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In this study we demonstrate the feasibility of generation of the electric charge and electric current
in systems with rapidly varying parameters. It is shown that the electric current is excited
spontaneously in the systems where electric resistance of their elements changes. Remarkably,
effective damping resistance of the layered conductors may become negative, although ohmic
resistance of its layers grows. Similar effects occur in electric circuits with different conductors
connected in parallel. The effective resistance of such a system can decrease in spite of the increase
of the ohmic resistance of the conductors. ©1997 American Institute of Physics.
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I. INTRODUCTION

It is shown that a wide class of the electrodynam
systems with rapidly varying parameters are unstable w
respect to the spontaneous excitation of electric curr
Examples of such systems are heterogeneous electric
ductors comprising layers with different magnitudes of el
tric conductivity or electric circuits with parallel connectio
of electric impedances.

In this study we investigate the mechanism of the ins
bility which is associated with the inductive effects. InR–L
circuits the instability can be caused either by a rapid va
tion of the electric conductivity or by rapid variations o
inductance. InR–C circuits instability occurs due to rapi
variations of capacity or electric conductivity. It must b
noted that, along with rapid variation of the parameters, th
is another necessary condition for the excitation of the in
bility, namely, existence of the parallel sections of the el
tric circuit.

In our previous studies1,2 it was shown that in a conduc
tor composed of layers with different electric conductivitie
motion of the interface separating these layers can cause
reduction or increase of the inductance of the conduc
If the rate of inductance decreaseL̇ is sufficiently
high, the effective damping resistance of the conduc
Rd5R1L̇ ~R is its ohmic resistance! can change sign an
becomes negative. The latter situation corresponds to
transition of the system into an unstable state with respec
the spontaneous excitation of the electric current. In Re
we demonstrated that both a magnetostatic approxima
and equations of electromagnetic diffusion yield the sa
equation for the velocity of the interface which provides t
negative damping resistance. Thus a magnetostatic app
mation can be employed at least for the qualitative desc
tion of these systems.

However, the analysis of the expression for the ind
tance of the conductor derived using the magnetost
approximation1 shows that the inductance of the conduc

a!Electronic mail: yuli@menix.bgu.ac.il
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can also decrease in a case of a stationary position of
boundary separating domains with different conductivit
due to the variation of electric conductivity of the layer. D
pending upon the position of the boundary, the negat
damping resistance can occur when conductivities of the
ers decrease or increase.

The physical meaning of the latter result is quite tran
parent. Variation of the conductivities of the layers caus
redistribution of the electric current over the cross section
the conductor. Since the total electric currentI does not
change while the magnetic field energy in the conduc
changes, this is equivalent to the change of inductance of
system. If the inductance of the system decreases, the wo
performed against the ponderomotive forces which, acco
ing to the Le-Chatelier principle, act to increase the indu
tance. Thus, energy from the external source, which provi
the variation of the parameters of the system in the direc
of inductance decrease, is transformed into the energy
magnetic field. Such a process continues until the pond
motive forces are not sufficient either to balance the exte
source or to perform the work over the ‘‘third’’ body t
provide the increase of the inductance.

We do not consider here the nature of the proces
which lead to the high rates of variation of the parameters
the system. Various phenomena can cause these variat
e.g., phase transitions, chemical reactions, ionization,
shock waves. In this connection it is of interest to note th
due to the temperature dependence of the work perform
against the ponderomotive forces, it will always be the ph
transition of the first kind provided that it is accompanied
the change of electric conductivity. In this study we det
mine only the rate of change of electric parameters in vari
systems which can also be used for analyzing other situat
when the conditions for excitation of electric current are s
isfied.

The article is organized as follows. In the Sec. II w
present a general analysis of the dynamics of the electrom
netic field using Maxwell equations and demonstrate the
istence of the current instability in a stationary medium.
Sec. III we determine conditions for excitation of the elect
2935/5/$10.00 © 1997 American Institute of Physics
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ting
current using the magnetostatic approximation and appr
mation of the lumped-parameters system.

II. EXCITATION OF ELECTRIC CURRENT
IN A STATIONARY MEDIUM

For general analysis of the instability consider an elec
current with a densityj ~r ,t! in a conducting medium which
occupies a finite domain. At some distance from this dom
the electricE~r ,t! and magneticH~r ,t! fields induced by the
current vanish

E H~r ,t !dS5E E~r ,t !dS5E ~E3H!dS50, ~1!

where integration in Eq.~1! is performed over the infinitely
removed surface.

The system of equations describing the dynamics of
electromagnetic fields and electric currents in the approxi
tion of a magnetic diffusion~i.e., when the displacement cu
rent is much less than the ohmic current! reads

“3E52
1

c

]H

]t
, “3H5

4p

c
j ,

j

s
5E1

1

c
v3H,

~2!

wherev~r ,t! is the velocity of the medium ands~r ,t! is an
electric conductivity ~hereafter we use SGSM system
units!.

The last equation in the system of Eqs.~2! describes
Ohm’s law for a moving medium~see, e.g., Ref. 4!. Multi-
plying the first in Eqs.~2! by H and the second byE and
using condition~1! after some algebra, we find that

2
1

8p

]

]t E H2 dV5 E j2

s
dV1 E v

c
~ j3H!dV. ~3!

The latter equation shows that, if the work performed by
moving medium is directed against the ponderomot
forces, i.e.,*v/c~j3H!dV,0, and its absolute value is mor
than the Joule dissipation rate, then the energy of the m
netic field increases

]

]t E H2 dV.0. ~4!

Condition ~4! is accepted generally as a condition for t
magnetic dynamo~see, e.g., Ref. 4, Chap. 6, Sec. 2!. Note,
that until now most of the studies investigated the magn
dynamo associated with the fact that the magnetic lines
frozen into the flow of a conducting fluid. In the latter ca
the excitation of the magnetic dynamo requires rather co
plicated configurations of the velocity and magnetic fie
and high Reynolds numbers Re@1. The magnetic dynamo
which we analyzed in Ref. 3 is excited at relatively lo
Reynolds numbers Re>1, and occurs due to the indepe
dence of the fluid velocity upon the direction of an elect
current. The most significant requirement is that the direct
of the fluid velocityv coincides with that of the gradient o
the electric conductivity. In contrast to most investigations
the magnetic dynamo~see, e.g., Ref. 4! in our study3 we
assumed that¹•vÞ0 and that velocity at the surfacevnÞ0.
2936 J. Appl. Phys., Vol. 81, No. 7, 1 April 1997
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Such conditions occur in the conducting media with shock
rarefaction waves, fast phase transitions~melting or fusion!,
chemical reactions, etc.

The above analysis elucidates the difference between
dynamo which we studied in Ref. 3 and the dynamo which
studied commonly in magnetohydrodynamics.4

The main goal of the present study is to analyze a n
type of the electric dynamo which is not a magnetic dyna
in the sense of our previous study3 but it is accompanied by
the increase of the total electric current in a conductor. T
specific feature of this dynamo is that it can occur in a s
tionary medium with a macroscopic velocityv~r ,t!50. At
the same time this electromagnetic dynamo has an es
tially nonstationary character and occurs in nonstation
heterogeneous conductors.

In order to demonstrate that the existence of this curr
dynamo does not contradict the general Eqs.~2! and ~3!,
consider the total electric current in the system

I ~ t !5E
S
j dS,

where the surfaceS depends on the geometry of the proble
Thus, e.g., in a cylindrical conductorS is its cross section.
When an azimuthal electric currentj5~0,0,j w! is excited in a
conducting sphere with radiusr(t)

I ~ t !5E
0

r~ t !
j w dur8 dr8.

Define now an ohmic resistanceR(t) as

I 2R[E j2

s
dV ~5!

and inductanceL(t) as

LI 2

2
5E H2 dV

8p
. ~6!

Then, when a macroscopic velocityv~r ,t!50, Eqs.~3!, ~5!,
and ~6! imply that

2
L

2

]

]t
~ I 2!5I 2SR1

]L

]t D . ~7!

Therefore when

SR1
]L

]t D,0 ~8!

then ]/]t(I 2).0, although obviously]/]t(LI 2/2)52I 2R
,0. Thus the total magnetic energy decreases but the m
nitude of the total electric current increases. This effect c
responds to the redistribution of the magnetic field where
magnetic field concentrates in the current-carrying region

Thus formula~7! shows that increase of the total electr
current without an external ac voltage source can also oc
in a medium without hydrodynamic flows provided that t
rate of the inductance change is sufficiently high. To the b
of our knowledge, the latter fact was noted first in Ref.
where we studied the fast melting of a conductor which
accompanied by the rapid motion of the interface separa
the regions with the different electric conductivities.
Yu. Dolinsky and T. Elperin
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Analysis of the electric current instability using equ
tions of magnetic diffusion is quite involved because it
quires a solution of a nonstationary boundary value prob
in a heterogeneous conducting medium.3 Since only some
self-similar solutions of such a problem can be determin
analytically, in this study we analyze this problem using
magnetostatic approximation and an approximation o
lumped-parameters system~R, L, and C representation!.
Such investigation is of interest itself since it allows us
advance beyond the analysis of the self-similar situation

III. NEGATIVE DAMPING RESISTANCE IN LAYERED
CONDUCTORS

Determining a condition for the negative damping res
tance of the conductor composed of layers with chang
electric conductivity using Ohm’s law for systems with var
ing inductance reads~see, e.g., Ref. 5, Chap. 7, Sec. 61!

Lİ1I ~R1L̇ !5Ue ,

whereUe is the external voltage andI is the total electric
current. The condition for the instability in this system~8! is
determined before. Consider a conductor composed of
cylindrical layers with the conductivitys1 for 0,r,rF and
with the conductivitys2 for rF,r,r0 ~r0 is the conductor’s
radius, see Fig. 1!.

In the magnetostatic approximation we can use the
lowing equations:

rot H5
4p

c
j , div j50, j5sE. ~9!

Inductance of the conductor is determined by formula~6!.
Then, after some algebra, we arrive at the expression for
inductance of the conductorL ~see Ref. 3!:

FIG. 1. Cylindrical conductor consisting of two concentric cylindrical laye
with electric conductivitiess1 ands2.
J. Appl. Phys., Vol. 81, No. 7, 1 April 1997
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l

c2
f ~y,k!,

f ~y,k!5j2y@y ln~y!1ā~12y!#, ā5
k

k21
, ~10!

k5
s2

s1
, x5

1

ā2y
,

where L052l /c2 ln~l /r0! is the inductance of a homoge
neous conductor andy5rF

2/r0
2<1. Electric resistance of a

layered conductorR5 l /s̄pr0
2, s̄5s1[y1k(12y)]. Then

Eqs. ~8! and ~10! yield a condition for a negative effectiv
resistance of a single conductor

F 2y

ā2y
@y ln~y!1ā~12y!#2y~12y!G k̇

.
c2

pr0
2s1

@y1k~12y!#. ~11!

Consider various limiting cases of the condition~11!.
Assume that the electric conductivity of the internal lay
s1!s2, i.e.,k@1, and alsoy!1. Then

k̇.
c2

pr0
2s1

k

2y~y ln~y!11!
. ~12!

Thus in this range the instability occurs during the increa
of the high specific electrical resistance of the internal la
or during the decrease of a smaller specific resistance of
external layer.

A different situation occurs in the rangey!k!1. Here,
instead of a condition~12! we obtain

k̇.
c2

pr0
2s1

k2

2@k2y ln~y!#
.

In the rangek!y!1 we obtain the following condition
for the instability:

k̇.
c2

pr0
2s1

1

ln~e/y2!
, ln~e!51 .

Thus in the conductor composed of parallel layers, ra
variation of its conductivity results in the instability of thi
conductor with respect to the excitation of the electric c
rent. It is conceivable to suggest that a similar situation a
occurs in the electric circuits with conductors connected
parallel. In the analysis of such systems it is possible
abandon the magnetostatic approximation and to accoun
the first order correction in the rate of change of the electr
current, i.e., to consider not only the ohmic but also an
ductive voltage. To this end we consider the electric circ
shown in Fig. 2. This system is described by the followi
equations:

U5Ẑ0I1Ẑ1I 1 ,

Ẑ1I 15Ẑ2I 2 , ~13!

I5I 11I 2 ,
2937Yu. Dolinsky and T. Elperin
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whereU is an external voltage andẐi is an impedance op
eratorẐi5Li]/]t1Ri(t). Eqs.~13! yield an equation for the
dynamics of the total electric currentI

U5Ẑ0I1S Ẑ1 1

Ẑ11Ẑ2
Ẑ2D I . ~14!

Analysis of the stability of the integro-differential Eq
~14! is rather involved. Therefore we adopt the simplifyin
assumptions thatR1@R2 and R1(t) is the only paramete
varying with time. In this case it can be written

Ẑ11Ẑ25L̃
]

]t
1R1~ t !, L̃5L11L2 . ~15!

Substituting Eq.~15! into Eq. ~14! and introducing the new
variable

t~ t !5E
0

t R1~ t8!

L̃
dt8 ~16!

we arrive at the following equation:

S ]

]t
11D U

R1~t!
5 f

]2I

]t2
1q~t!

]I

]t
1h~t!I , ~17!

where

f5
L1L21L0L̃

L̃2
,

q~t!5
R1~L21L0!1L1R21R0L̃

L̃R1

, ~18!

h~t!5
R01R2

R1
1SR01

L1

L̃
R2D ]

]t S 1R1
D .

The condition for spontaneous excitation of electric
current can be determined by analyzing the system of b
solutions I 1(t) and I 2(t) of the differential Eq.~17!. This
condition reduces to the requirement for the existence of
indefinitely growing with time one of the basis solutions.

FIG. 2. Scheme of the electrical circuit.
2938 J. Appl. Phys., Vol. 81, No. 7, 1 April 1997
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Estimate the condition for the spontaneous excitation
the electrical current using the WKB approximation~see,
e.g., Ref. 6!. In the zeroth WKB approximation the bas
solutionsI 1(t) and I 2(t) can be written as

I 1,2~t!5expH 2
1

2 E
t0

t q~t8!

f
dt8J

3expH 6 i E
t0

tAs

f
2

q2

4 f 2
dt8J , ~19!

where

s5
R01R2

R1

1
1

2

R0L̃1L1R2

L̃

]

]t
S 1

R1
D .

According to Eq.~19! the necessary condition for the exc
tation of the instability iss,0. Returning to the real time the
latter condition can be written as

] ln~R1!

]t
.
2~R01R2!R1

R0L̃1L1R2

. ~20!

In the limit R2→0, the condition for the instability does no
depend upon external parameterR0.

A similar situation also occurs inR–C circuits. All the
obtained results are valid in this case provided that the eq
tion for the impedance operatorẐi is replaced by
Ẑi5Ri]/]t11/Ci . Certainly generation of the electrica
charge instead of generation of electrical currents occur
this case. The condition for the generation of the electri
charge in the system can be written as

] ln~C1!

]t
,2

2~C21C0!

C1~R̃C21R1C0!
, R̃5R11R2 . ~21!

Equation ~21! describes the rate of reduction of electric
capacitance which provides generation of the electr
charge. Since ponderomotive forces in electrical capaci
are directed to increase the magnitude of the electric cap
tance, their action causes ‘‘annihilation’’ of the noncompe
sated electrical charges.

Amplification of the transverse electromagnetic waves
resonators with a decreasing coefficient of dielectric perm
ability provides another example of the effects considered
this study. Assume that the characteristic dimensions of
resonatord satisfy the condition

c2

d2
@ ė2;ë2, ~22!

wheree is a coefficient of dielectric permeability.
In a plane resonator with time varying spatially hom

geneous coefficient of the dielectric permeabilitye(t) the
Fourier transform of vector potentialAk(t) is determined by
equation

Äk1
ė

e
Ȧk2

c2k2

e
Ak50. ~23!
Yu. Dolinsky and T. Elperin
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Fourier modes of the electric and magnetic fields
determined by

Ek~ t !52
1

c

]Ak

]t
, Hk~ t !5k3Ak . ~24!

Provided that condition~22! is met and using WKB approxi
mation, the solution of Eq.~23! can be written as follows:

Ak5$C1~k!exp@ if~k,t !#

1C2~k!exp@2 if~k,t !#%e21/4, ~25!

where

f5E
t0

t ck

e1/2~ t8! S 11
1

4

ė222ë

c2k2 D 1/2dt8. ~26!

Using formulas~24!, coefficientsC1~k! and C2~k! can be
expressed through the fieldsEk

0 andHk
0 at the initial timet0

Ek~ t !5
1

e3/4
$e0

3/4Ek
0 cosf1 i e0

1/4n3Hk
0 sin f%,

~27!

Hk~ t !5
1

e1/4
$e0

1/4Hk
0 cosf1 i e0

3/4Ek
03n sin f%.

Electromagnetic energy of thekth mode of the resonator ca
be written as

Wk5
D~2k,t !E~k,t !

8p
1
H~k,t !H~2k,t !

8p
, ~28!

whereD~k,t!5eE~k,t!.
Equations~25!–~28! yield

Wk5S e0
e D 1/2Wk

0, ~29!

whereWk
0 is energy in thekth mode at the initial time. Note

that Eq. ~29! can be obtained immediately since with th
accuracyO( ëd2/c2) andO( ėd2/c2), the ratio of the energy
of the kth mode to its frequencyWk/vk , vk5ck/e1/2, is an
adiabatic invariant~see, e.g., Ref. 5, Chap. 9, Sec. 81!. Thus
in the homogeneous resonator the adiabatically slow
crease of the dielectric permeability causes generation of
electromagnetic field.
J. Appl. Phys., Vol. 81, No. 7, 1 April 1997
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IV. CONCLUSIONS

In this study we demonstrated the feasibility of the ge
eration of the electric charge and electric current in syste
with rapidly varying parameters.

Although the spontaneous excitation of the electric c
rent in the systems where the ohmic resistance of their
ments grows may seem unexpected, it can be explained
ply. In the parallel circuits the total ohmic resistance is le
than the smallest resistance of its elements. Therefore
increase of the larger resistances has little effect on the t
resistance, although such change causes the significant r
tribution of the electric current. Under the fixed magnitude
the total current, its redistribution is equivalent to the chan
of the inductance. If the rate of inductance variation is hi
enough the conditions for the excitation of electric curre
can be met.

The analyzed effects may have important technolog
applications and, to the best of our knowledge, have not b
considered before. Certainly, the technological applicati
of the considered effects require to study the specific mec
nisms which provide rapid variations of the parameters of
system.

ACKNOWLEDGMENTS

This work was partially supported by the Israel Minist
of Science and Arts and the Ministry of Absorption. Th
authors are indebted to Dr. N. Kleeorin for stimulating d
cussions.

1Yu. Dolinsky and T. Elperin, J. Appl. Phys.78, 2253~1995!.
2Yu. Dolinsky and T. Elperin, J. Appl. Phys.80, 38 ~1996!.
3Yu. Dolinsky and T. Elperin, Phys. Rev. E54, 2994~1996!.
4H. K. Moffatt,Magnetic Field Generation in Electrically Conducting Flu
ids ~Cambridge University Press, Cambridge, 1978!.

5L. D. Landau and E. M. Lifshitz,Electrodynamics of Continuous Medi
~Pergamon, Oxford, 1984!.

6C. M. Bender and S. A. Orszak,Advanced Mathematical Methods fo
Scientists and Engineers~Mc-Graw Hill, New York, 1978!.
2939Yu. Dolinsky and T. Elperin

t¬to¬AIP¬license¬or¬copyright;¬see¬http://jap.aip.org/jap/copyright.jsp


