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Effect of a finite thickness transition layer between media with different
permittivities on charged particle localization in an external electric field

Yu. Dolinskya) and T. Elperinb)

Department of Mechanical Engineering, The Pearlstone Center for Aeronautical Engineering Studies,
Ben-Gurion University of the Negev, P.O. Box 653, Beer-Sheva 84105, Israel

~Received 7 May 2001; accepted for publication 4 September 2001!

In this study we investigate the effect of a finite thickness transition layer on the character of charged
particle localization at the boundary separating domains with different electric permittivities. It is
shown that the effective potential at the location of the particle can be determined using perturbation
theory, and the conditions for the validity of the theory are discussed. We discuss various effects that
can be observed experimentally in the behavior of charged particles located near the boundary.
© 2001 American Institute of Physics.@DOI: 10.1063/1.1415063#
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I. INTRODUCTION

The behavior of charged particles near boundaries
tween regions with different permittivities is of interest
view of numerous applications. Examples of such appli
tions include the effect of charge on the dynamics of ca
lary phenomena,1–3 the effect of electrode coating on th
electric breakdown, the nature of double layers,4 the ioniza-
tion of gases and liquids in the presence of additives,5 etc.
Investigations of these phenomena have been conducte
a long time, and there exists a vast number of publicati
related to studies of various aspects of these phenomena~see,
e.g., Refs. 4–7!.

One of the basic problems in the theory of electrod
namics of heterogeneous media is associated with sp
variation of the electric properties of a medium, described
this study in terms of its permittivity«. Inhomogeneity of the
electric properties complicates calculations of the spatial
tribution of the electric potential even for rarefied med
Many results for the classical electrodynamics of hetero
neous media are obtained assuming that the media cons
homogeneous domains with different permittivities. Mo
complicated media can be treated using averag
techniques.8

A model of a piecewise homogeneous medium allo
the determination of the electric field caused by a po
charge, at least in the case of simple geometries.8,9 However,
since in these models the thickness of the transition la
between the media is assumed to be zero, the pote
w(r ,a) caused by the particle located at pointa has a discon-
tinuity when the particle crosses the boundary between
two media as shown below. This discontinuity restricts
study of various phenomena in the vicinity of the bounda
using classical electrodynamics.

In this study we investigate the effect of the finite thic
ness of a transition layer between regions of dielectric m
rials with different permittivities«1 and«2 on charged par-
ticles localization in an external electric field in the vicini

a!Electronic mail: yuli@menix.bgu.ac.il
b!Electronic mail: elperin@menix.bgu.ac.il
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of the interface. We show that when the finite thickness
the transition layer is taken into account, the effective pot
tial of repulsion from the surface for a charged particle
cated in the region with«1.«2 has a finite maximum. Simi-
larly, the effective potential of attraction to the surface for
charged particle located in the region«2,«1 has a finite
minimum. An external electric field changes the distributi
of the effective potential. This change of the effective pote
tial depends upon the direction of the force applied by
external field. Thus if the direction of the force acting up
the electric charge due to the external field coincides with
direction of the decrease of the electric permeability, th
along with the potential well caused by self-localization
the charged particle by a polarization mechanism an a
tional potential well is formed. This additional potential we
is associated with the compensation of the repulsive fo
acting at the particle in the region with higher« by the ex-
ternal field.10 We will consider the nature of both potentia
wells. Hereafter the first potential well is called a polariz
tion well ~PW! and the second potential well is called a com
pensation well~CW!. In the case when a force acting on th
particles due to the external field is directed in the direct
of the increasing permittivity, a CW is not formed and a P
is deformed.

II. MATHEMATICAL MODEL

Consider a heterogeneous medium with spatially dep
dent permittivity«(r ). The potential~electrostatic! energy of
free electric charge with a densityg0(r ) is ~see Refs. 8 and 9
and the Appendix!:

W5 1
2E g0~r !w~r !d3r , ~1!

where the potentialw(r ) is determined by the equation:

“~«“w!524pg0~r !. ~2!

When functionsg0(r ) and«(r ) are known, determining the
potential w(r ) reduces to a solution of a linear bounda
value problem. The most widely used method for the so
tion of Eq. ~2! employs the approximation of piecewise h
1 © 2001 American Institute of Physics
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mogeneous media~see, e.g., Refs. 8 and 9!. This approxima-
tion assumes zero thickness of the transition layer. At
boundaries separating two media the conditions of contin
of the potentialw and of the normal component of the ele
tric displacementDn are imposed.

For a point chargeg0(r )5ed(r2a) the solutionw(r ,a)
of Poisson equation~2! for a piecewise homogeneous m
dium is well known~see Ref. 8, Chap. 2, Sec. 7!:

w~r ,a!5
e

«1ur2au
1

e~«12«2!

«1~«11«2!ur2ŝau
, z,0.

~3!

w~r ,a!5
2e«2

~«11«2!ur2au
, z>a.

Here ŝa denotes a vector obtained after mirror reflection
vector a with respect to a planez50, i.e., if a
5(ax ,ay ,az), then ŝa5(ax ,ay ,2az). Equation ~3! de-
scribes a potential caused by an electric charge located
region with electric permittivity«1 . When a charge is lo-
cated in a region with electric permittivity«2 , the potential
w(r ,a) is given by Eq.~3! with a replacement«1→«2 . Thus
when a particle crosses a boundary between two media
different electric permittivitiesaz50, the electric potentia
w(r ,a) has a discontinuity at every pointr .

Therefore a model with piecewise homogeneous me
can be applied only when a particle is located far from
boundary and does not allow the study of phenomena a
ciated with particle localization near the boundary. One
the methods that can be used to remove the singularity
introduce a finite thickness transition layer where permitt
ity «(z) depends on positionz relative to the boundary. In
troduction of the transition layer qualitatively changes t
behavior of the potential and allows us to describe the ren
malization of an ionization coefficient at the surface of
particle, renormalization of the coefficient of surface tens
caused by surface charges, spontaneous formation of do
layers in heterogeneous fluids, etc. In this study we do
analyze all these problems which warrant a separate inv
gation and consider only the effect of a finite thickness tr
sition layer on the resonance response of particles local
at the boundary.

Since we study a situation when a particle is located n
the boundary we can consider a plane boundary and u
one-dimensional model. Let«1 and«2 be the magnitudes o
«(z) at z→2` andz→`, respectively. Assume that«(z) is
a monotonically decreasing function and at the boundarz
50, «(0)5(«11«2)/2 ~see also Fig. 1!. Thus

«~z!5
«11«2

2
2

«12«2

2
f S z

d D , ~4!

where f (0)50, f (6`)561, andd is a width of the transi-
tion layer.

For further analysis let us represent the solution of E
~2!, w(r ), as

w~r !5w0~r !1w1~r !, ~5!

wherew0(r ) is determined by the following equation

«~r !“2w0~r !524pg0~r !. ~6!
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The solution of Eq.~6! reads

w0~r !5E 1

ur2r 8u
g0~r 8!

«~r 8!
d3r 8. ~7!

Using Eqs.~2!, ~5!, and~6! we arrive at the following inte-
gral equation for functionw1(r ):

w1~r !5
1

4p E 1

ur2r u
p̂8@w1~r 8!1w0~r 8!#d3r 8,

p̂5S“«

«
•“ D . ~8!

Formally, Eq.~8! allows us to represent the solutionw1(r ) as
an expansion into powers of the operatorp̂:

w1~r !5
1

4p E d3r 8
ur2r 8u F p̂81E d3r 9

ur2r 9u
p̂9

3E d3r 9
ur 92r 8u

p̂81...Gw0~r 8!. ~9!

Convergence of expansion~9! requires that starting from
somenth term in the series,uw1

n21(r )u@uw1
n(r )u. Whether

this condition is satisfied depends on the behavior of fu
tions“«(r )/« andw0(r ). Hereafter we consider an isolate
charge,g0(r )5ed(r2a). Then from Eq.~7! we find that
w0(r )5e/@«(a)ur2au#. Since w0(r )→0 when ur2au→`,
the perturbation theory is valid only in the range of suf
ciently small valuesur2au. The size of this domain is deter
mined by the behavior of function“«/«. In this study we
investigate a potential caused by a polarization charger̄(r )
~see Ref. 8, Chap. 2, Sec. 7!

r̄~r !5
p̂

4p
w~r !

at the location of the free chargea. Whenr→a, w0(r )→`
and uw1

1(r )u!uw0(r )u. Clearly the latter condition does no
imply the convergence of the series~9!. However, one can
considerw1

1(r ) as the first asymptotic correction to the p
tential w0(r ) caused by the polarization charge. Using E
~9! we obtain the following expression for this asympto
correction atr5a, w1

1(a):

w1~a!5
1

4p E 1

ur 82au
p̂w0~r 8!d3r 8. ~10!

FIG. 1. Spatial distribution of permittivity in the transition layer and dire
tion of the forceF5eE ~E is the strength of the electric field inside th
capacitor!. The planez50 corresponds to the boundary between two me
in the model with the infinitely thin transition layer.
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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Hereafter we omit the upper index, i.e.,w1
1(a)[w1(a). Com-

pare now the magnitudew1(a) obtained from Eq.~10! with
the value determined by the exact solution of the probl
using a model with a piecewise homogeneous medium. S
in this model“«2(«12«2)d(z)k, wherek is a unit vector,
Eq. ~10! yields

w1~a!52
ea~12a!

a«2~22a!@22a„11sgn~a!…#
, ~11!

wherea[az is a component of vectora in the direction of
vector k, and uau is the distance of the particle from th
boundary,a5(«12«2)/«1 . The functionw1(a) can be also
written as

w1~a!52
ea

2a~22a!«~a!
.

It is readily seen that the latter expression is the second t
in the first of Eqs.~3! (z,0) at r5a. Thus, already in the
first order of perturbation theory, it is possible to determ
the force acting on the charged point particle in the vicin
of the boundary between two media taking into account
larization of the medium caused by the particle. Simila
one can calculate the valuew1(a) in the case of a spherica
boundary. In the latter case as in the case with the pl
boundary~10! the valuew1(a) coincides with the value ob
tained using the exact solution of the problem.9

Substituting g0(r )5ed(r2a) into Eq. ~1! and using
Eqs.~5! and ~10! and dropping out the diverging terms as
is done in classical theory of fields~see Ref. 11, Chap. 5
Sec. 27!, we find thatW5(e/2)w1(a). Substitutingw1(a)
given by expression~11! we obtain

W~a!5
e2~«22«1!

4«1~«21«1!a
, a,0,

W~a!5
e2~«22«1!

4«2~«21«1!a
, a.0. ~12!

An analysis of Eq.~12! shows that for smalla the model
with a piecewise homogeneous medium yields unphys
results, e.g., infinite acceleration at the boundary and
impossibility of extracting charged particles from the regio
with large permittivity «. Thus in order to eliminate thes
inconsistencies it is necessary to take into account the fi
thickness of the transition layer.

Consider a plane boundary,“«5ku“«u, where as be-
fore k is a unit vector in the direction of thez axis. Integrat-
ing Eq. ~10! over the radial coordinate we arrive at the fo
lowing expression:

w1~a!52
e

4«~a!
E

2`

` dz

z2a F ]

]z
ln «~z!G . ~13!

Equation~13! is valid for the arbitrary function«(z).
In order to calculate the integral in expression~13! it is

necessary to define the contour of integration, taking i
account that a pole is located on the axis of integration. Si
potentialw1(a) is a real function, the integral in Eq.~13! is
understood as a principal value.
Downloaded 10 Sep 2008 to 138.37.42.218. Redistribution subject to AIP
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In this study we adopt the model given by Eq.~4! with
f (z)5tanh(z/d) for describing the dependence ofe(z) on
positionz, taking into account the finite thickness of the tra
sition layer:

e~z!5
e11e2

2
2

e12e2

2
tanhS z

d D ,

whered is the characteristic width of the transition layer. Th
particular choice of functionf (z) is not important provided
that it satisfies the conditions formulated for the functi
given by Eq.~4!.

Using the dimensionless variableu5z/d and the param-
eter a512e2 /e1 which varies in the range 0,a,1 (e1

.e2), W(a) can be expressed as follows:

W~a!5
e2a~12a!

4de2@22a~11tanha* !#
F~a* !, ~14!

where

F~a* !5E
0

`

(
s561

3
sdu

u cosh2~a* 1su!@22a„11tanh~a* 1su!…#

~15!

anda* 5a/d. Formulas~14! and~15! can be used for calcu
lating the potential and its derivatives.

Before discussing the results of numerical calculatio
consider the asymptotic behavior of the potential at finitea
andd→0 and finited anda→`. The above equations show
that these two limits do not coincide. Using Eq.~13! for d
→0 and finitea we arrive at formulas~11! and~12! while for
a→` and finited this formula yields

W~a!52
e2 log~12a!

8«~a!a
. ~16!

Thus limiting values of the potential at finitea andd→0 and
finite d anda→` do not coincide. These values are differe
because the functional dependence of the potentialW
5W(a,d,a) is not determined only by the ratioa/d, i.e.,
W(a,d,a)ÞW(a/d,a).

In this study instead of potentialW(a) we use potential
W* (a) which recovers potential~12! for a→` and finited.
The latter requirement determines the potential uniquely:

W* ~a!52
2a

~22a!log~12a!
W~a!. ~17!

This choice of the potentialW* (a) is done because of th
following reasons. As can be seen from Eq.~16! the potential
W(a) has a logarithmic singularity ata→1, i.e., W(a)
} loge2 /e1. At this stage it is not clear whether this singula
ity has a physical origin or if it is caused by the inapplic
bility of the perturbation theory fore2 /e1!1. On the other
hand the main goal of this study is to investigate elec
resonance in dielectrics wherea!1 andW(a)'W* (a). In
order to avoid using a potential singular ata→1 and to
compare the results with those obtained in the previous s
ies hereafter we will use the potentialW* (a). In Fig. 2
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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~curves 3 and 4! we show the behavior of the potenti
W* (a)/W0 for several values ofa (W05e2/4de2). Clearly
the behavior of the potential vs parametera is essentially
different in the vicinity of the potential barrier and the p
tential well. In order to elucidate the results we define
function W15W* (a,a* 2amax* )/Wmax* (a), whereWmax* (a) is
the maximum value of the function in the vicinity of th
potential barrier andamax* is the location where the function
W* (a,a), attains its maximum value. In Fig. 3 we show th
behavior of the functionW1(a,a* 2amax* ) in the range 0
,a,0.9. Curves 1 and 2 correspond toa50.1 and a
50.9, respectively. Curves corresponding to different val
of the parametera in this interval are located between the
two curves and do not intersect.

As can be seen from Fig. 3 the behavior of functionW1

is universal whileamax* changes strongly with a change in th
parametera and shifts towards the boundary~see Fig. 5!. In
Fig. 6 we show the dependence of the maximum value of
barrierWmax* /W0 vs parametera.

Similarly, in order to describe the behavior of the fun
tion W* (a) in the vicinity of the potential well, it is conve

FIG. 2. Dependence of the normalized potential energy,W* /W0 , of a
charged particle with and without external electric field vs dimension

distance,a/d, from the interphase boundary. Curve 1:a50.3, Ẽ50.1a;

curve 2:a50.7, Ẽ50.1a; curve 3:a50.3, Ẽ50; and curve 4:a50.7,

Ẽ50, Ẽ5E04d2«2 /e.

FIG. 3. Dependence of the normalized potential barrier vs dimension
distance from the apex of the barrier. Curve 1:a50.1 and curve 2:a
50.9.
Downloaded 10 Sep 2008 to 138.37.42.218. Redistribution subject to AIP
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nient to introduce the function W25W* (a,a*
2amin* )/Wmin* (a), whereWmin* (a) is the depth of the potentia
well and amin* is the location of the minimum of the well
Results of the calculation of these parameters are displa
in Figs. 4–6. Figure 6 shows that the depth of the poten
well, Wmin* (a), is considerably larger then the height of th
potential barrier,Wmax* (a). For transition layers with widths
of the order of several Bohr radii, the depth of the poten
well changes by several electron volts.

The physical essence of the results obtained is q
clear. In order to penetrate into the region with highere, a
charged particle must have a kinetic energymv2/2
.e2Wmax* (a)/4d. A particle must acquire the same energy
order to exit in the opposite direction. Without accounti
for the finite thickness of the transition layer it is not cle
how a particle can exit from a medium with a larger mag
tude of«.

In this study we use a point charge approximation wh
is valid only under certain restrictions. Usually this mod
can be applied when the spatial scale of the problem is m
larger than the distance between atoms.

s

ss

FIG. 4. Dependence of the normalized potential well vs dimensionless
tance from the bottom of the well. Curve 1:a50.1 and curve 2:a50.9.

FIG. 5. Dependence of normalized byd location of the maximumamax*
~curve 1! and minimumamin* ~curve 2! vs parametera.
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III. ELECTRIC RESONANCE OF THE LOCALIZED
CHARGED PARTICLE

The above results show that a charged particle can
localized in the region withe2,e1 at distances of the orde
of d from the boundary wheree assumes its average valu
e5(e11e2)/2. In the presence of a potential well with
finite depth, the spectrum of localized particles is differe
from that in the case when particles localize in the poten
w(a)}1/a. The spectrum in the latter case was calcula
previously.10 Near the bottom of the potential well which
determined by expressions~14! and~15! the spectrum of the
particles is similar to that of the harmonic oscillator, i.
Dv5(n11/2)v, wheren50,1,...,v25(]2w/]a2)/m, m is a
mass of the particle, and the derivative is calculated at
location of the extremum. The characteristic frequency
be estimated asv0

25e2/8md3e2 .
A transition layer with a finite thickness has an ev

more profound effect when an external field is applied to
system. Consider a capacitor filled with a dielectric with p
mittivity distribution e(z) given by formula~4! with f (z)
5tanh(z), where thez axis is normal to the plates of th
capacitor. A capacitor produces an additional electric fi
acting on a particle. This additional field is determined by
following equation:

]

]z
@e~z!E~z!#50, E~z!uz→`5E0 . ~18!

Thus the potential of the electric field at the location of t
particle can be represented as a sum of two potentials.
first potential isW* (a)/e, whereW* (a) is determined by
formulas~14!, ~15!, ~17!, and an additional potentialw(a),

w~a!52E
0

a e2E0dz8

e~z8!
. ~19!

We assume that the distance between the plates of the ca
tor d@d;a. Then Eq. ~18! and conditione(z)uz→`5e2

yield solution~19! for the potentialw(a).
We consider the case when the force acting on the

ticle due to the external field is in the direction of decreas
e, i.e., F}2“e. In this case the spatial behavior of the p
tential energy is similar to that shown in Fig. 2~curves 1 and
2!. As can be seen from this figure, particles located in
region with e1.e2 are localized in the potential well. Thi
potential well is associated with the compensation of
repulsive force acting on the particle in the region w
higher e by the external field. The particle oscillation fre
quency depends on the position of the equilibrium po
which, in turn, depends upon the amplitude of the exter
field. The dependence of the oscillation frequency of the
calized particle on the amplitude of the external field can
used to determine the mass of the particle by observing
electric resonance. Such an experiment, suggested in Re
was reported in Refs. 12 and 13. Both the theoretical mod10

and the analysis of experiments in Refs. 12 and 13 emplo
the infinitely thin transition layer model.

As noted above, the model with piecewise homogene
media yields physically reasonable results only when
equilibrium positiona0@d. However, as can be seen fro
Downloaded 10 Sep 2008 to 138.37.42.218. Redistribution subject to AIP
e

t
l

d

,

e
n

e
-

d
e

he

aci-

r-
g

e

e

t
l
-
e
e

10,
l
ed

s
e

further analysis,a0}Aa/E0. Therefore at high external field
amplitudesE0 or smalla, the model with a piecewise homo
geneous medium is not valid, yielding an unphysical dep
dence ofv on E0 and ona. We will show that when the
finite thickness of the transition layer is taken into accou
this dependence is physically correct for all values ofE0 and
a.

The principal difference of the model with a finite leng
transitional layer from the model withd50 is that there are
four extrema points,ae , aj , ah , andau ~see Fig. 2, curves
1 and 2! while in the model withd50 there are only two
extrema points,ae andau . The pointsaj andah are due to
the finite length of the transition layer. The locations of the
points depend weakly on the amplitude of the external fi
and aj ,ah;d. On the other hand, pointsae and au are
caused by the external field and their locations are de
mined by the amplitude of the field. The pointsae and ah

correspond to the stable equilibrium while the pointsaj and
au correspond to the unstable equilibrium. Let us show t
the pointsaj and ah always lie in the domaina;d and
depend weakly on the magnitude of the applied exter
field, while the points,ae andau are caused by the externa
field and depend upon its strength.

Indeed, assume that equilibrium points are located
from the boundarya@d and use asymptotic formulas~11!
and ~12! for the potentialW* (a). Then a condition for the
mechanical equilibrium,

]W*

]a
2eE~a!50

yields

a0
25

ea

4~22a!

1

E0
. ~20!

Equation~20! has only two roots corresponding toae and
au . Therefore the pointsaj andah cannot lie in the domain
a@d for any strength of the external field. The negative ro
of Eq. ~20! corresponds to the stable equilibrium point,ae ,
with the frequency given by

ve
25

4Ae

m
A22a

a

12a

e2
E0

3/2. ~21!

The second positive root of Eq.~20! corresponds to the un
stable equilibrium pointau with vu

252ve
2. Expression~21!

becomes nonphysical, i.e.,v2→` whena→0(e1→e2).
The reason is that the model with a piecewise homogene
medium is not valid for smalla when according to Eq.~20!
a0→0. This implies the existence of the characteristic len
scaled such that expression~21! is only valid for a@d. In
the theory developed in this study the characteristic len
scaled is the thickness of the transition layer.

Thus the range of validity of expressions~20! and~21! is
given bya@d or

E0!
e

d2

a

4~22a!
. ~22!

When the external field is increased so that condition~22! is
violated, the frequencyve tends to its maximum value
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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vmax(a). The dependenceve
2(E0) is shown in Fig. 7 for a

given value ofa. Although determining this dependence an
lytically is quite involved, general behavior is described
the following. When the external field increases, frequen
attains its maximum value,vmax, which varies witha non-
monotonically~Fig. 8!. If the field is increased further, eigen
frequency decreases, and whenE05Ec , the locations of the
minimaae andaj coincide. The conditionae5aj determines
the critical strength of the external fieldEc whereby the fre-
quencyve50 and the charged particle delocalizes. Thus a
given frequency,v, there are two values of the strength
the external field,Ev

1 and Ev
2 , for which the electric reso-

nance can be observed. Ifve!ve
max, the amplitudes of the

electric field are significantly different andEv
1 !Ev

2 . The
field Ev

1 can be determined using expression~19!:

Ev
1 5

v4/3

f
, f 5F4~12a!

me2
G2/3Fe~22a!

a G1/3

.

These results show that it is of interest to investigate
localized particles in the range of subcritical fieldsE<Ec .
For particles with a given charge in this range there are
resonance peaks at a given frequency. It should be noted
conditions for observation of the resonance for a part
localized in the vicinity of the boundary inside a mediu
with the largere are no less favorable than for particles l
calized far from the boundary, i.e., fora@d.

FIG. 6. Dependence of normalized byd location of the maximum
Wmax* /W0 ~curve 1! and minimumWmin* /W0 ~curve 2! vs parametera.

FIG. 7. Dependence of the normalizedv«
2 vs normalized amplitude of the

external electric fieldẼ5E04d2«2 /e.
Downloaded 10 Sep 2008 to 138.37.42.218. Redistribution subject to AIP
-

y

a

e

o
hat
e

To the best of our knowledge electric resonance of p
ticles localized in the CW~the region in the vicinity ofae in
Fig. 2! was investigated only in Refs. 12 and 13. These
periments studied localization of helium ions at the bound
separating gas and liquid media. Electric resonance was
served at a magnitude of electric field of the order ofE
;102 V/cm. Since for such fields particles localize far fro
the boundary, the corrections for the finite thickness tran
tion layer are small. Note that low temperature conditions
needed in order to observe localization of particles in the C
far from the boundary since the frequency is low~of the
order of 102 MHz!. Much stronger fields are required in o
der to observe resonance peaksE1v andE2v simultaneously.
These experiments can be performed under the room t
perature conditions. The required strength of an electric fi
scales asE;ae/@4(22a)d2#. Since the transition laye
width is usually of the order of several interatom distance
can be easily seen that simultaneous observation of b
peaks requires subcritical fields which are of the order of
electric breakdown field.

IV. CONCLUSIONS

In this study we considered localization of a point char
particle at the boundary separating domains with differ
electric permittivities. The effect of the finite thickness tra
sition layer on point charge localization at the boundary
tween two media with different permittivities has been inve
tigated. In spite of the large number of publicatio
concerning interaction of charged particles with surfaces,
effect of the finite thickness transition layer was not analyz
despite its physical importance. Indeed, the finite thickn
transition layer directly explains the finite value of ener
required for emission or penetration of charged particles i
matter without using approximate models~see, e.g., Ref. 14
p. 70!. We investigated the shape of the polarization poten
well as a function of electric permittivitiese1 and e2 and
studied electric resonance occurring at near critical mag
tudes of electric field.

Clearly, in real systems there exist additional mech
nisms causing localization of charged particles, e.g., inte
tion with defects, surface phonons, etc., which are discus
in the literature~see Refs. 1, 3, 5, and 10!. Nevertheless,
investigation of the corrections due to a finite thickness tr

FIG. 8. Dependence of the normalizedvmax
2 vs parametera.
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sition layer is of interest by itself since the thickness of t
transition layer is the real physical parameter which can
calculated from the first principles and provides informati
about important properties of materials, e.g., interaction
tween molecules~see, e.g., Ref. 15!. It must be noted that we
considered only the case of a point charge. The case
continuous distribution of free charges is more difficult a
can be considered only using a model of a piecewise ho
geneous medium.16,17

It is shown that the effective potential at the location
the particle can be determined using perturbation theory,
the conditions for the validity of the perturbation theory a
discussed. The developed theory implies corrections in
conditions for electric resonance in a large electric field fo
particle localized in the vicinity of the boundary inside th
medium with a larger permittivity. We have discussed t
conditions required for the experimental confirmation
these corrections.

APPENDIX: DERIVATION OF EQ. „1…

In a locally isotropic medium electric displacementD,
permittivity e and a strength of the electric fieldE are deter-
mined by the following equations:

“"D54pg0~r !, D5eE, “ÃE50. ~A1!

From the last equation we find thatE52“w. Let us define
the energy of the electromagnetic field as a functional,W,
such for a given distribution of free chargesg0(r ) and with-
out free charges at infinity, the condition for extremum
this functional,dW/dw50, implies the first equation in Eq
~A1!. The condition for absence of charges at infinity rea

E “•~wD!dr5E ~wD!ds50, ~A2!

where integration in the last integral is performed over
infinitely far located surface. Using the second equation
Eq. ~A1! and condition~A2! it can be easily shown tha
functionalW can be written as follows:

W5E g0~r !w~r !dr2E E"D

8p
dr . ~A3!

Indeed,

dW5E g0~r !dw~r !dr2E dE"D

8p
dr2E E"dD

8p
dr ,
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and using Eq.~A2! in the case of a linear medium whene(r )
does not depend onE, we obtain

E dE"D

8p
dr5E dw“"D

8p
dr .

Then the second equation in Eq.~A1! for the case of a linear
material yields

E E•dD

8p
dr5E D"dE

8p
dr .

Using the condition for extremumdW/dw50 we obtain

“"D54pg0~r !. ~A4!

Using Eqs.~A2! and ~A4! we can write the expression fo
energyW as

W5 1
2E g0~r !w~r !dr5E E"D

8p
dr . ~A5!

The first equation in Eq.~A5! coincides with Eq.~1!.
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