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Dynamics of electromagnetic field in imploding conducting shell
Yu. Dolinskya) and T. Elperinb)

The Pearlstone Center for Aeronautical Engineering Studies, Department of Mechanical Engineering,
Ben-Gurion University of the Negev, P.O. Box 653, Beer-Sheva 84105, Israel

~Received 28 August 1997; accepted for publication 26 February 1998!

In this study we derived explicit analytical solutions of two problems. First is a problem of
accumulating of magnetic fields in imploding shells with different geometries. The second problem
is determining the eigenmodes of a resonator with moving walls. Using the obtained exact solutions
we found the regions of validity of an adiabatic approximation when the frequency of the resonator
follows the instantaneous values of geometrical parameters, and the amplitude is determined by a
conservation of a magnetic flux. The obtained solutions are of interest in design of devices for
generation of ultrastrong magnetic fields and powerful electromagnetic radiation. ©1998
American Institute of Physics.@S0021-8979~98!01011-1#
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I. INTRODUCTION

One of the efficient methods to transform magnetic a
electric fields into electromagnetic beams of high power d
sity is a rapid change of the geometry of an accumulat
system with initial nonzero electromagnetic field. Typic
examples of such systems are magnetoimplosive gener
~see, e.g., Refs. 1–5! and z-pinch plasma which has bee
investigated theoretically and experimentally for many yea
A characteristic feature of such systems is the existenc
the initial electromagnetic field in a cavity surrounded by
conducting medium. When for some reasons a volume of
cavity rapidly decreases, and its walls move fast enough,
amplitude of the electromagnetic field increases due to c
centration of the electromagnetic field.

If the cavity has ideally conducting walls the magnitu
of the average magnetic field can be found from conserva
of a magnetic flux:

]F̃

]t
50. ~1!

HereF̃5*HdS andH is a magnetic field inside a cavity an
integration is performed over a cross section of the cav
According to Faraday’s law«52(1/c)(]F̃/]t), where« is
an electromotive force, condition~1! provides a finite mag-
nitude of electric current in a conductor with an infinite co
ductivity. Now taking into account that

]F̃

]t
5E ]H

]t
dS1 R H•@v3t~ l !#dl ,

where t(l ) a unit vector tangent to the closed conto
r (l )(t(l )5]r /]l ) andv is contour’s velocity atr (l ). The
latter equation and Maxwell equation in an integral form

2c R ~E•t!dl 5E ]H

]t
dS,
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whereE is electric field, together with Eq.~1! yield one of
the boundary conditions at the conductor’s surface,

t•S E1
1

c
v3HD50. ~2!

Condition ~2! provides that«50 not only when Faraday’s
law is valid but in a more general case«5 f (v/c)]F̃/]t
where f is an arbitrary finite function of parameterv/c.
Therefore it is conceivable to suggest that when velocity o
shell is normal to its surface andv5uvu is the same at all
locations at the surface, condition~2! is valid without rela-
tivistic restrictions. In this study we will consider only suc
cases when condition~2! is valid exactly for the ideal con-
ductor.

In various practical problems it is necessary to determ
not only the volume-averaged value of a magnetic field
also spatial distribution of electromagnetic field inside cav
which can be found by solving Maxwell equations.

Another problem which is of fundamental and practic
importance, is to determine frequency characteristics of
resonator with moving walls. While a case of the accumu
tion of a magnetic field was investigated in Ref. 6, to the b
of our knowledge variation of eigenmodes of a resona
with moving walls was not considered before.

In order to solve these problems the boundary conditi
~2! must be supplemented with boundary conditions for
normal components of magnetic (Hn) and electric field
(En):

En50, Hn
25Hn

1 , ~3!

whereHn
2 andHn

1 are the values of a magnetic field at th
internal and external sides of the shell’s surface, respectiv
The first of the conditions~3! accounts for the absence of th
static charges in the system and for the absence of the no
component of the electric field inside the conductor. T
second in the conditions~3! is the consequence of“•H
50.

Hereafter a geometry of the electromagnetic field is
scribed by vector potentialA which allows one to determine
electric and magnetic fields~see, e.g., Ref. 7!:
4 © 1998 American Institute of Physics
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1

c

]A

]t
, H5“3A. ~4!

Vector potential itself is determined by the following equ
tion which can be derived from the Maxwell equations f
the fieldsE andH with an additional condition“•A50:

“

2A5
1

c2

]2A

]t2 . ~5!

Equation~5! with boundary conditions~2! and~3! deter-
mines a full set of waves which are eigenmodes of a reso
tor and, therefore, they determine spatial and time dep
dence of the fields excited in a resonator.

In this study we analyze redistribution of an electroma
netic field in a one-dimensional plane resonator and a sph
cal resonator with the walls moving at constant velocity. W
investigate also accumulating of magnetic field in plane,
lindrical, and spherical symmetry.

II. EIGENMODES OF PLANE ONE-DIMENSIONAL
RESONATOR WITH WALLS MOVING WITH
A CONSTANT VELOCITY

Consider two ideally conducting parallel plates movi
with a constant velocityv in the opposite directions ofz axis
~see Fig. 1!. Locations of the left and right plates,z2(t) and
z1(t) is given by the following formula:

z6~ t !56~z01vt !,

wherez0 is an initial location of the right plate att50.
We will consider one-dimensional plane wave with

wave vectork normal to the walls of a resonator. In this ca
vector potential can be chosen as follows:

A5@Ax~z,t !,0,0#. ~6!

General solution of Eq.~5! can be represented as a line
combination of arbitrary functionsF(t6z/c) ~see, e.g., Ref.
7!. Then a component of a vector potentialAx(z,t) can be
written as

FIG. 1. Coordinate system.
Downloaded 10 Sep 2008 to 138.37.42.218. Redistribution subject to AIP
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Ax~z,t !5 (
s561

CsAsFz01v~ t1sz/c!

z0
G , ~7!

whereCs are numerical coefficients. A structure of an arg
ment in functionsA6$@z01v(t6z/c)#/z0% ensures that they
satisfy Eq.~5!. In order to simplify notations introduce di
mensionless variablest5ct/z0 and z̄5z/z0 .

Using an identity z01v(t1sz/c)[z0(11bt)(1
1sbk), whereb5v/c andk5 z̄/(11bt), we will look for
the solution of a boundary value problem~2! in the form of
a power function:

As
l5a0~11bt!l~11sbk!l, ~8!

wherel~b! is a complex function anda0 is a constant. Spec
trum of the admissible valuesl~b! is determined by the spa
tial parity of a corresponding solution. Consider a case wh

H~z,t !5H~2z,t !. ~9!

In this case vector potentialAx(z,t) satisfies the condition
Ax(z,t)52Ax(2z,t) and it can be written as

Ax~z,t !5a0~11bt!l (
s561

s~11sbk!l. ~10!

Then according to Eq.~4! formulas for electric and magneti
fields read:

Ex~z,t !52
a0

z0
lb~11bt!l21 (

s561
s~11sbk!l21,

~11!

Hy~z,t !5
a0

z0
lb~11bt!l21 (

s561
~11sbk!l21. ~12!

Due to the symmetry of the problem if a condition~2! is
satisfied at one of the plates it is also satisfied at ano
plate. At a platez̄(t)5z01vt, Eqs.~2!, ~11!, and~12! yield:

Ex2bHyuk5150,

or

~11b!l5~12b!l. ~13!

Therefore,

l5
2pk

l nS 11b

12b D i , k50,1,... . ~14!

Formula~14! provides a set of eigenvalueslk(b) when
condition~9! is satisfied. For an odd spatial parity of a ma
netic fieldH(z,t)52H(2z,t),

l5
2p~k11!

l nS 11b

12b D i , k50,1,... .

Equations~11!–~14! determine eigenmodes of the electr
magnetic field inside a cavity between two parallel pla
moving in the opposite directions with a constant velocity

In a dimensional form using Eq.~14!, Eqs.~11! and~12!
can be rewritten as follows:
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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Ex52 (
s561

sa0

z01vt1sbz

3expF i
pk

b f ~b!
l nS 11

vt

z0
1

sbz

z0
D G , ~15!

Hy5 (
s61

a0

z01vt1sbz

3expF i
pk

b f ~b!
l nS 11

vt

z0
1

sbz

z0
D G , ~16!

where

f ~b!5
1

2b
l nS 11b

12b D5 (
n50

`
bn

n11

@11~21!n#

2
, b,1.

~17!

Equations~15! and ~16! are valid in the range2(z0

1vt),z,z01vt andb,1. Whenvt!z0 andb!1, keep-
ing only the first nonvanishing terms in the expansion o
parametersb!1 andvt/z0 we find that

Ex52
2a0

z0
i expS i

pkct

z0
D sinS pkz

z0
D , ~18!

Hy5
2a0

z0
i expS i

pkct

z0
D cosS pkz

z0
D . ~19!

Equations ~18! and ~19! describe eigenmodes of a on
dimensional plane resonator with a fixed position of t
walls z5z0 .

Since the walls move with a constant velocity the init
time can be selected arbitrary, and Eqs.~18! and~19! can be
rewritten using a substitutiont→t2t1 andz0→z(t1). Then
it can be easily seen that whenb!1 the system is adiabatic
e.g., electromagnetic field frequency varies adiabatically
accordance with variation of a distance between the wa
e.g.,vk(t)5pkc/z(t), and the amplitude of the electroma
netic field varies in accordance with Eq.~1! of the conserva-
tion of a magnetic flux.

In the next approximation in the parametersvt/z0 andb
in addition to the Doppler frequency correction which is a
sociated with the substitutionk→k/ f (b)'k(12b2/3),
there begins formation of a wave packet, i.e., a mode lo
monochromatism.

Equation~16! also describes a case of an accumulat
of a magnetic field by imploding wall which was consider
in Ref. 6. Thus performing a substitution ofv→2v in Eq.
~16! and settingk50 recovers Eq.~2.9! from Ref. 6:

Hy5
2a0

v
T2t

~T2t !22
z2

c2

,
uzu
c

,T2t,

whereT5z0 /v is a moment of the collapse of the cavity.
In the above analysis we assumed that the walls of

resonator are ideal conductors. The case with a finite con
tivity must be considered separately and is not investiga
in this study. Another problem which considerably comp
cates a solution is that the interface between a conduc
and a dielectric media can move with a velocity differe
Downloaded 10 Sep 2008 to 138.37.42.218. Redistribution subject to AIP
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from a fluid velocity, and under certain conditions there a
no hydrodynamic flows. Thus, e.g., in a case of a ph
transition from metal to dielectric there are no hydrodynam
flows if a phase transition is not accompanied by a chang
a density. In a general casev in a boundary condition~2! is
a material velocity while the boundary condition is form
lated at the surface separating dielectric and conducting
dia. Therefore, without hydrodynamic flow the bounda
condition~2! reduces toE50. Equation~13! can be rewritten
using Eq.~11! as (11b)l215(12b)l21, and instead of
Eq. ~14! we havel5112pki/l n@(11b)/(12b)#. Substi-
tuting the determined value ofl into Eqs.~11! and ~12! it
can be seen that without a hydrodynamic flow only phase
the eigenmodes change while a cumulative change of
amplitude does not occur. In a case whenk50, i.e., a pure
magnetostatic case, magnetic field does not change con
to the case with a hydrodynamic flow. Thus the wave of
electric conductivity alone does not cause an accumula
of a magnetic field. Consider now a case of a spherical re
nator.

III. DYNAMICS OF ELECTROMAGNETIC FIELD IN A
SPHERICAL RESONATOR WITH AN EXTERNAL
WALL MOVING WITH A CONSTANT VELOCITY

Consider a spherical resonator with a wall moving with
constant radial velocityv5vn (v5const), wheren is a unit
vector directed in a radial direction from a center of a sphe
Assume that electromagnetic field in a resonator has
muthal symmetry and is determined by a toroidal vector
tentialA5Awew and magnetic fieldH5Hueu1Hnn is deter-
mined by the following formulas:

Hu52S ]Aw

]r
1

Aw

r D ,
~20!

Hn5
ctg~u!

r
Aw1

1

r

]Aw

]u
,

where

S n
eu

ew

D 5S sin u cosw sin q sin w cosu

cosu cosw cosu sin w 2sin u

2sin w cosw 0
D S i

j
k
D .

Solution of Eq.~5! in this case can be represented
follows:

Aw5Al ~r ,t !Pl
1 ~cosu!, l 51,2,...,

where Pl
1 are associated Legendre polynomials, and fu

tions Al (r ,t) are determined by the following equation:

1

c2

]2Al

]t2 5
1

r 2

]

]r S r 2
]Al

]r D2
l ~ l 11!

r 2 Al . ~21!

Any solution of Eq.~21! without singularity atr 50 can be
represented in the following form~see Appendix A!:

Al ~r ,t !5r l S ]

r ]r D
l F f ~ t1r /c!2 f ~ t2r /c!

r G , ~22!

where f (x) is an arbitrary function.
Let us select functionf in the following form:
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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f ~ t !5S r 01vt

r 0
D l

, ~23!

wherer 0 is a radius of a sphere att50.
According to Eqs.~22! and ~23! Al (r ,t) can be repre-

sented as

Al ~r ,t !5a0F r̄ ~ t !

r 0
Gl2l 21

F l F r

r̄ ~ t !G , r̄ ~ t !5r 01vt,

~24!

where functionsF l (x) are determined by the following for
mula:

F l ~x!5x l P̂l (
s561

s~11sbx!l

x
, x5

r

r̄ ~ t !
, ~25!

where an operatorP̂l is defined as

P̂l 5S 1

x

d

dx D l

.

Using Eqs.~2! and~4! and taking into account a spher
cal symmetry of the problem, condition~2! can be rewritten
as

]Al

]t
1vS ]Al

]r
1

Al

r D
r 5 r̄ ~ t !

50.

Thus using Eqs.~24! and ~25! we find that

~l2l 21!F l ~1!50. ~26!

Assuming thatlÞl 11 Eq. ~26! yields

F l ~1!50, ~27!

Eqs.~24!, ~25!, and~27! provide a full solution of the prob-
lem.

Consider magnetic dipole modes of a spherical reson
~see Ref. 8, Chap. 10, Sec. 90!, i.e., modes withl 51. Here-
after it is convenient to representl~b! as

l~b!511 i
a~b!

b
. ~28!

Using Eq.~25! an expression for a functionF1(x) can be
written as follows:

F1~x!5 (
s561

S ia

x
2

s

x2DexpF i
a

b
l n~11sbx!G . ~29!

Equation~27! yields the following transcendental equation

tan@a~b! f ~b!#5a~b!, ~30!

where functionf (b) is determined by Eq.~17!.
Functiona~b! can be expanded into power series of p

rameterb2

a~b!5a01 (
n51

`

cnb2n, ~31!

which converge in the rangeb,1. Parametera0 is a root of
the following transcendental equation~see, e.g., Ref. 8!;

tan a05a0 . ~32!
Downloaded 10 Sep 2008 to 138.37.42.218. Redistribution subject to AIP
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Equation~32! has an infinite number of rootsua0
i u.p which

correspond to different functionsa i(b) such thata i(b)
→a0

i when b→0. Using Eqs.~30!–~32! allows one to de-
termine correction of any order in parameterb2. Thus, e.g.,
for the first correction we find thatc1521/3a0 anda5a0

2b2/3a0 . The minimum value ofa0
i is a054.49. In the

main order from Eq.~29! we find that

F1~x!'
2ia0

x
cos~a0x!2

2i

x2 sin~a0x!.

Note also thatF1(x)522ia0
2 j 1(a0x), where j 1(x) are

spherical Bessel functions~see, e.g., Ref. 9!.
The above analysis corresponds to a case when ab

→0 the obtained solutions coincide with solutions of Eq.~5!.
In this case a total magnetic fluxF̃50. A different physical
situation occurs in a case of cumulation of an initial nonze
magnetic field. In the latter caseF̃5constÞ0 and atb→0 a
solution A(r ,t) coincides with the solution of a Laplac
equation

“

2A50. ~33!

Therefore without motion of a boundary the electric field
zero and, as it will be shown further, it is of the order ofb2.
A formal difference between these two cases is that in
latter case a coefficientl~b! does not have singularity, an
solution of Eq. ~5! can be represented as power series
parameterb2. FunctionsF l (x) in this case do not satisfy a
conditionF l (1)50, and condition~26! can be satisfied only
if l5l 11. Therefore a solution in this case is given by Eq
~24! and ~25! with l5l 11.

In order to demonstrate the validity of the latter sta
ment it is convenient to represent expression~25! through a
hypergeometric function. Indeed, if we present a solution
the form ~24!, function F l (x) satisfies the following equa
tion:

F ]2

]x2 1
2

x

]

]x
2

l ~ l 11!

x2 GF l ~x!5b2ŜF l ~x!, ~34!

where operator Ŝ5x2]2/]x212(12g)x]/]x1g(g21)
andg5l2l 21.

The solution of Eq.~34! can be written as

F l ~x!5x l FS s

2
,

s

2
2

1

2
;l 1

3

2
;b2x2D , ~35!

where F(a,b;c;z) is a hypergeometric function~see, e.g.,
Ref. 9! ands52(l 11)2l.

Assuming thatl does not depend upon parameterb and
expandingF l (x) into Taylor series in parameterb2, we
find that F l (x) cannot satisfy a conditionF l (1)50, e.g.,
according to Eq.~26! l5l 11.

Since both functions~25! and ~35! are solutions of the
same equation atx→0 and they are both}x l , they can
differ only by a constant coefficientm5m(l ,l,b) which
can be determined by equating the fist term in power se
expansion in parameter (bx)2. Thus using Eq.~25! allows
one to derive a representation for a hypergeometric func
under certain relations between its parameters. We do
present here formulas for normal and tangential compon
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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of magnetic field which can be easily derived from Eqs.~20!,
~24!, ~25!, or ~35!. Now consider a case with a cylindrica
geometry.

IV. ACCUMULATION OF A MAGNETIC FIELD IN A
CYLINDRICAL SHELL

Accumulation of a magnetic field in an imploding cylin
drical shell is of special interest due to the feasibility of
experimental realization of such geometry and because in
first approximation such model describes an electromagn
field generated in a gas compressed by a plasma shell.

Generally different configurations of the electromagne
field can occur in a cylindrical geometry, namely, TM co
figuration with an electric field in the direction of az axis,
and a TE configuration with a magnetic field in the directi
of z axis ~see, e.g., Ref. 8, Chap. 10, Sec. 91!. Solution of a
boundary value problem for an inhomogeneous in the dir
tion of z axis field when the boundary moves in the directi
normal to thez axis is quite involved. Here we consider
more simple case when a field is homogeneous in the di
tion of z axis. Then a vector potentialA(r ,t) is a function of
two spatial coordinatesr and w, and in transverse-electri
~TE! and transverse-magnetic~TM! configurations it hasAw

andAz components, respectively.
Vector potentialsAw and Az can be represented in th

following form:

Az,w5F r~ t !

r~0!G
g

exp~ im w!Fz,wF r~ t !

r~0!G , ~36!

wherer(t) andr(0) are radii of a cylindrical shell at timet
and t50.

In a case of a toroidal vector potentialA5(0,Aw,0) con-
dition “•A50 implies thatm50. Then equations for func
tions Fz,w which can be derived from Eqs.~5! and ~36! can
be written as

S ]2

]x2 1
1

x

]

]x DFz2
m2

x2 Fz5b2ŜFz ,

S ]2

]x2 1
1

x

]

]x DFw2
1

x2 Fw5b2ŜFw , ~37!

wherex5r(t)/r0 and an operatorŜ is defined above@see
Eq. ~34!#.

Boundary conditions in cylindrical geometry are as fo
lows:

gFz~1!50, ~g11!Fw~1!50. ~38!

Nonsingular atx→0 solutions of Eqs.~37! read

Fz~x!5xmFS sz

2
,

sz21

2
;m11,b2x2D ,

Fw~x!5xFS sw

2
,

sw21

2
;2;b2x2D , ~39!

where sz5m112g and sw522g. If function g~b! does
not have singularities solutions~39! at b→0 coincide with
solutions of Eq.~33! and conditions~38! are satisfied atgz

50 andgw521.
Downloaded 10 Sep 2008 to 138.37.42.218. Redistribution subject to AIP
he
tic

c

c-

c-

Then Eqs.~36! and ~38! determine variation of a vecto
potential during accumulation of a magnetic field while
behavior of the magnetic field is determined by the followi
formulas:

Hz5
H0

r2~ t ! FFS 3

2
,1;2;b2x2D1

3

2
bxFS 5

2
,2;3;b2x2D G ,

~40!

Hr5
H0m exp~ im w!

r~ t !
xmA~x!,

Hw52
H0m exp~ im w!

r~ t ! Fxm21A~x!1
b

2
xm11B~x!G ,

~41!

where A(x)5F((m11)/2,m/2;m11;b2x2) and B(x)
5F((m13)/2,(m12)/2;m12;b2x2).

Analysis of the behavior of the electromagnetic field in
case of electromagnetic waves is much more involved.
this case functionsg~b! have singularities; and a represent
tion of a solution through hypergeometric functions is n
efficient. In order to determine the explicit dependenceg~b!
another representation of the solution, e.g., like Eq.~25! for a
sphere is required. Since the formulas for the solution in t
case are cumbersome we do not present them here.

V. CONCLUSIONS

The main goal of this study was to determine t
temporal-spatial structure of the eigenmodes of a reson
with moving walls. Certainly the determined analytical fo
mulas for these eigenmodes are not always valid, but t
exhaust, probably, the class of relatively simple explicit s
lutions.

The obtained solutions allow one to determine the
gions of validity of an adiabatic approximation when th
frequency of the resonator follows the instantaneous va
of geometrical parameters, and the amplitude is determi
by a conservation of a magnetic flux.
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APPENDIX A

Here we demonstrate that solution~21! can be repre-
sented in the form given by Eq.~22!. Formal substitution
1/c]/]t→ ik in Eq. ~21! allows one to determine its solutio
in an explicit form~see, e.g., Ref. 10, Chap. 5, Sec. 33!:

Rkl 5r l S d

rdr D
l sin kr

r
. ~A1!

After inverse substitutionk5 i /c]/]t Eq. ~A1! yields an op-
erator equality:

1

r 2

]

]r S r 2
]R̂

]r D 2
l ~ l 11!

r 2 R̂5
1

c2

]2

]t2 R̂, ~A2!

where
 license or copyright; see http://jap.aip.org/jap/copyright.jsp
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R̂5r l S d

rdr D
l sinhS r

c

]

]t D
r

. ~A3!

Taking into account that sinh(r/c]/]t) is a difference of two
shift operators

sinhS r

c

]

]t D5
1

2 FexpS r

c

]

]t D2expS 2
r

c

]

]t D G
and applying an operator equation~A2! to an arbitrary func-
tion f (t) one arrives at Eq.~22!.
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