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This work studies dynamics of melting in current-carrying conductors. It is shown that during
equilibrium melting, when the dynamics of a phase-transition front are determined by a heat
balance, there exists a single-valued correlation between the rate of inductance change and a
temperature at the phase-transition front. It is demonstrated that, although surface melting begins at
temperatures less than the melting temperature of the current-free conductor, corrugation of a
phase-transition front occurs at this temperature. It is shown that the nucleation rate of nuclei
flattened in the direction normal to a conductor’s axis is negligibly small. Current dynamics at the
stage of melting are analyzed for the case of a fixed external voltage. It is demonstrated that there
exists an instability stage at which an excitation of the electric current occurs. Conditions for the
experimental observation of the predicted phenomena are discussed. ©1996 American Institute of
Physics.@S0021-8979~96!02313-4#
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I. INTRODUCTION

In our previous studies1,2 we demonstrated that first
order phase transitions in current-carrying conductors are
sentially different from phase transitions in current-free co
ductors. Phase transitions in current-carrying conductors
accompanied by a number of new phenomena, e.g., shi
the critical temperature of a material and its depende
upon the magnitude of the electric current,1,2 reduction of the
melting temperature during surface melting,3,4 occurrence of
the temperature range where both phases are thermodyn
cally metastable and the material phase composition
comes heterogeneous.1,2

The cause of all these effects is that electric curre
prevent those processes which reduce the inductance o
system. In order to support melting at the stage when
inductance of the system is reduced, it is necessary to o
heat the phase transition front in comparison with its melt
temperature in a current-free state. Similarly, at the stag
melting when the conductor’s inductance increases, mel
can occur in an underheated state.

Under high electric currents, the rate of inductan
changeL̇ becomes comparable with the ohmic resistanceR
and the total damping resistanceL̇ 1 R is essentially different
from R.

The goal of this study is to develop a zero-dimensio
model which allows us to investigate thermal and elec
phenomena in conductors at different stages of surface m
ing. Here, similar to our previous investigations,1–4 the in-
ductance effects caused by a hydrodynamic flow are
glected. Since, during melting, the density chang
insignificantly, i.e.,Dr/r;1022, the induced flow velocity is
negligibly small, and inductance effects caused by the
duced flow can be neglected. All the inductance effects
this study, as in our previous investigations, are conside
to be caused by motion of the front with a jump in elect
conductivity. The velocity of this front is determined by th

a!Electronic mail: elperin@menix.bgu.ac.il
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equations of thermodynamics and chemical kinetics whi
describe the phase transition. In our previous investigatio4

we demonstrated that the contribution of the magnetosta
effects can also be neglected. All these simplifications allo
us to apply a circuit formulation in order to describe th
system rather than to use a continuum electromechanical
mulation. We show that when a strong superheating of
melting front is feasible, a sharp increase in the magnitude
electric current due to a high rate of the decrease of indu
tance may occur at the final stage of an equilibrium meltin

Since a strong superheating is required at the final sta
of surface melting, the phase-transition front becomes u
stable with respect to a corrugation instability. Internal pa
shaped nuclei of a new phase which become supercritica
considerably lower superheat, provided that they are fl
tened in the direction of a conductor’s axis, are formed at th
stage of melting. In this study, we determine the minimu
superheat which is required for corrugation of a melting fro
and for formation of internal nuclei in current-carrying con
ductors. A rate of formation of the nuclei flattened in th
direction of a conductor’s axis is determined.

The article is organized as follows. Thermodynamic a
pects of the problem and zero-dimensional model of melti
are presented in the second section. Detailed analysis of n
equilibrium melting for the case when the characterist
chemical and thermal relaxation times of a phase-transit
front towards thermodynamic equilibrium are close, is pr
sented. In the second section we also present a theory
equilibrium melting when the chemical relaxation of
phase-transition front proceeds much faster than its therm
relaxation.

Electrodynamic aspects of the problem are considered
the third section. An ‘‘adiabatic’’ model is developed whic
allows us to study the electrodynamics when the inductan
changes. Direct relation between the superheat tempera
and inductance change rate was determined in the framew
of the adiabatic model.
6/80(1)/38/8/$10.00 © 1996 American Institute of Physics
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In the fourth section of the article the minimum tempera
ture required for internal melting is determined. We sho
that the superheat which is required for formation of th
flattened pan-shaped nuclei is lower than that which is
quired for the nuclei with other shapes. However, the rate
formation of such flattened nuclei turns out to be negligib
small due to surface tension.

In the fifth section of this study we investigate curren
dynamics in melting conductors. It is demonstrated that the
exist critical currents or voltages at which a sharp increase
the magnitude of electric current can occur at the final sta
of surface melting.

II. HEAT BALANCE AND TEMPERATURE OF A
MELTING FRONT IN CURRENT-CARRYING
CONDUCTORS

A system of equations governing phase transitions
current-carrying conductors is formulated under the assum
tion that, without phase transition, the characteristic time
an electric current variationtI is much larger than the char-
acteristic time of electric current diffusiontm , i.e.,
t I@tm5(4psr0

2)/c2, wheres is the electric conductivity,c
is the speed of light, andr is the radius of the conductor. The
latter inequality allows to neglect skin effects in a conducto

Assume also that the characteristic spatial scale of a c
ductivity variation is the smallest characteristic length in th
problem. Then the conductivity can be represented as a s
function

s5sSuS1sLuL , ~1!

where sS and sL are conductivities of solid and liquid
phases, respectively. FunctionsuS anduL equal unity inside
domains occupied by phases ‘‘S’’ and ‘‘ L,’’ respectively,
and vanish outside these domains.

Hereafter we use volume averaged variablesf i which are
determined as follows:

f̄ i5
1

Vi
E
Vi

f ~rW,t !dV, ~2!

where indexi equalsS or L.
The heat conduction equation with a Joule heat sou

and with standard boundary conditions4,5 yields the heat bal-
ance equation during phase transition

~12b!~cSTG S2QS!1b~cLTG L2QL!5ḃ~cST̄S2cLT̄L2l!.
~3!

In Eq. ~3! b and~12b! are volume fractions of phasesL and
S, respectively,T̄S and T̄L are temperatures averaged usin
Eq. ~2!, Qi 5 ( j 1

2v)/s i , v is a specific volume which is as-
sumed the same for both phases,cS andcL are specific heats
of phases at constant pressure per unit mass of material,l is
a latent heat of phase transition and the dot denotes ti
derivative.

Sinceb varies monotonically with time, Eq.~3! can be
rewritten as

ḃ5
~12b!QS~b!1bQL~b!

l̃~b!
, ~4!
J. Appl. Phys., Vol. 80, No. 1, 1 July 1996
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where

l̃ ~b!5l1
]

]b
@~12b!cST̄S~b!1bcLT̄L~b!#. ~5!

When the temperature of the phase-transition frontTF re-
mains constant during melting, the following condition ca
be imposed

]

]b
@~12b!cST̄S~b!1bcLT̄L~b!#50. ~6!

When the temperature of the phase-transition front,TF ,
is constant, condition~6! becomes an identity in the limit of
an ideal thermal conductivity whenT̄S5T̄L and cS5cL . If
the temperature of phase-transition front changes the con
tion ~6! is unphysical. However, in the approximation of a
infinitely high thermal conductivity, we can assume that

T̄S5T̄L5T̄F ~7!

and rewrite Equation~5! in the following form:

l̃5l1
]

]b
c̄T̄F , c̄5cS~12b!1cLb. ~8!

Equation~8! determines the renormalization~change! of the
latent heat of phase transition caused by the change of
phase transition front temperature. In the case of infinite
high thermal conductivity which is considered here, this tem
perature coincides with the temperature of the whole cond
tor.

In a case of a nonequilibrium phase transition, the he
conduction or heat balance Eq.~4! must be supplemented
with the macroscopic kinetic equation~see, e.g., Ref. 6,
Chap. 12, Sec. 101!

ḃ}2
]F

]b
.

The equation for the free energyF~b! of the conductor in the
regime when the magnitude of electric current is consta
reads~see, e.g., Ref. 7, Chap. 4, Sec. 33!

F~b!5F0~b!2
L~b!I 2

2
,

whereF0 is the Gibbs potential of a current-free conducto
L is inductance andI is the total electric current. At this
stage we neglect the contribution of the surface tensio
Then the equation for relaxation of the phase-transition fro
reads

ḃ5
u

T0
S mS2mL1

I 2

2N0

]L

]b D , ~9!

whereN0 is the number of moles in the relaxing system
u5N0/t is a relaxation rate~@u#5mol/s! which is a constant
in the theory developed here,T0 is the phase-transition tem-
perature in a current-free conductor, andmS and mL are
chemical potentials of the solid and liquid phases, resp
tively.

Hereafter we presentL~b! in the following form:
39Y. Dolinsky and T. Elperin
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L~b!5L02
l

c2
f ~b,k!, ~10!

where the functionf ~b,k! is determined by the geometry o
the conductor and the geometry of the melting zones,b is the
fraction of volume melted,k5sL/sS is the ratio of conduc-
tivities at the phase-transition front, andL0 is inductance of a
homogeneous unlayered conductor.

As can be seen from Eq.~9!, the equilibrium temperature
of the phase-transition front is determined by the equatio

mS2mL2pmv
] f

]b
50, ~11!

wherepm5I 2/(pr0
2c2! is a magnetic pressure andr0 is the

radius of the conductor which is assumed here to be o
cylindrical shape. Linear extrapolation of Eq.~9! yields the
equation for the instant temperature of a phase-transi
front TF(b(t),t)

TF@b~ t !,t#5TF
0~b!1

T0ḃ

uDS
,

whereDS5SL2SS is the difference of specific entropies i
the liquid and solid states at temperatureTF

0~b! which is
determined from Eq.~11!.

Hereafter we assume that the following condition
which assure the fast chemical relaxation of a pha
transition front, are satisfied

T0ḃ

uDS
!TF

0~b!,
ḃ

uDS
!
pmv
l0

,

wherel0 is the latent heat of transition at the phase-transit
temperature of a current-free conductorT0. When the latter
conditions are satisfied,TF(b(t),t)5TF

0(b) and Eq. ~11!
yields

TF
0~b!

T0
511

pmv
l0

] f

]b
. ~12!

Equation ~12! allows one to express the equilibrium
phase-transition temperature in a current-carrying condu
through the phase-transition front temperature in a curre
free conductorT0. In the following section we study curren
dynamics in a melting conductor. The main goal of th
analysis is the investigation of the effect of the inductan
change upon the current dynamics. In order to achieve
goal we must determine the inductance of a conductor wit
conductivity jump at a moving front.

III. INDUCTANCE OF A HETEROGENOUS
CONDUCTOR WITH A MOVING PHASE-TRANSITION
FRONT AND EQUATION FOR CURRENT
DYNAMICS

Equation for current evolution in a circuit with varyin
conductivity reads

Lİ1I ~R1L̇ !5U, ~13!

whereR is an ohmic resistance of a conductor undergo
phase transition,U is an effective electric driving force
which can be expressed as an external electric driving fo
40 J. Appl. Phys., Vol. 80, No. 1, 1 July 1996
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with ohmic resistance, capacity, and inductance, andL is an
instant inductance of a conductor at a given location of
phase-transition front.

In the adiabatic approximationL̇ can be determined
through the rate of change of geometrical parameters c
acterizing a location of a phase-transition front inside a c
ductor. In order to validate such an approach conside
straight conductor with lengthl and radiusr0 which is sub-
jected to a time-dependent voltageU(t). In this case the
circuit Eq. ~13! is replaced by the following equation8:

U~ t !

l
5
j ~r0!

s0
1pr0S ]E

]r D
r5r0

, ~14!

wheres~r0! and j ~r0! are an electric conductivity and elec
tric current density at the conductor’s surface, respectiv
andp is a geometry factor. In the case of an exploding w
p5 ln~b/r0!, whereb is the radius of a metallic cylinder in
which the electric explosion is performed~for details see
Ref. 8!.

Equation~14! provides a boundary condition to the pro
lem of determining the distribution of electric current acro
the conductorj (r,t) subjected to a time-dependent voltag
The first and the second term in this equation describe c
tributions due to the ohmic resistance of the conductor’s s
face and inductive voltage due to temporal variation of
external magnetic flux, respectively. The second term is
termined by the rate of change of the total electric curren
the conductor. Provided the magnitude of the total elec
currentI is given, motion of the phase-transition front do
not affect the second term, i.e.,

r0S p ]E

]r D
r5r0

5L0İ , ~15!

whereL0 is an inductance of a homogeneous conductor p
vided that the skin effect is small. The voltage associa
with the inductance change due to the motion of the pha
transition front is given by the first term in Eq.~14!. In order
to obtain an explicit expression for this term we assume t
the liquid phase is located near the surface and conside
average values of electric currentsj̄ L and j̄ S @see formula
~1!#. Then, assuming that these values are close to the m
nitudes of the electric current at the surface and at the axi
the conductor, respectively, and using the equation¹3E
52~1/c!~]H/]t), we find that

j̄ L
sL

2
j̄ S
sS

5
1

c E
0

r0 ]H

]t
dr[

1

c

1

l

]F in

]t
. ~16!

The magnetic fluxFin is a function of j̄ L , j̄ S and b,
and it can be determined by solving the equation¹3H
5@~4p!/c# j . The function]Fin/]t must be calculated for the
given value of the total electric currentI . Therefore

]F in

]t
5FS j̄ L , j̄ S , ] j̄ L

]b
,

] j̄ S
]b

, j̄ ,ḃ~b! D ,
where the functionF is determined by the geometry and
Y. Dolinsky and T. Elperin
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2 5 j̄ Lb1 j̄ S~12b!. ~17!

Using Eqs.~16! and ~17! in order to eliminatej̄ S , we
arrive at the differential equation forj̄ L which has the fol-
lowing form:

FLS j̄ L , ] j̄ L
]b

,b,ḃ~b!, j̄ D 50. ~18!

The explicit expression forFL depends upon the geometry
the problem. Determining the solution of this equati
j L̄5 j̄ L[b,ḃ(b), j̄ ] and taking into account Eqs.~14! and
~15! allows to derive an equation describing the time evo
tion of the electric currentI .

However, there are some difficulties in accomplishi
the above program. In this study we have chosen a sim
method which employs the adiabatic approximation and
elaborated in the following:

Since]Fin/]t}ḃ, in the zeroth approximation in this pa
rameterḃ, Eq. ~16! yields

j̄ L
sL

5
j̄ S
sS

5
j̄

s̄
, s̄5sLb1sS~12b!. ~19!

Substituting Eqs.~15! and~19! into Eq.~14! we arrive at the
equation for a circuit~13! with L5L0 and L̇50.

In the same approximation it is possible to determ
Fin5Fin~ j̄ ,b,k!, where as in formula~10! k5sL/sS . Since
in this approximationFin varies linearly with electric curren
I , we can define internal inductanceL in by the formula
Fin5L in~k,b!I . Substituting the latter formula into Eq.~16!
and using the zeroth approximation forj S/sS in the param-
eter ḃ ~19!, we find that

j̄ L
sL

5
j̄

s̄
1
IL̇ in

l
. ~20!

Equations ~14!, ~15!, and ~20! yield Eq. ~13!
~L5L in1L0!. Since formally this approach is not sel
consistent its accuracy cannot be evaluated. The more
sistent analysis based upon solving Eq.~18! essentially does
not simplify the solution of the problem in comparison wi
the analysis of the system with distributed parameters. Mo
over, the latter approach considerably complicates the ph
cal analysis since it does not allow to define inductance a
parameter depending only on the geometry of a condu
and on an electric conductivity distribution. Hereafter we u
the above described adiabatic approximation which is o
used in boundary value problems with moving boundari5

in spite of the lack of its formal justification.
Thus the inductanceL is determined by Eq.~10!. Then

sinceL̇5(]L/]b)ḃ and using Eq.~4! allows to determine a
relation between the rate of inductance changeL̇ and ohmic
resistanceR

L̇

R
52

pmv

l̃

] f

]b
. ~21!

Combining Eqs.~12! and ~21! yields
J. Appl. Phys., Vol. 80, No. 1, 1 July 1996
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L̇

R
52

l0

l̃

TF~b!2T0

T0
, ~22!

wherel̃ is determined by formula~5! and the magnitude ofl
in the first approximation in a parameterpmv/l0 is given by
the following formula2:

l5l01~cL
02cS

0!
pmv
l0

T0
] f

]b
, ~23!

wherecL
0 andcS

0 are specific heats of corresponding phases
temperatureT0.

Equation~22! implies that if inductance increases durin
melting, then the temperature at the phase-transition fr
TF(b),T0 , i.e., melting can occur at temperatures lowe
than the melting temperature of a current-free conductor. T
latter phenomenon was discussed for a special case in3,4

where we determined an initial temperature of a surfa
melting TF(0) and showed that this temperature is lowe
thanT0.

The dependence of

l0@TF~b!2T0#

T0
2pmv0

[
] f

]b

on b in the case of a cylindrical conductor with a concentr
cylindrical phase-transition front is shown in Fig. 1. In thi
case the formula forf ~b! reads3,4

f ~b!5j2~12b!@~12b!ln~12b!1~11a!b#, ~24!

wherea51/~k21! andj51/~b1a). In a rangek!12b!1,
f (b)5 ln~12b! and in a range 12b!k!1,

f ~b!5S 12b

k D 2ln~12b!2
12b

k
12S 12b

k D 2.
Figure 1 and Eq.~12! show that when the conductivity

changes strongly, i.e.,k!1, high superheating of the phase
transition front is required in order to attain surface meltin
inside a conductor. However, strong superheating of t
phase-transition front inside the conductor initiates an alt
native process of the internal melting. In Ref. 3 we demo
strated that the internal melting is inhibited inside a condu

FIG. 1. Temperature at a phase-transition front vs volume fraction o
liquid phase.
41Y. Dolinsky and T. Elperin
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tor except for the case of formation of nuclei flattened in
direction normal to a conductor’s axis. Therefore the p
shaped nuclei could be formed if it were not for a surfa
tension that prevents the nucleus from flattening. Since
surface energy depends upon the nucleus shape, there
an optimal shape and corresponding minimum superhea
temperature for a given volume. In the next section we
termine the optimal shape of nuclei which are supercriti
for a given volume under the minimum superheat and ca
late the time required for their formation.

IV. MINIMUM TEMPERATURE OF INTERNAL
MELTING AND NUCLEATION RATE IN CURRENT-
CARRYING CONDUCTORS

In order to determine a minimum temperature for int
nal melting, we can use a version of Eq.~11! which takes
into account the work of the surface tension forces. Thus
obtain for the minimum overheat required for the intern
melting

DT

T0
5
v~ p̃m1ps!

l0
, ~25!

wherep̃m is an effective pressure caused by the variation
the magnetic flux during nucleus formation andps the addi-
tional pressure caused by surface tension.

Equation ~25! determines the minimum temperatu
which is required for formation of an overcritical nucleu
with a given volume. In the derivation of Eq.~25! we ne-
glected the energy of elastic deformation due to formation
a liquid nucleus9 since elastic pressure is negligibly sma
when compared with a characteristic pressurepm;1 kbar in
electrically exploding conductors.10 Without losing general-
ity, we can solve this problem for the ellipsoid of revolutio
with an axis parallel to the axis of the conductor and u
directly the results of our previous study.3

Assume that a nucleus is formed inside a solid ph
with conductivitysS and volume fraction 12b and that the
electric conductivity of a liquid nucleussa equals the con-
ductivity of a liquid shell with a volume fractionb, i.e.,
sa5sL . Under these assumptions the formula forp̃m reads3

p̃m5pmj̃G l~b!, ~26!

where

j̃ 5
12k

2~kbz11!
, bz5

nz
12nz

,

nz is the depolarization factor of an ellipsoid of revolutio
which is an explicit function of its eccentricitye.7 The for-
mula for functionGl~b! reads

G l~b!5
2a

a1b F lnS 4za~ l2za!

r0
2 D 112

ra
2

r0
2

1j~b!S b
ra
2

r0
2 1~12b!ln~12b! D G , ~27!

whereza and ra are cylindrical coordinates of a center
mass of the nucleus.
42 J. Appl. Phys., Vol. 80, No. 1, 1 July 1996
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Hereafter we assume that the corrugation of a pha
transition front corresponds to the formation of ellipsoid
with coordinatesra5r0~12b!. Thus Eqs.~25!–~27! can be
used for determining the minimum temperature required f
a corrugation of the phase-transition front and for estimati
of the minimum temperature required for nucleus formatio
in the vicinity of a conductor’s axis. For given values o
electric currentI , liquid phase volume fractionb correspond-
ing to a surface melting and parameterk, the magnitude of
the superheating caused by pressurep̃m is determined by
parameterj̃(nz), where 0<nz<1. In the case when param
eterk,1 which is considered in this study,p̃m.0 and attains
its minimum value whennz→1 andbzk@1.

Since in a rangebzk,1, p̃m is not sensitive with respect
to the depolarization factornz , nucleus deformation does no
reduce the required superheating. Provided that the volu
of these nuclei is sufficiently large, so thatp̃m.ps , the for-
mula for the minimum overheat temperature reads2,3

DT

T0
>
p̃mV

l0
. ~28!

In systems with high magnitudes of electric curren
DT/T0>1021. When the nuclei are strongly flattened in th
direction of the conductor’s axisnz>12@p/~2e!#, where
e5[( r'

2 /r i
2)21]1/2@1 andr i is the half length of an elliptical

cross section andr' is the radius of its circular cross section
For these nuclei the formula forp̃m reads

p̃m5
gm

e
, gm5pmG l~b!

12k

k

p

4
. ~29!

Surface tension pressure prevents the unlimited incre
of e and corresponding temperature decrease. In a given v
umeV for e @1, the formula for a surface tension pressu
reads

ps5gse
2/3, gs5S 4p

3 D 1/3 a

V1/3, ~30!

wherea is the coefficient of surface tension.
A minimum superheating occurs for an optimal nucleu

shapee* which is determined by the following equation:

S ]ps
]e D

V

1S ]pm
]e D

V

50.

The latter equation yields

e*5S 32 gm

gs
D 3/5. ~31!

Combining Eqs.~25!, ~29!–~31! we arrive at the follow-
ing formula for the minimum overheat temperature:

DTmin
T0

5
5321/2

63/5
v
l0

gs
3/5gm

2/5. ~32!

The above analysis shows that deformation of the nuc
becomes an effective mechanism for phase-transition te
perature reduction only ifek@1. According to the formula
~31! the latter condition can be met only for large volume
i.e.,
Y. Dolinsky and T. Elperin

ct¬to¬AIP¬license¬or¬copyright;¬see¬http://jap.aip.org/jap/copyright.jsp



g
la-

-

f
h-

-
e
of

the
be
ch

nt
be

an

e,
-
g
f
h

,
g

n

V1/3@
a

pmG lk
2/3.

From Eq.~32! it follows thatDTmin}T0V
21/5. Therefore

the supercriticality of the nuclei with large volumes can b
attained at negligibly low superheating. Obviously this do
not imply that internal melting at low superheating occurs
reality. This mode of melting occurs under the condition th
its characteristic time must be of the order of a characteris
time of a surface melting inside a conductor. In order
analyze this problem we estimate the characteristic time
internal melting as a function of a superheating taking in
account the possibility of formation of flattened nuclei.

The probability of nucleus formation is given by the fol
lowing formula:

P}expH 2
DF*

kT J ,
whereDF* is the work of formation of a flattened nucleu
with shape and size determined by Eq.~25! at a given super-
heatingDT/T0 . Independent of the nucleus shape, the wo
of its formation DF* can be represented asDF*5W* /3,
whereW* is a surface energy of a critical nucleus. When
nucleus is an ellipsoid of revolution
W*5aS5aF(e)(V* )2/3, whereV* is the volume of a criti-
cal nucleus andF~e! is a geometrical factor. Using~25!, the
surface energy of a critical nucleusW* can be written as

W*5
4

9
a3

F3~e!

~u2 p̃m!
, u5

DT

T0

l

v0
.

Consider first a case when superheating is very small
that conditions for supercriticality are met for a large nucle
which can overcome the ponderomotive pressurep̃m by their
own deformation. Since such nuclei are strongly flattene
e@1,

F~e!5
3

2 S 4p

3 D 1/3e2/3 and W*5
2pe4a3

~eu2gm!2
.

The latter formula implies that in the rangee@1 the mini-
mum W* is attained ate5e052gm/u. Therefore the mini-
mum magnitude of a surface energyW* at a given super-
heating is given by the following formula:

Wmin* 5
32pagm

2

u4
52W0*

gm
2

u2
, ~33!

whereW0* 5 (16pa3)/u2 is the surface energy of a critica
nucleus in a case of internal melting in a current-free co
ductor.

Since usually the magnitudeW0* /T0 is rather large~see
Ref. 11, Chap. 7, § 3!, the conditiongm/u>1 is sufficient to
provide a zero nucleation rate.

Equation~28! shows that whengm/u!1 the nucleus be-
comes supercritical already fore!1. In this case the nucle-
ation rate of the spherical nuclei is maximum
F~e!53@~4p/3!#1/3 andW*5(16pa3)/(u2 p̃m! .

Thus, although supercritical nuclei exist at any supe
heating, internal melting occurs only whenu.p̃m . Therefore
the earlier obtained results1–3which did not take into account
J. Appl. Phys., Vol. 80, No. 1, 1 July 1996
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the flattening of the nuclei, are still valid when this flattenin
is taken into account. Since internal melting begins at a re
tively strong superheatingDT/T0;1021, it proceeds in an
explosive regime similar to an explosive boiling of the su
perheated liquid.12

While compliance with the condition~28! is a necessary
condition of an internal melting, corrugation of the surface o
the formed melt occurs practically immediately upon reac
ing the melting temperatureT0. At this temperature, as can
be seen from Eqs.~21!, ~22!, and Fig. 1, the volume fraction
of a liquid melt is quite high due to surface melting. Equa
tions ~31! and ~32! determine the optimal parameters of th
pan-shaped perturbations formed at the internal surface
the melt.

Obviously such a corrugation mechanism also causes
transversal stratification of phase composition and must
taken into account together with other mechanisms whi
cause a similar effect.13,14

V. PECULIARITIES OF ELECTRIC CURRENT
DYNAMICS IN MELTING CONDUCTOR

Inductance variation during melting changes the curre
dynamics, and under certain conditions these changes can
significant. Inspection of Eq.~21! shows thatR1L can be-
come negative. In the case of a cylindrical conductor this c
occur inside a conductor in the vicinity of a point where
] f /]b is maximum. For small values ofk the magnitude of
] f /]b is large and the effect of ‘‘negative’’ damping is
strong. Equation~22! shows that for attaining negative
damping, the magnitude of superheating must be larg
(TF2T0)/TF>1. Naturally, under these conditions the cor
rugation of the phase-transition front and internal meltin
may strongly inhibit this effect. Nevertheless, the effect o
negative damping has certain qualitative peculiarities whic
warrant more detailed analysis.

Using formulas~4! and~21! Eq. ~13! can be rewritten as
follows:

L0İ1R0I1R~b!I S 12
I 2

I
*
2

] f

]b D 5U, ~34!

whereL0 is inductance of a circuit with a melting conductor
R0 is an ohmic resistance external with respect to a meltin
region,R~b! is the electric resistance of a melting region
associated with its inductance change according to Eq.~21!
and I

*
5(pr 0

2c2l̃!/v.
Hereafter we neglect the inductance of a melting regio

and the dependence of the external resistanceR0 upon the
electric current. Therefore the valuesL0 andR0 are assumed
constant. We assume also thatI

*
does not depend uponb,

i.e., thatl̃~b!5l0.
In the new notation Eq.~4! can be rewritten as

ḃ5
4I 2

tmI *
2

1

12b~12k!
. ~35!

Combining Eqs.~34! and ~35! yields

x2
]x

]b
5m02m1x1m3x

3, x5
I

I *
, ~36!
43Y. Dolinsky and T. Elperin

ct¬to¬AIP¬license¬or¬copyright;¬see¬http://jap.aip.org/jap/copyright.jsp



r

n

e

e

-

-

ng
nsate
he

al
-

nd

e

g
es.
al
ng
of
ric
al

e
e

-

o-
f

at
the
se-
ce
where

m05
U

4L0

tm
I *

@12b~12k!#.0,

m15
R0

4L0
tm@12b~12k!#1

l

L0c
2.0,

m35
l

L0c
2

] f

]b
,

andl is the length of a melting region. Current dynamics a
determined by Eq.~36! and differ qualitatively depending
not only upon the ratios of parameters

m0

m1
5

U

I *R0

R0

R01R~b!
,

m3

m1
5

] f

]b

R~b!1R0

R~b!
, ~37!

whereR(b)5R(0)[12b(12k)]21, but also upon the mag-
nitude of electric current at the moment when melting begi
b50.

Therefore in order to elucidate the behavior of the cu
rent dynamics we restrict our analysis to the most gene
regularities.15 Note first that with respect to a current dynam
ics x~b!, the interval 0<b<1 can be divided into four char-
acteristic subintervals with different stationary curvesxs~b!
whereby the rate of electric current variation]x/]b50.

The first interval 0<b<b1 is determined by a condition
] f /]b,0. At this interval the damping resistance increas
and there exists only one stationary attracting curvex1~b!,
i.e., ]x~b!/]b,0 whenx(b).x1(b) and]x~b!/]b.0 when
x(b),x1(b). The formula forx1~b! then reads

x1~b!5S m1

3um3u
D 1/2y1~d!,

y1~d!5Fd21S d24 11D 1/2G1/32F S d24 11D 1/22 d

2G1/3,
where

d~b!5
33/2m0um3u1/2

m1
3/2 533/2S ] f

]b D 1/2 U

R0I *

R0R
1/2~b!

~R~b!1R0!
3/2.

In this interval]x1~b!/]b,0. The characteristic behavior
of solutionx~b! in this region is determined by the following
conditions. When sign]x/]b5sign (]x1/]b!, the curvesx~b!
and x1~b! do not intersect. In the opposite case, the curv
x~b! and x1~b! may intersect and derivative]x/]b changes
its sign. However, except for the latter very special situatio
the characteristic behavior of electric current at this interv
is to decrease without intersecting the curvex1~b!.

In the vicinity of the pointb1 where] f /]b50, with the
accuracy of;d2

x1~b!5
m0~b!

m1~b!
. ~38!

The next intervalb1,b,b2 is determined by conditions
] f /]b>0 andd<2. At this interval there exist three station
ary curvesx̄1(b), x̄2(b), x̄3(b) whereby at their intersec-
tion ]x/]b50. The curvesx̄1~b! and x̄3~b! are repelling
while the curvex̄2~b! is an attractor. Formulas for the solu
tions x̄1~b!, x̄2~b!, and x̄3~b! read
44 J. Appl. Phys., Vol. 80, No. 1, 1 July 1996
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x̄ 1~b!5S m1

3m3
D 1/2yi~b!, i51,2,3,

ȳ 1~b!52~cosw1) sin w!,

ȳ 2~b!5) sin w2cosw,

ȳ 3~b!52 cosw,

wherew~b!51
3 cos

21~2d/2!, p/6<w~b!<p/3.
For small values ofd with the accuracy of order;d2

x̄ 2~b!5
m0~b!

m1~b!

and it continues to decrease at the initial stage until] f /]b
remains so small that a negative contribution into a dampi
resistance caused by inductance decrease cannot compe
the increase of ohmic resistance caused by melting. At t
final stage of meltingx̄2~b! increases. Thus, in contrast to
ȳ 2~b!, which increases monotonically,x̄2~b! has a minimum
at the intervalb1,b,b2.

The point b2 where conditiond52 is satisfied is the
critical point of the current dynamics. At this pointb2 the
repelling curvex̄3~b! and attracting curvex̄2~b! merge into
one neutrally stable stationary point. Thus in the interv
b2,b,b3, where a pointb3 is determined by the same con
dition as a pointb2, i.e., d~b3!52, solutionx~b! always in-
creases. At the fourth intervalb3,b,1, which exists ifd~1!
,2, the following condition is satisfiedx̄2(b3)5 x̄3(b3). If
x(b3). x̄2(b3)5 x̄3(b3), then solutionx~b! continues to in-
crease until melting is completed since it is located beyo
the repelling point.

If x(b3), x̄3(b3), dynamics are determined by the curv
x 2̄~b!. Since in this interval] x̄2/]b,0, then in the case
whenx(b3), x̄3(b3) an interval with current increase may
occur at the final stage of melting.

Thus a conditiond.2 is a critical condition for a melt-
ing process and when this condition is met during meltin
there occurs a stage at which the electric current increas
The latter condition determines the magnitude of the critic
current or critical voltage. If these values are attained duri
melting, an instability stage arises whereby excitation
electric current occurs. Note that this increase of the elect
current may be quite significant in a wide range of the initi
conditions.

In the experiments with electrically exploding wires th
amplitude of electric current attains the magnitud
I 0; U/@R0 1 Rs(0)# ; I * /

A10.Therefore, in order to satisfy
the conditiond.2, a large difference between electric con
ductivities of solid and liquid phases is required, i.e.,k@1.

VI. CONCLUSIONS

In this study we performed a general analysis of therm
electrodynamic peculiarities occurring during melting o
current-carrying conductors.

It is shown that during equilibrium melting when the
dynamics of a phase-transition front is determined by a he
balance, there exists a single-valued correlation between
rate of inductance change and a temperature at a pha
transition front. It is demonstrated that, although surfa
Y. Dolinsky and T. Elperin
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melting begins at temperatures less than the melting te
perature of a current-free conductor, corrugation of a pha
transition front begins at this temperature. It is shown th
the nucleation rate of the nuclei flattened in the directio
normal to a conductor’s axis is negligibly small. It is dem
onstrated that there exists an instability stage whereby
excitation of the electric current occurs, and conditions f
the experimental observation of this phenomenon are d
cussed.

The obtained results pose a number of problems wh
can be a subject of a separate study, e.g., determination
characteristic size of the pan-shaped structures occurring
to corrugation of a phase-transition front, investigation
current dynamics, and stability using Maxwell equations, e
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