Eq. (36), and QY = —2&%/
ub, 03 = (—2/u®)& + (4/u?)&. The expression for the func-
tions 7,,;” can be written as follows:

T (u)Py(cos ). (38)

The dimensionless temperatures, Ti?)k, £=0, 2, are deter-
mined by the following equation:
PTV 2019 404 1)
ou*> u Ou u?

=0 (39)
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Solutions of these equations with corresponding boundary
conditions at the surface of the inclusion read:

22 0 2
0o ¢ 2/+1 Q 2., 290 ¢
T< ) _ > Ql 1 2 Ta2 _ (_52

a T2 3 3 Ju 6u*’
(40)
02 44 2
a T 3342
33+27)" o @1
702 _ 1 202 +1)—(2x+4) &2
@ 33 (3+2y) 3ut 3u’

In order to derive expressions for the functions Tg;) given by
Eq. (34) it is sufficient to keep only the terms of the order of
~1/u since the rest of the terms are of the order of a3,
@*/d® and higher at the surface of a slab. Consequently, the
corresponding compensating corrections can be neglected
without violating the initially chosen accuracy of the calcula-
tions. The procedure for determining the function T1(e 0
absolutely similar to the procedure for calculating the func-
tion T( )% The final result is as follows:

282 N |1 e 11
- (2oL s (Lo
3 3 Uy N Fol s \UN Uy

Repeating the procedure used above for calculating T,, we
arrive at the following formulas for T;:

Tai ( - e
= ST P &) + TR + ZT u)Pe(K),
I =02
42)
where

e (L=p)ta 1

me _ A= nta g _
B S N

al = [}C + {41 43)
~ (
2 _
_ €<§ 62 _ XQ?,IO) Z l()(g(N) + l‘()/(O),

N # 0,—00

and #oy(N) and 7p,(0) are determined by Egs. (28).

In Figs. 4 and 5 we plotted the function
T,(P)/Tj = (Ts101 4+ Ty20,)/T;. Inspection of these figures
shows that the temperature T,(7) can be negative relative to

Ta/T;

0

-6

-12

0 6 12 7

FIG. 4. Dependence of T,/T; vs distance z from the left surface of the slab
z = 0, for different distances s between the center of the spherical inclusion
and the left slab surface: a = 1,d =16, p =0, y = 48, k = 33, 0 = 0.3.
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Ta/Tj T T T T T T T
30r b
s=8
L s=12 g
s=2

201 1

10f 1
0 6 12 Z

FIG. 5. Dependence of T,/T; vs distance z from the left surface of the slab
z = 0, for different distances s between the center of the spherical inclusion
and the left slab surface:a = 1,d = 16,p =0, y = 48,k = 3,00 = 3.

the conductor’s surface (see Fig. 4) or positive (see Fig. 5).
This effect is caused by the source QU = —(aQ, — 1)
which, depending on the parameters identified above, can act
either as a heat source or a heat sink. On the other hand, for-
mulas (40) show that when y increases, the effect of the
source QY is enhanced since the magnitude of o decreases.
The latter readily allows us to attain large negative tempera-
ture differences. However, the increase of y is accompanied
by the increase of A = T,(F) — T,(F), that compensates for
the effect of T,(7) so that the total effect is the increase of
the temperature in comparison with the temperature in a ho-
mogeneous conductor 79. The resulting temperature is
shown in Figs. 6 and 7 where Fig. 6 corresponds to the case
when QO is a heat sink and Fig. 7 illustrates the case when

0 is a heat source. Clearly, in the latter case the magnitude
of the heating is considerably larger. The above analysis
shows that for cooling the inclusion relative to the conductor
surface it is necessary to decrease the term A =T, + T9.
Reduction of T; can be achieved when y =1 and conse-
quently, T; = 0. In order to reduce Tfj) we consider small val-
ues of d. Since the diameter of the inclusion 2a = 2 and for
very small values of d/a the accuracy of the calculations
declines, we considered the cases with d = 3 and d = 5. The
difference between these two cases is small, and in Fig. 8§ we
showed only the case when d = 5. In order to exclude the

(TS‘TO)/Tj
=8 S|—12
6ot (‘(_/' ‘ vvvvvv
s=2
| .7 (T9-To)/T;
-
I
!
I
20 !
1
1
M
l
0 6 12 Z

FIG. 6. Dependence (T, — Ty)/T; vs distance z from the left surface of the
slab z = 0, for different distances s between the center of the spherical inclu-
sion and the left slab surface for the case when Q? is a heat sink: a = 1,
d=16,7=48,p=0,a=0.3.
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(To-To)/T; T T T T T T T
120} s=12
s=8 \ ...l
s=2
L PR
f" N R
1 e e = ——
1 /SR <
60F e
1 "'\
,' (T9-To)/ Ty
[
1
i
i
201,
i
'
0 ' ' 6 ' I

FIG. 7. Dependence (T — Ty)/T; vs distance z from the left surface of the
slab z = 0, for different distances s between the center of the spherical inclu-
sion and the left slab surface for the case when Q‘lJ is a heat source: a = 1,
d=16,y=48,p=0,00=3.

effect of thermal diffusivity ratio it is assume that y = 1.
Inspection of this figure demonstrates that in this case the
temperature in a heterogeneous conductor with an inclusion
is only slightly different from the temperature in the homo-
geneous conductor, Tg.

Therefore the temperature inside the conductor cannot
be smaller than its surface temperature during stationary
heating of a conductor by electric current. The reason is that
even when the contribution of T, is eliminated by assuming
o = 1, the contribution of TS is always larger than the abso-
lute value of the cooling. It must be noted that the magnitude
of the cooling shown in Fig. 5 is obtained for a large magni-
tude of the temperature diffusivity ratio, y. Decreasing the
thermal diffusivity ratio causes the decrease of not only the
temperature component T, but also the decrease of the tem-
perature component 7, which is caused by the change of dis-
tribution of the electric current. The latter assertion follows
from the expression for the second term in the formula for
the function Tf(l(l))0 [see Eq. (40) for y = 1] and the second
term in Eq. (40) for the function Tu(Z) 0,

T

FIG. 8. Dependence (T — Ty)/T; vs distance z from the left surface of the
slab z = 0, for different distances s between the center of the spherical inclu-
sion and the left slab surface when the size of the inclusion is close to the
width of the slab:a = 1,d =5,p =0,y =1,k = 33,2 =0.01.

J. Appl. Phys. 109, 054904 (2011)

The temperature in a homogeneous conductor is
expressed as T9 oc (d?/4a*)T;, and since d >2a, TY is
always larger than the magnitude of cooling which is less
than 7T;/3 [see the second term in Eq. (40) for y = 1]. Conse-
quently, the slab is always heated relative to its surface when
the surface temperature is kept constant.

We consider the case when both faces of the slab are
maintained at the same temperature, To. Analysis of a more
general case when the temperatures of the two faces of a
slab, z=0 and z = d, are different and equal Ty and T,
reduces to the appearance of the additional term in Eq. (8):

0 _ T _QOVZ 2 = g\
Ty =To s (2% —zd) + (Ta To)dz.

This transformation is equivalent to imposing the additional
constant temperature gradient (Td - To) /d. In order recover
this case in the derived formulas it is sufficient to replace the
coefficient (25 — d)/d by (25 — d)/d + (T4 — To)a*/d*T; in
all formulas. The latter transformation only violates symme-
try with respect to the plane z = d/2. It must be noted that if
(T4 —To)/T; > d*/(24*) then the temperature distribution
in a homogeneous slab is monotone.

IV. TEMPERATURE DISTRIBUTION IN THE
HETEROGENEOUS AND THERMALLY
INSULATED CONDUCTOR

So far it has been assumed that the surface temperature
of the conductor is kept constant. In practice this situation
occurs in the presence of surface endothermic processes,
e.g., the evaporation of liquid having a large latent heat of
phase transition. If the thermal conductivity of the surround-
ing medium is significantly smaller than the thermal conduc-
tivity of the conductor and radiative heat transfer is
negligibly small, the system can be considered thermally
insulated. The boundary condition in this case is VT, = 0.
Let us determine the temperature distribution in this system.
In the homogeneous conductor the only solution that satisfies
the above boundary condition reads:

o) = 272, (44)

2
This solution describes the heating of a homogeneous ther-
mally insulated slab whereby the temperature increases with
time. The stationary solution in a thermally insulated system
with a heat source does not exist. In the presence of the
spherical inclusion the temperature distribution is inhomoge-

neous, and we seek the solution in the following form:
T(F,t) =Tp(F 1) + Ta(2). (45)

Formulas (44) and (45) yield the following equation for
Thi(F; I):

0Ty
ot

Vi

QOVZ (ﬂlei - 1)7 ﬁz = )

2 VaCi

= 1V Ty + (46)

where Q,; is determined by Eq. (9). A general solution of
Eq. (46) can be represented in a similar manner to the
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general solution of Eq. (2) as T,(7,t) = T,(7,t) + Tps(7).
Equation (44) implies that 7,(0) = 0, and consequently, we
obtain the following initial condition:

T,(0) = To — Ths(P),

where T)(F) is the solution of a stationary problem and Ty is
the initial temperature.

Similarly to the previous sections our goal is to determine
the stationary component, Ty,(7). When ¢ >> d?/y;, the tem-
perature distribution is T(7,¢) = T}s(7) 4+ T2(¢). The equation
for the stationary component of temperature, T}, reads:

_ 2 T; _
1V Thi +E(ﬁiQai -1)=0, %=x/t-
Functions Tj; can be exactly calculated in the same manner
as functions T,;. The only difference is that at the slab sur-
face instead of the boundary condition (34) we have

e - V( by T+ T1(eb> = 0. The final solution of the problem

reads:

Ty /T; = Y T3 (w)Py(7i - &) + Ty +2sz u)Pi(),
=0

1=0,2
where
&2 2+1 o0
T;S?)OZE—L—QO
TO0_ (22 790 __é_z
b2 3 3 Ju 6ut’ “
702 _ E44¢ 2,
b1 x3+2n
pop_ 1 262+ -(2g44)8 & 28
b2 33 (34+2%) 3ut 3u’
and the terms
~ Qa _1
Q?:*ﬁfi, (48)
x
T«»o_(z_?_@) S <L+L)
Kb 3 3 ) ug  yfoe \UN ui )|
1 _
i _ =2t )

Y Py |

e _ (L=t 1
Py + 0+ Tutty

(50)
lbz=€< & — ,{Q10> Zl‘w + 100(0),

N # 0,—00

tor(N) and 7o, (0) are determined by Egs. (26).

In Figs. 9 and 10 we have shown the temperature distri-
bution along the axis passing through the center of the inclu-
sion and perpendicular to the slab. Equation (48) implies the
feasibility of the strong cooling of the inclusion by reducing
the temperature diffusivities ratio, y. When y is large the
inclusion is heated with respect to the conductor’s surface

J. Appl. Phys. 109, 054904 (2011)

T,/T; . . . . . . :

01 . L .
0

FIG. 9. (Color online) Stationary temperature distribution in the thermally
insulated conductor Tj/7T; vs distance z from the left surface of the slab
z = 0, for different distances s between the center of the spherical inclusion
and the left slab surface:a = 1,d =16, p =0,y =50, k =33, f =

(see Fig. 9), and temperature distribution varies less sharply
than in the case of small y when the inclusion is strongly
cooled (see Fig. 10).

The magnitude of the characteristic temperature used
for normalization of the obtained results in the present study
isT; = j%at2 /G2K2, Ko = C2)(»/ V2. In the studies mentioned in
Sec. I the characteristic temperature and electric current den-
sity vary in a wide range. For the majority of the alloys the
electric conductivity, ¢ ~ 108Si /m, thermal conductivity,
Kk~ 10> W/mK, and for the electric current density
jo ~ 10° A/cm? which was attained in Refs. 4 and 5 the
magmtude of T; for metal alloys is of the order of
(a/m)*10°K, e. g we obtain that T; ~ 1 — 100 K when
a~ 107 —10"* m.

V. CONCLUSIONS

We comprehensively studied the effect of inclusions on
temperature distribution in current-carrying conductors. It was
demonstrated that when the size of the inclusion is of the order
of the size of the conductor, the temperature distribution is
significantly different from that in the homogeneous conduc-
tor, and the inclusion can be either heated or cooled with
respect to the host conductor. The effective cooling can be
achieved in the case of a thermally insulated conductor (see

T/ Ty T T T T : : :

4 8 12 Z

FIG. 10. Stationary temperature distribution in the thermally insulated con-
ductor T,/ T; vs distance z from the left surface of the slab z = 0, for differ-
ent distances s between the center of the spherical inclusion and the left slab
surface:a = 1,d =16, p =0, y =0.05, k =33, $=0.3
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Figs. 9 and 10). In the regime when the surface temperature of
the conductor is maintained constant, the inclusion is always
heated (see Figs. 6-8). In the latter case, the magnitude of
heating can be strongly affected by changing the parameters
of the inclusion. The goal of this study was to investigate the
effect of Joule heating on the temperature profile in a cur-
rent-carrying conductor with an inclusion which is formed
either during the phase transition or structural transforma-
tions, which were observed in Refs. 1-6 and 10.

The results obtained in this study imply that the strong
reduction of crystallization temperature observed in Refs. 4
and 5 can be explained by the compensation of the heating
which occurs during formation of a new phase. Elucidation
of this aspect requires separate investigation of the phase
transition in current-carrying conductors subjected to Joule
heating. Although some aspects of this problem were ana-
lyzed in the literature, the multitude of regimes and proc-
esses involved render this problem a worthwhile subject for
further study.

J. Appl. Phys. 109, 054904 (2011)
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