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Dynamics of electromagnetic field in imploding conducting shell
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In this study we derived explicit analytical solutions of two problems. First is a problem of
accumulating of magnetic fields in imploding shells with different geometries. The second problem
is determining the eigenmodes of a resonator with moving walls. Using the obtained exact solutions
we found the regions of validity of an adiabatic approximation when the frequency of the resonator
follows the instantaneous values of geometrical parameters, and the amplitude is determined by a
conservation of a magnetic flux. The obtained solutions are of interest in design of devices for
generation of ultrastrong magnetic fields and powerful electromagnetic radiationl99®
American Institute of Physic§S0021-8978)01011-]

I. INTRODUCTION whereE is electric field, together with Ed1) yield one of

o ] the boundary conditions at the conductor’s surface,
One of the efficient methods to transform magnetic and

electric fields into electromagnetic beams of high power den-
sity is a rapid change of the geometry of an accumulating
system with initial nonzero electromagnetic field. Typical dition (2 ides thate—0 v when Faraday’
examples of such systems are magnetoimplosive generatarndition (2) provides that= =0 not only when Faraday’s
(see, e.g., Refs. 13@nd z-pinch plasma which has been aw is valid but in a more general cage=f(v/c)od/dt
investigated theoretically and experimentally for many yearsWhere f is an arbitrary finite function of parameterc.
A characteristic feature of such systems is the existence of"erefore itis conceivable to suggest that when velocity of a
the initial electromagnetic field in a cavity surrounded by aShell is normal to its surface ang= V| is the same at all
conducting medium. When for some reasons a volume of thications at the surface, conditid8) is valid without rela-
cavity rapidly decreases, and its walls move fast enough, thlvistic restrlctlons: 'In th|§ study we will con5|de'r only such
amplitude of the electromagnetic field increases due to cor@S€S When conditio(®) is valid exactly for the ideal con-
centration of the electromagnetic field. ductor. _ o _

If the cavity has ideally conducting walls the magnitude In various practical problems it is necessary to_de_termlne
of the average magnetic field can be found from conservatiofiOt Only the volume-averaged value of a magnetic field but

=0. 2

T

1
E+ —vXH
c

of a magnetic flux: als_o spatial distribution of elgctromagnetic fieId_ inside cavity
which can be found by solving Maxwell equations.
) Another problem which is of fundamental and practical
EZO' 1) importance, is to determine frequency characteristics of the

resonator with moving walls. While a case of the accumula-
Here&):fHdS andH is a magnetic field inside a Cavity and tion of a magnetiC field was investigated in Ref. 6, to the best
integration is performed over a cross section of the cavityof our knowledge variation of eigenmodes of a resonator
According to Faraday’s law = —(1/c)(&&>/8t), wheree is  With moving walls was not considered before.

an electromotive force, conditiofl) provides a finite mag- In order to solve these problems the boundary conditions
nitude of electric current in a conductor with an infinite con- (2) must be supplemented with boundary conditions for the
ductivity. Now taking into account that normal components of magnetiddf) and electric field
(En):
P oH -
E:f EdS'f' %H[VXT(/)]CI/, En=0, Hn:Hr:r' )

whereH, andH are the values of a magnetic field at the
where 7(/) a unit vector tangent to the closed contourinternal and external sides of the shell’s surface, respectively.
r(/)(=«/)=0arld/) andv is contour’s velocity at(~/)). The  The first of the condition§3) accounts for the absence of the
latter equation and Maxwell equation in an integral form  static charges in the system and for the absence of the normal

component of the electric field inside the conductor. The

—c é (E~r)d/=J ﬁds second in the condition§3) is the consequence &% -H
at =0.

Hereafter a geometry of the electromagnetic field is de-
3Electronic mail: yuli@menix.bgu.ac.i scribed by vector potentigd which allows one to determine
DElectronic mail: elperin@menix.bgu.ac.il electric and magnetic fieldsee, e.g., Ref.)7
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zytuv(t+oz/c)

: )

Adzt)= 2 C,A,
o=*1 Z0
-z(Y) z(t) whereC, are numerical coefficients. A structure of an argu-
ment in functionsA..{[ zo+v(t*z/c)]/zy} ensures that they
T E satisfy Eq.(5). In order to simplify notations introduce di-
mensionless variables=ct/z, andz=2/z,.
Using an identity zy+v(t+oz/c)=zy(1+B7)(1
+ o Bk), whereB=v/c andk=2/(1+ 87), we will look for
the solution of a boundary value problg®) in the form of

/ a power function:
H
/ Ay=ag(1+ 7)1+ oK), ®
y . . .

where\(B) is a complex function and, is a constant. Spec-
trum of the admissible valueg 8) is determined by the spa-
tial parity of a corresponding solution. Consider a case when

FIG. 1. Coordinate system.

H(z,)=H(-z1). 9
In this case vector potentigi,(z,t) satisfies the condition
1 9A A (z,t)=—A,(—zt) and it can be written as
E=—-—-—, H=VXA. (4)
c Jdt
Az ) =ag(1+ 87" > o(l+oBr) . (10)
Vector potential itself is determined by the following equa- o==1

tion which can be derived from the Maxwell equations for then according to Eq4) formulas for electric and magnetic
the fieldsE andH with an additional conditiorV-A=0: fields read:

1 5A

2 - =
VA=2 02

a
® Ex(z,t)=—z—z)\ﬁ(1+ﬁr)"_1 Zﬂ o(l+oBk) 1,
Equation(5) with boundary condition§2) and(3) deter- (11
mines a full set of waves which are eigenmodes of a resona- a
tor and, therefore, they de.termlne spatial and time depen- Hy(z,t)= Y AB(1+ BN L 2 (1+ 0B L. (12
dence of the fields excited in a resonator. Zy o==1
In this study we analyze redistribution of an electromag-Due to the symmetry of the problem if a conditi¢®) is

netic field in a one-dimensional plane resonator and a spheri-_,." .. o e
cal resonator with the walls moving at constant velocity Wesausfled at one of the plates it is also satisfied at another
" “plate. At a platez(t) =zy+vt, Egs.(2), (11), and(12) yield:

investigate also accumulating of magnetic field in plane, cy-

lindrical, and spherical symmetry. Ex—BH,|,.-1=0,
or
Il. EIGENMODES OF PLANE ONE-DIMENSIONAL (1+B)*=(1-p)" (13
RESONATOR WITH WALLS MOVING WITH Therefore
A CONSTANT VELOCITY '
27k

Consider two ideally conducting parallel plates moving A= EEEY i, k=0,1,... (14
with a constant velocity in the opposite directions af axis /n B
(see Fig. L Locations of the left and right plates, (t) and 1-p
z,(t) is given by the following formula: Formula(14) provides a set of eigenvaluag(8) when

Z.(t)=*(zy+vt), condition(9) is satisfied. For an odd spatial parity of a mag-

netic fieldH(z,t)=—H(—zt),
wherez, is an initial location of the right plate at=0. (9 ( )

We will consider one-dimensional plane wave with a _ 2w(k+1) B
wave vectok normal to the walls of a resonator. In this case T [1+p i, k=01,...
vector potential can be chosen as follows: /n(_l—ﬂ
A=[A(z1),0,0]. (6)

Equations(11)—(14) determine eigenmodes of the electro-
General solution of Eq(5) can be represented as a linear magnetic field inside a cavity between two parallel plates
combination of arbitrary functiong(t+z/c) (see, e.g., Ref. moving in the opposite directions with a constant velocity.
7). Then a component of a vector potent&|(z,t) can be In a dimensional form using Eq14), Eqs.(11) and(12)
written as can be rewritten as follows:
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oa, from a fluid velocity, and under certain conditions there are
Ex=— Z m no hydrodynamic flows. Thus, e.g., in a case of a phase
om0 transition from metal to dielectric there are no hydrodynamic
. 7wk vt 0Bz flows if a phase transition is not accompanied by a change of
XeXF{' B B) /”( 1+ z_0+ Z_o) : (15 a density. In a general casein a boundary conditior2) is
a material velocity while the boundary condition is formu-
_ 2 o lated at the surface separating dielectric and conducting me-
YT &) zptut+opBz dia. Therefore, without hydrodynamic flow the boundary
condition(2) reduces t&E= 0. Equation(13) can be rewritten
;{_ wk y vt 0',82)
xXexpi i) /n

H

A using Eq.(11) as (1+B)* =(1-p)* 1, and instead of
Zy 2o Eq. (14) we havex=1+2#ki//n[(1+ B)/(1— B)]. Substi-
tuting the determined value of into Egs.(11) and (12) it
can be seen that without a hydrodynamic flow only phases of
1 1+ B" [1+(—=1)"] the eigenmodes change while a cumulative change of the
f(B)= 28 /n(m) = Z —— > , B<l. amplitude does not occur. In a case wheno, i.e., a pure
n=0 (17) magnetostatic case, magnetic field does not change contrary
to the case with a hydrodynamic flow. Thus the wave of an
Equations(15) and (16) are valid in the range-(z,  electric conductivity alone does not cause an accumulation

+Tot)<z<zp+uvt and B<1. Whenvt<z, andB<1, keep-  of a magnetic field. Consider now a case of a spherical reso-
ing only the first nonvanishing terms in the expansion ovemnator.

parameterg3<1 andvt/z, we find that
28, | p( cht) _ (sz) ll. DYNAMICS OF ELECTROMAGNETIC FIELD IN A
=——iexpgi sinl —|,

, (16)

where

(19 SPHERICAL RESONATOR WITH AN EXTERNAL

%o %o %o WALL MOVING WITH A CONSTANT VELOCITY
H _2a i ex;{i ket cos( w_kz) (19) Consider a spherical resonator with a wall moving with a
Yoz Zy Z constant radial velocity=uvn (v =const), where is a unit

Equations (18) and (19) describe eigenmodes of a one- vector directed in a radial direction from a center of a sphere.
dimensional plane resonator with a fixed position of thef\ssume that electromagnetic field in a resonator has azi-
muthal symmetry and is determined by a toroidal vector po-

walls z=z,. . g .
Since the walls move with a constant velocity the initial t€NtialA=A,€, and magnetic fieldi=H ,e,+Hun is deter-

time can be selected arbitrary, and Ed) and(19) can be mined by the following formulas:

rewritten using a substitution—t—t; andzy—z(t;). Then A, A,

it can be easily seen that wh@< 1 the system is adiabatic, Hy=— (7 T)

e.g., electromagnetic field frequency varies adiabatically in (20
accordance with variation of a distance between the walls, _ctg(o) 1A,

e.g.,o(t)=mkc/z(t), and the amplitude of the electromag- L °T Y 90

netic field varies in accordance with Eg) of the conserva-
tion of a magnetic flux.

In the next approximation in the parametet$z, and 8 n sinfd cose sind sing cosd i
in addition to the Doppler frequency correction which is as-

where

€, | =| cosé cos cos @ sin —sin 6 j
sociated with the substitutiork— k/f(8)~k(1— 82/3), o e ¢ :(
there begins formation of a wave packet, i.e., a mode loses ¢ —Sin e cose 0
monochromatism. Solution of Eq.(5) in this case can be represented as
Equation(16) also describes a case of an accumulationgliows:
of a magnetic field by imploding wall which was considered 1 ,
in Ref. 6. Thus performing a substitution of-—v in Eq. Ag=A(r,H)P;(cosh), /=12,..,
(16) and settingk=0 recovers Eq(2.9) from Ref. 6: where PL are associated Legendre polynomials, and func-
2a, T—t IZ| tions A (r,t) are determined by the following equation:
Hy==" 20 =Tt 1#A, 10 ,0A)\ A(/+1)
(T-t)°— = ST s |V T A (22)
c ce at rear ar r

whereT=2z,/v is a moment of the collapse of the cavity. ~Any solution of Eq.(21) without singularity atr =0 can be
In the above analysis we assumed that the walls of théepresented in the following forrtsee Appendix A

rggonator are ideal ponductors. The case vyith a fi'nite cgnduc- o \/[f(t+ric)—f(t—ric)

tivity must be considered separately and is not investigated A (r,t)=r" —)

in this study. Another problem which considerably compli- ror '

cates a solution is that the interface between a conductinggheref(x) is an arbitrary function.

and a dielectric media can move with a velocity different Let us select functiori in the following form:

: (22)
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rot+ot\ Equation(32) has an infinite number of roofay|> 7 which
f=|— : (23)  correspond to different functiona'(B8) such thata'(B)
0 — ay when B—0. Using Eqgs.(30)—(32) allows one to de-
wherer is a radius of a sphere &t0. termine correction of any order in parameg#. Thus, e.g.,
According to Egs(22) and(23) A(r,t) can be repre- for the first correction we find that; = — 1/3aq and a= aq
sented as — B%/3aq. The minimum value ofay is ap=4.49. In the
Tt r B main order from Eq(29) we find that
A r,t)=aq T y r_(_t)} r(t)=rqt+ut, 2 arg 2
(24) Dq(x)~ ~ cog apx) — P sin(agy)-
wherfa functionsb ,(x) are determined by the following for- \gte also thatd () = —2ia311(ao)()- where j,(x) are
mula: spherical Bessel functior(see, e.g., Ref.)9
. o(1+aBxy)* r The above analysis corresponds to a case whef at
D, (x)=x"P, Z " Ty (25  —0 the obtained solutions coincide with solutions of E).
f:l X In this case a total magnetic fluk=0. A different physical
where an operatoP, is defined as situation occurs in a case of cumulation of an initial nonzero
Y magnetic field. In the latter case=const0 and at3—0 a
- 1d : e . )
p/:<__ solution A(r,t) coincides with the solution of a Laplace
x dx equation
Using Egs.(2) and(4) and taking into account a spheri- V2A=0. (33)
cal symmetry of the problem, conditid@) can be rewritten
as Therefore without motion of a boundary the electric field is
zero and, as it will be shown further, it is of the orderg5t
ﬂ+v(5"‘l+ &) ~0 A formal difference between these two cases is that in the
at ar r = ' latter case a coefficierN(8) does not have singularity, and

solution of Eq.(5) can be represented as power series in

Thus using Eqs(24) and (25) we find that parametei3?. Functions® () in this case do not satisfy a

(A\—/=1)® ,(1)=0. (26)  condition® ,(1)=0, and conditior(26) can be satisfied only
. ; ) if \=/+1. Therefore a solution in this case is given by Egs.
Assuming that\ # /' +1 Eg. (26) yields (24) and (25) with A\=/+1.
®,(1)=0, 27 In order to demonstrate the validity of the latter state-

. . ment it is convenient to represent expressiph) through a
Egs.(24), (25), and(27) provide a full solution of the prob- hypergeometric function. Indeed, if we present a solution in

lem. the form(24), function ® ,(x) satisfies the following equa-
Consider magnetic dipole modes of a spherical resonatgjon:

(see Ref. 8, Chap. 10, Sec.)90e., modes with’=1. Here-
after it is convenient to represen{g) as

a(pB)

#? 29 A/+1)
S2t oo
Ix“  x dx X

AMB)=1+i B (28 \where operator S= x20% 9x>+2(1— y) xdlax+ y(y—1)
. . _ andy=\—/-1.

Usmg Eq.(25 an expression for a functio®,(x) can be The solution of Eq(34) can be written as

written as follows:

D, (x)=p>SD,(x), (34

e[S S 1 3 L
@, (x)=x"F E’E_E;/+§;’BX ,

ia o La (35
Dy(x)= }‘il 2/ oHi g/t (29
where F(a,b;c;z) is a hypergeometric functiofsee, e.g.,
Equation(27) yields the following transcendental equation: Ref. 9 ands=2(/+1)—X.

tarf a(B)F(B8)]=a(B), (30) Ass_umlng that?\ does not dep_end upon parame)éwnnd
expanding® ,(x) into Taylor series in parametg®<, we
where functionf () is determined by Eq(17). find that® ,(x) cannot satisfy a conditio®,(1)=0, e.g.,
Functiona(B) can be expanded into power series of pa-according to Eq(26) A=/"+1.
rameter Since both functiong25) and (35) are solutions of the
w same equation ay—0 and they are both:y”, they can
a(B)=ap+ E ¢8>, (31) differ only by a constant co.eff|C|em1.= m(/,)\',,B) which .
n=1 can be determined by equating the fist term in power series

expansion in parametepBf)2. Thus using Eq(25) allows

one to derive a representation for a hypergeometric function
under certain relations between its parameters. We do not
tan ag=ayq. (32 present here formulas for normal and tangential components

which converge in the rangé<1. Parametet is a root of
the following transcendental equati¢see, e.g., Ref.)8
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of magnetic field which can be easily derived from EG), Then Eqgs(36) and(38) determine variation of a vector
(24), (25), or (35. Now consider a case with a cylindrical potential during accumulation of a magnetic field while a
geometry. behavior of the magnetic field is determined by the following
formulas:
IV. ACCUMULATION OF A MAGNETIC FIELD IN A Hoo o |3 1.2.B2X2) L3 ,BXF(§ 2:3:82,2
CYLINDRICAL SHELL Z p?(t) 2" 2 20 ’
Accumulation of a magnetic field in an imploding cylin- (40
dricallshell is of .c_,pegial interest due to the feasibility of an Hom exp(im ¢)
experimental realization of such geometry and because in the H,= T x"A(x),
first approximation such model describes an electromagnetic p
field generated in a gas compressed by a plasma shell. Hom expim ¢) [ | 1
Generally different configurations of the electromagnetic ~ He=— o X A+ 5 X BOO|,
field can occur in a cylindrical geometry, namely, TM con-
figuration with an electric field in the direction of aaxis, (41)

and a TE configuration with a magnetic field in the directionwhere A(x)=F((m+1)/2m/2;m+1:82x%) and B(x)

of z axis (see, e.g., Ref. 8, Chap. 10, Sec).Bolution of a  =F((m+3)/2,(m+2)/2;m+2;8%x?).

boundary value problem for an inhomogeneous in the direc-  Analysis of the behavior of the electromagnetic field in a
tion of z axis field when the boundary moves in the directioncase of electromagnetic waves is much more involved. In
normal to thez axis is quite involved. Here we consider a this case functions(8) have singularities; and a representa-
more simple case when a field is homogeneous in the diregion of a solution through hypergeometric functions is not
tion of z axis. Then a vector potentidl(r,t) is a function of  efficient. In order to determine the explicit dependentg)

two spatial coordinatep and ¢, and in transverse-electric another representation of the solution, e.g., like 28) for a
(TE) and transverse-magneti€M) configurations it ha®\,  sphere is required. Since the formulas for the solution in this

and A, components, respectively. case are cumbersome we do not present them here.
Vector potentialsA, and A, can be represented in the
following form: V. CONCLUSIONS
e X(im )@ p(t) (36 The main goal of this study was to determine the
2~ 5(0) exp(im @)@, , p(0)|’ temporal-spatial structure of the eigenmodes of a resonator
. N . ith i Ils. inly th i Iytical for-
wherep(t) andp(0) are radii of a cylindrical shell at time with moving wa S Certainly the determined ana_ytlca or
andt=0 mulas for these eigenmodes are not always valid, but they

exhaust, probably, the class of relatively simple explicit so-
lutions.

The obtained solutions allow one to determine the re-
gions of validity of an adiabatic approximation when the
frequency of the resonator follows the instantaneous values

In a case of a toroidal vector potentiak=(0,A,,0) con-
dition V-A=0 implies thatm=0. Then equations for func-
tions ®, , which can be derived from Eq¢5) and(36) can
be written as

# 19 m? a2 of geometrical parameters, and the amplitude is determined
W + ; a z XT ,=p"SP,, by a conservation of a magnetic flux.
# 19 1 : ACKNOWLEDGMENT
e v e e
. We are indebted to I. Rutkevich for stimulating discus-
where y=p(t)/py and an operato8 is defined abovésee sions.
Eq. (34)].
Boundary conditions in cylindrical geometry are as fol- APPENDIX A
lows:

Here we demonstrate that solutigdl) can be repre-
y®,(1)=0, (y+1)®,(1)=0. (38 sented in the form given by Ed22). Formal substitution
1l/col gt—ik in Eq. (21) allows one to determine its solution

Nonsingular aty—0 solutions of Eqs(37) read in an explicit form(see, e.g., Ref. 10, Chap. 5, Sec):33

s, s,—1
D.(y)= mF(_Z,Z_;m+1, 2 z), d |\ sinkr
Z(X) X 2 2 18 X Rk/:r/ m . i (Al)
‘%(X)ZXF(&, Se—1 32;32)(2), (39) After inversg substitutiok=i/cal/ gt Eq. (Al) yields an op-
2 2 erator equality:
wheres,=m+1—y ands,=2—1y. If function »(8) does 1 9 IR 7+ - 1P -
not have singularities solution89) at 83— 0 coincide with 2o ( 2 E) ——z Rezoe R, (A2)
solutions of Eq.(33) and conditiong38) are satisfied at,
=0 andy,=—-1. where
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