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Evaporation and Growth of 
Multicomponent Droplets in 
Random Dense Clusters 
Interaction between evaporating (growing) droplets in binary arrays and large ran­
dom clusters of droplets of different sizes is analyzed in a quasi-steady approximation 
using the modified method of expansion into irreducible multipoles. Evaporation and 
condensation of binary arrays and clusters of droplets (i) composed of volatile 
components and (ii) composed of a volatile and a nonvolatile component was studied. 
The analytical and numerical results of the investigation are presented in terms of 
heat and mass correction factors. Solution of the transient problem is obtained, and 
the evaporation rate is determined. It is shown that for droplets of ideal solution with 
different compositions, Nusselt and Sherwood numbers depend on the concentration of 
components inside each droplet. When dense cloud contains both pure droplets and 
droplets containing soluble nuclei, interactions between temperature and concentra­
tion fields causes growth of some droplets in a cluster and evaporation of the other 
droplets. It is shown that inside an evaporating large cluster of multicomponent 
droplets composed of volatile components, recondensation occurs whereby evaporat­
ing droplets act as mass sources and heat sinks and growing droplets act as mass 
sink and heat sources. The results of this study are of relevance in the analysis of 
dynamics of droplet size distribution in clouds, artificial modification of clouds and 
precipitation, in-cloud pollutants scavenging, and in the analysis of evaporation and 
combustion of multicomponent (blended) liquid fuels. 

1 Introduction 
Mass and energy exchange between a dispersed phase and 

an ambient gas is encountered in numerous atmospheric and 
industrial processes. The applications include condensation of 
hydrocarbons and water vapor in stack gases, spray drying, and 
spray combustion, etc. Condensational droplet growth on nuclei, 
consisting of hygroscopic substances, is very important in such 
fields as separation of submicron particles from gases and scav­
enging of the pollutants (Heidenreich and Ebert, 1995). Single 
drop evaporation (combustion) models yield the parameters 
and evaporation (combustion) characteristics of the individual 
droplets. However, clusters of droplets with high concentration 
of droplets are encountered in various engineering and environ­
mental applications (see e.g., Bellan and Harstad, 1995). In 
this case, the droplets behave quite differently from the isolated 
droplets. The importance of droplet interaction effects has not 
gone unrecognized in the literature. It is known that interactive 
problems can be treated by five methods: (i) bispherical coordi­
nates—suitable for two-drop arrays (Carstens et al., 1970; 
Umemura et al., 1981); (ii) method of images—suitable for 
arrays less than 20 drops (Labowsky, 1978, 1980a, b ) ; (iii) 
point sources method—suitable for dilute arrays of 1000 drops 
(Deutch et al., 1976; Ray and Davis, 1980; Annamalai et al., 
1993); (iv) continuum methods—suitable for dilute sprays 
(Chiu and Liu, 1977; Annamalai et al., 1988; Tsai and Sterling, 
1991); (v) method of expansion into irreducible multipoles— 
suitable for large dense random clusters of droplets (particles) 
(Elperin and Krasovitov 1994a, 1994b). 

State of the art in the above methods was reviewed by Anna­
malai and Ryan, 1992; Annamalai et al., 1993, 1994; Elperin 
and Krasovitov 1994a, 1994b. The theoretical methods ( 1 ) -
(4) deal primarily with droplet evaporation (combustion) in 
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various limiting cases, such as: regular structure of cluster, finite 
array, dilute clusters, monosized clusters, etc. The method of 
expansion into irreducible multipoles which was developed in 
our previous works (Elperin and Krasovitov, 1994a, 1994b) is 
applicable to more realistic problems and is particularly suitable 
for dense random clusters of droplets (particles). The droplets 
that are used in various engineering applications are mainly 
composed of two or more components. However, in spite of 
the importance of this field there are only a few works (Labow­
sky, 1980a; Annamalai et al., 1993) that address evaporation 
of clusters of multicomponent droplets. 

The effects of interactions on the evaporation (combustion) 
rate are estimated using the correction factor. For an array con­
taining /V multicomponent droplets, the correction factor of xth 
species for the j'th droplet is determined as (Annamalai et al., 
1993) 

Vu = 
(miso,,)j 

(1) 

where the isolated droplet has the same composition as the 7th 
droplet in the array. 

It is well known that interactive effects could both retard and 
enhance the rate of evaporation of the interacting droplets. It 
was shown previously (see e.g., Labowsky, 1980a; Annamalai 
et al., 1993) that the latter occurs under some restrictive condi­
tions such as buoyant convective effects and when droplets of 
dissimilar composition are considered. In a case where inter­
active effects retard the rate of evaporation, the correction factor 
is less then 1 (77 < 1, "negative" interactions) and in case 
when the interactive effects enhance the rate of evaporation the 
correction factor is greater then 1 (77 > 1, "positive" interac­
tions). 

However, the above mentioned theoretical results were ob­
tained for constant droplet diameters, compositions, and center-
to-center distances. In reality, the compositions and sizes of 
droplets change with time. The latter implies that the correction 
factor rj depends on time and, therefore, could give rise to the 
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mass and heat sources and sinks inside the cluster. Xiong et al. 
(1984) conducted evaporation experiments on a two-drop array 
of pure single component droplets (high volatile heptane drop 
and low volatile hexadecane drop at an ambient temperature 
24°C) and showed that the hexadecane drop acts as a mass sink, 
and a heat source for the heptane drop. Thus, the diameter of 
the hexadecane droplet increases as a result of condensation of 
vapors from the heptane droplet. In this study it is shown that 
heat and mass sinks and sources within the cluster of multicom-
ponent droplets containing volatile and a nonvolatile compo­
nents can also occur in a case of condensation on hygroscopic 
nuclei inside the cluster. 

The first theoretical investigation of the transient problem 
where the sizes of particles inside a random cluster of char/ 
carbon particles change with time was performed by Elperin 
and Krasovitov (1994b). In the latter work, the results obtained 
using expansion into irreducible multipoles were validated by 
comparison with the available experimental data. The purpose 
of the present study is to develop the theory of evaporation 
and condensation of dense random clusters of droplets with 
dissimilar compositions. In the next section some important 
evaporation characteristics of random clusters of droplets are 
discussed. 

of continuity of energy flux at the droplet surface (9) and condi­
tions at infinity (10). 

Solution of the above system of equations for large-size drop­
lets (without temperature and concentrationjumps), in case of 
a diffusion regime of evaporation, yields the following expres­
sions for the heat and mass fluxes at the droplet surface (Elperin 
and Krasovitov, 1995): 

qT = 4nR kedT, 
Jra 

q, = 4nR 
(CUT.) ~ C, 

J L nD 
dT 

V 7 , 
kedT (ID 

where qT and q, are integral heat and mass fluxes at the droplet 
surface, correspondingly, T„ is the temperature of the ambient 
gas and temperature at the droplet surface Ts can be found from 
the following transcendental algebraic equation: 

J7; 
kedTA 1 + m,L 

(C[iS(Ts) — Ci^)\ 

{Kin D)dTe 

2 Model and Assumptions 

2.1 Evaporation of a Single Multicomponent Droplet. 

(A) Evaporation of Droplets With a Volatile and Nonvola­
tile Components. Consider a spherical droplet with high ther­
mal conductivity containing volatile and nonvolatile compo­
nents immersed in a stagnant binary gas mixture at temperature 
T„, with the concentration of volatile species Clcc. The influence 
of convection on the evaporation is neglected. Assume also that 
the characteristic times of heat and diffusive relaxation are small 
compared to total time of evaporation so that the steady-state 
evaporation model is valid. 

Under the above assumptions, the system of mass and energy 
conservation equations is shown in Table 1. Table 2 provides the 
corresponding boundary conditions that include the boundary 
conditions (7) - (8) allowing for the occurrence of the tempera­
ture and concentrationjumps at the surface of a droplet and for 
the occurrence of the cross effects (see Yalamov et al., 1990). 
These boundary conditions are supplemented with the condition 

+ Ryy0{T* - 71) = 
4nR 

(12) 

where y and y0 are emissivity and Stefan-Boltzmann's constant, 
correspondingly, q„ is the total power of internal heat sources 
and C|,.v(rv) is the relative concentration at the droplet surface 
that is related to the drop temperature through phase equilibrium 
relations. In case of ideal solutions, the value of the relative 
concentration CU(TS) is determined by the Raoult's law: 

CU{T.) = X,.wCff(r.) 

and the Clapeyron-Clausius equation: 

C\°J(T,) = C1 , .(r0)exp 

(13) 

(14) 

where Cf](Ts) is the relative concentration of saturated vapor 
at the surface of a pure liquid, [iv is the molar mass of volatile 
species and Rs is the universal gas constant. For non-ideal solu-

N o m e n c l a t u r e 

Ck = njn, dimensionless con­
centration of k-th specie 

D = coefficient of binary diffu­
sion, m 2 , s~ ' 

j , = mass flux density, m~2 ' s~ ' 
j r = heat flux density, W • rrT2 

h = enthalpy, J ' k g - 1 

k = coefficient of thermal con­
ductivity, W - ( m - K ) " ' 

KT = DT( T, C{ )ID thermal diffu­
sion ratio 

K^ = coefficients of temperature 
and concentration jumps, m 

KiP = cross coefficients, m 
Ljj = center-to-center distance 

between droplets, m 
L = latent heat of evaporation, 

J-kg-1 

mk = mass of the molecules of k-
th species, kg 

M' = mass of soluble nucleus, kg 
Md = mass of a droplet, kg 

Mj = mass of 7-th volatile species, kg 
n = molecular number density, m~3 

Nu = Nusselt number 
qk = integral mass flux of the molecules 

of k-th specie, s"1 

qT = integral heat flux, W 
qw = total power of internal sources, W 
Ri = radius of f'-th droplet, m 
Rg = universal gas constant, 

J - (mol-K)" 1 

r = radius coordinate, m 
Sh = Sherwood number 

T = temperature, K 
Xk = molar fraction of k-th species 

Greek 

y = Stefan-Boltzmann constant, 
W-nT2-KT4 

70 = integral emissivity 
C, = heat correction factor 
77 = mass correction factor 

/ / = molar mass of soluble hygroscopic 
nucleus, kg-mol"1 

fj,„ = molar mass of a solvent vapor, 
kg • mol"' 

p = density, kg • rrT3 

a = volume fraction 
a = surface tension, N-m~' 

Subscript 
i,j = number of a droplet, number of 

species (Tables 1-3) 
P = number of species 
s = value at a droplet surface 

1,2 = volatile specie and ambient gas 
00 = value at infinity 

Superscript 
(e) = value outside a droplet 

i = number of a droplet 
(s) — value at the surface 

(w) = value within a droplet 
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Table 1 Governing equations 

div r> = 0 

r* 
(2) 

General 
Equation equations 

Linearized 
equations 

Mass conservation j , 
Energy conservation j r 

VC, 

vr. 
Droplets of a volatile and nonvolatile component 

•>•• = »* - ^ D^d + ( -D , + 1 ^rV In T.) (3) 

j 7 = X h,m,l, - k„VTe (4) 

(i,j= l , 2 , i * . / ) 

C„ = n„/X n,, C2 + C, = 1 

Multicomponent droplets of volatile components 

Xct X ^ 
j , = "VC, + -4—^ C, 

jT = £ fymj, - fc„Vr„ 

(5) 

(6) 

», jt = 1, A + 1, i * *, X C, = 1 

droplet and A + 1th species is an ambient gas. The influence 
of natural convection on evaporation is neglected. Since the 
characteristic times of thermal and diffusion relaxation are 
small, we can consider a steady-state evaporation. Under the 
above assumptions, the evaporation of a multicomponent 
droplet can be described by a system of conservation Eqs. 
(2 ) . However, the densities of energy and mass fluxes in a 
multicomponent gas mixture are given by Eqs. ( 5 ) - ( 6 ) (see 
Table 1). 

Using the effective values of velocity and diffusivity (Frank-
Kamenetskii, 1969, Chapter IV): 

k Dik 

ZCk 

A = J  

* Dlk 

(17) 

in the Eq. (6) the mass conservation equation can be written 
as follows: 

div (n,v, + DinVCi) = 0 (18) 

where D, is effective diffusivity that can be calculated using 
Wilke's rule. 

When the temperature differences in the neighborhood of a 
droplet are small, the Stefan flux can be neglected and transport 
coefficients are constant. In this case, Eq. (18) can be linearized; 
one is presented in Table 1. 

Finally, the rate of droplet evaporation can be found from 
the following differential equation: 

dt 
= - X mjqj. (19) 

tions the value of the relative concentration CU„(TS) can be 
found from the following formula (see Mason, 1971, pp. 2 4 -
30): 

CUT,) C\°J(TS) 1 + 
2/VT 1 3f'̂ „ M' 

pRgT,R 4ppfi' if3 (15) 

where a is the surface tension, p is the density of solvent, \iv 

and ji' are the molar masses of vapor of the solvent and of 
soluble hygroscopic nucleus, i is van't Hoff's factor which 
depends on the chemical nature and the degree of dissociation 
(i.e., on the concentration) of the solute and M' is the mass of 
a soluble hygroscopic nucleus. 

Integrals in expressions (11) and transcendental Eq. (12) can 
be calculated using dependencies of thermal conductivity and 
diffusivity on temperature and concentrations of species (see 
e.g., Lefebvre, 1989, Chapter VIII). 

In the case of evaporation of a droplet immersed into a 
stagnant binary gas mixture with small temperature differ­
ences, in the neighborhood of the droplet, the system of Eqs. 
(2) can be linearized (see Table 1). In the latter system of 
equations it is taken into account that in a binary gas mixture, 
the sum of the relative concentrations is equal to unity (i.e., 
C, + C2= 1 ) . 

Finally, the rate of droplet evaporation can be found from 
the following differential equation: 

dUd 

dt 
-mxqx (16) 

where Md is the mass of a droplet and t is time. 

(B) Droplets of Arbitrary Composition. Consider a sin­
gle multicomponent droplet composed of A volatile compo­
nents immersed into a stagnant mixture of A + 1 components 
with temperature T„. It is assumed that A constituent species 
of the ambient gas mixture are volatile components of the 

2.2 Modified Method of Expansion into Irreducible 
Multipoles. A detailed description of the modified method of 
expansion into irreducible multipoles and its application to the 
evaporation and combustion of dense random clusters of drop­
lets and particles can be found in Elperin and Krasovitov 1994a, 
1994b. For the sake of completeness, a brief discussion of this 
method is presented below. 

Consider a system containing N droplets whose centers are 
located at r = r, and which have radii Rt, where j = I, N. The 
location of each droplet is fixed in a system of coordinate X, 
7, Z the origin of which can be located in the center of each 
droplet. The location of ;'th droplet can be determined in the 
system of coordinate X,, Ylt Z, which is connected with the 
center of each droplet by the vector h,j. Similarly, the location 
of /th droplet can be determined in the coordinate system Xjt 

Yj, Zj by the vector L,, = -L,y. 
Let U denote concentration or temperature fields which are 

Table 2 Boundary conditions and conditions at infinity 

The existence of temperature and concentration jumps at the surface 
of a droplet: 

or 

fir 

or 

+ A#T„ ac, 
dr 

+ r . dr 

The continuity of energy flux at the droplet surface; 

WT 

4irR 

Conditions at infinity: 

2 = (X (L, - h,)mJrJ + jr,T + Jrjt)\,-R 

*e\r-> T„, C, 

(7) 

(8) 

(9) 

(10) 
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governed by Eq. (2) (see Table 1) where flux T^ is determined 
by the following equation: 

VU. (20) 

Notably, most practical applications involve high temperature 
differences during evaporation (combustion), and the Stefan's 
flux must be taken into account. Moreover, the energy and 
mass conservation equations are nonlinear on the account of 
dependence of heat and mass transfer coefficients on tempera­
ture (see Table 1). However, methods were developed which 
allow conversion of the Stefan flow (SF) problem into a non-
Stefan flow (NSF) problem (Annamalai, 1993) and conversion 
of the nonlinear problem into the Laplace equation (Elperin and 
Krasovitov 1994a, 1994b). Therefore, the general problem can 
reduced to the solution of the Dirichlet, Neumann, or mixed 
boundary value problem for the Laplace equation in the domain 
exterior to TV arbitrary located droplets. 

The boundary condition at the surface of ith droplet and the 
condition at infinity read: 

U\s.= U\s) = const, U\ | r - r , . | - 0. (21) 

In case when Eq. (2) is linearized, the solution U in the vicinity 
of the i'th droplet can be represented as a superposition: 

U = U,, + SU,, 8Ui = X Uj (22) 
J=I 

Substituting (25) into expansion (23) and using (22) we find 
that 

U=U\s)(l/x,)+ X B L , . . . „ „ ( l - x r ( 2 " + l ) ) < . . . < . (26) 

According to (22), the formula for field perturbation in the 
neighborhood of the ith droplet reads as follows: 

6U, = H[UJs\\/xj)- I B XJ (27) 

Suppose that the origins of the systems of Cartesian coordi­
nates Ok (k = 1, . . . , A0 are located at the centers of each 
droplet. Then, if the axes of these systems are parallel (i.e., 
OjX.HOAH . . . \\0NXN- O.F.HOjKJ . . . \\0NYN; Q|Z,||Q2Z2|| ... 

i i 

\\0NZN), the Taylor's series expansion of xji2n+i)xit . .. xln 

can be written as follows: 

-(2(i+ I) j 

= I w^r'efn,,. (LijjfXp •"nM|. •^k'-^'J'^l'l 

where 

e, = 
* i 

<£j = 

(28) 

where £/, is the field generated by the *th droplet and £[/, is 
the perturbation which is caused by the presence ofN—1 other 
droplets. Note that in order to simplify notations, hereafter, we 
omit index (' near the solution U in the vicinity of the ith droplet. 
Note also that the field function in the neighborhood of the ith 
droplet has singularities at the centers of other N - 1 droplets. 

The field function (e.g., temperature or concentration) can 
be represented as a tensor expansion suggested by Schmitz and 
Felderhof (1982): 

u, = l A L , . . . „ „ * r ( 2 " + 1 ) * i , 
n=0 

6Ui = X B'l,v^nxl1 . . . x'„n (23) 

£1 

Ukn — 

• ! / , . . . ! / „ / < , . . . | i t 

( - l ) t + " [ 2 ( » + k) - 1]!! 

k\(2n - 1)!! 

/ i \ k+n T k+n+ 1 

(L,) = ( l) LiJ  

V%J) = dL™, 

[2(n + k) - 1]!! 

x V » l • ' • V "» V A M • • • V fk \ T j 

and lJ£'J\ Cartesian coordinates of the vector L,y. 
Substituting expansion (28) into the expression (27), and 

using expression (23), we can obtain the infinite system of 
linear algebraic equations for the determination of the coeffi­
cients B'u „ : 

where the tensor x'V] . .. x'Vii, defined as follows: 

XIJ. 
(-D" 

(In - 1)!! 
x]"+' V' VI (24) 

is a symmetrical tensor with 2n + 1 independent components; 
Vlk = dx'ut, xik = {xVt - xlk)/Ri, xVk and xlt (uk = 1, 3, 

k = 1, n) are current Cartesian coordinates and the Cartesian 
coordinate of the center of the ith sphere, respectively, and xt 

= V2 (xlk)
2 (for details see, e.g., Hess and Kohler, 1980). It 

is shown below that the latter representation of the solution 
allows to satisfy the boundary conditions at the surface of each 
droplet. Since U-, and 6Ut are harmonic functions, the coeffi­
cients h'Vv..Vn and B'„v..Vn are the constant symmetrical tensors 
that are traceless in any pair of their indices. These tensors must 
be determined from the boundary conditions. 

Using the boundary condition (21) we can express the coef­
ficients AL,...„„ via the coefficients B'Vt...Vii: 

A'Q = £/<•" - B'0, for n = 0 

A ' B' for Vn s 1. (25) 

Bl 

where 

B'm 

I l5i....s^€r ie?^1...^1.., t(L iJ) (29) 
j = l t=0 

j=l 
j*i 

The system of Eqs. (29) must be solved by a truncation 
procedure. Our past experience with the use of expansion into 
irreducible multipoles showed that convergence characteristics 
of the system are good, and only a few equations are required 
to obtain a high accuracy. 

2.3 Evaporation of Dense Random Clusters of Multi-
component Droplets. 

(A) Interactive Evaporation and Growth of Droplets With 
Volatile and Nonvolatile Component. Consider a cluster of N 
spherical droplets composed of volatile and nonvolatile compo­
nents. It is assumed that there are no internal heat sources inside 
the droplets and the temperature differences in the neighborhood 
of each droplet are small. Assume that the characteristical times 
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of heat and diffusive relaxation are small and we can consider 
a steady-state evaporation. 

Under the above assumptions, the system of mass and energy 
conservation equations reads: 

I n ( 3 4 ) - ( 3 6 ) 

Kf (0) _ 

div r 4 = 0 (30) 

(C'u(Too) - Ci,„)((n + l)k(e) + nk)w)) 

(n + l)(kM + y'D^n^Lmt) + n # w ) 

'V l 
^ * ! 1 — ~ 

where the flux f $ is determined by equations presented in Table 
3. Boundary conditions for conservation Eqs. (30) read: 

(CUT.) - C,..) ' 

(In + \)ku)y' 

CM\S. = CS'\ f(e)U = 7?> (31) 

lminD
M(VC(e)nr)\Sl + kM(VfMnr)\Sl 

= * ( w )(VfJw ,n r) |S ( . (32) 

Conditions at infinity read: 

F" | | r _ r j H . -»0 , C W | | r _ r j H „ ^ 0 . (33) 

Note that in case of small temperature differences in the 
neighborhood of each droplet we can expand the nondimen-
sional vapor concentration at the gas-liquid interface in Taylor 
series and keep only the linear term: 

'" (n + l)(kM + T/''D(e)n(e)Lm,) + nk\w) 

yi = cUT°>)l$i' 

/(0, = (n + l ) _ ( C U r . ) - Cu^Lm^D^ 

(n + l)(kM + •y'D(e)n(e)Lw1) + nk^ ' 

<P«0) 

tPw = 

(Cu(r.) - c,.„)' 
-»(fcS"' ) - fe(e)) - ( n + l ) L m i n ( < ; > £ ) ( e V 

(n + l)(/t<e) + y'D^n^Lmi) + nk^ 

c(e)U = cS" = ci(r„) + 5ci 
3fi r; + . . . 

ft=o 

where Cj = C"u - Ci,» and f's = 7},, - r„ . Concentrations 
C[j can be determined by the Raoult's law (for ideal solutions) 
and by the formula (15) (for nonideal solutions). 

Using the approach discussed in Section 2.2, the temperature 
and concentration distributions in the neighborhood of the 2th 
droplet can be obtained as follows: 

c w = ci<0> + £ « . . . „ (i + *r(2"+1)>0 

As can be seen from above formulas the coefficient of heat 
conductivity inside the droplet does not enter into the tempera­
ture and concentration distributions for n = 0. The analysis of 
these expressions and estimations of the coefficients for n > 0 
show that for a cluster of droplets with high thermal conductiv­
ity the solution of the problem can be carried out in the region 
outside the droplets only. 

Using expansion (28) the unknown coefficients B'Vv.,Vn and 
Qi,...u„ can be found from the following system of equations: 

N «o 

Bi,...,„ = 5«°!.„„ + S S (KLBi,...n + X£gi,:.„,) 
; = 1 t=0 
J*i 

X w„k6j e?fii,1...iWjl.../,,l(Li/) ( 3 7 ) 

+ Qi,.,,x7(2"+i)K„)xil...xin (34) 

00 

?<*> = r f>+ I ( e i , . . . „ ( i + x r < 2 " + 1 ) < ) 

Ql,.,„ = G?,0).,„ + 1 1 (v>LBiv.,„k + <pJ
qkQiv..»k) 

Xu>nke*+,e?n„l..,Vl..,»k(LiJ) (38) 

j = \ k=0 

+ Bll...IJnx7(2n+,)ipii,n)xll...xlit ( 3 5 ) 

where C'(0) = xr'Kl0)60„ and T'e
m = xTl^a)80n are nonper-

turbed fields of concentration and temperature generated by ith 
droplet. 

The temperature distribution inside the j'th droplet is deter­
mined by the following formula: 

where 

Bl(,°U = X x r W j e f i V . J L o ) and 

f\w) = ^„m60n + I (<p<bnBi 

+ ( 1 + vl
q»)Qi

Vi...Vn)xl (36) 

J*I 
N 

Qlf.,,, = I y'rW.effV.^L.j). 
J*' 

The solution of the above system of coupled linear algebraic 
equations can be found by Jacobi-Zeidel iterations with succes­
sive underrelaxation and can be calculated with any accuracy 
of the nth power of the small parameter e. All the calculations 
in this study were performed with the accuracy O (e5). 

Table 3 Formulation of parameters for the problem of condensation (evaporation) of a cluster of droplets containing a 
volatile and non volatile component 

Conservation equation Definitions of parameters 

Mass (outside droplets) 

Energy (outside droplets) 

Energy (inside droplets) yyKuO 

Q(e) __ Q(e) _ -c,,. c, , = lim C?\ Cf = - n?»/S »?> 
J'ie) _ j>(e) _ 7"., r„ = lim Pe) 

|r-r,|-~o 
J-(W T<w) _ T T7N 
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As was suggested by Labowsky (1980a) for evaporating 
clusters it is more convenient to represent the obtained results 
in terms of correction factor. In the notations of the present 
solution, the heat and mass correction factors could be deter­
mined as follows: 

c - - 4 - 7 f (Vfie)nr)\SiR} sin •dlddid<p, 

??, = — \ (VC ( e ,n r)U«? sin •didtiidu>, (39) 

where <p>0 = ^;,(0) (n = 0) and Xj, = Km (n = 0) . 
Keeping only the first term in expansions (34), (35) we obtain 

C/ = i+42fi i + 42Gi, ^ = i + ^ f l i + ̂ G i . (40) 

The expressions for Sherwood and Nusselt numbers read: 

Shf 

Nu, = 2 

Xo + KboB'o + X-̂ oQo 

Xi + (1 + XJ)0)Bo + KoGo 

<p'o + v'boB<0 + (1 + y ^ G i , 
(41) 

Finally, the rate of evaporation can be found from the Eq. (16) 
in which the value of mass flux qx takes the form 

J„D< ' ( V C ^ n , . ) ! ^ ? sin •d,d'dldtpi. (42) 

(B) Interactive Evaporation and Growth of Clusters of 
Multicomponent Droplets With Arbitrary Volatile Components. 
Similar to the previous section, we consider a system containing 
N spherical multicomponent droplets immersed into a stagnant 
mixture of A + 1 components with temperature T„. It is as­
sumed that A constituent species of the ambient gas mixture 
are volatile components of the droplet and A + 1th species is 
an ambient gas. The analysis of evaporation (condensation) 
of clusters of multicomponent droplets with arbitrary volatile 
components and small temperature differences in the neighbor­
hood of the droplets will be performed in case of droplets com­
posed of ideal mixtures. Ideal mixtures approximation can be 
used when mixtures are formed by substances with similar mo­
lecular properties (e.g., hexane-heptane, benzene-chloroben-
zene, etc.). Since the characteristic times of heat and diffusion 
relaxation are small, we can consider the steady-state evapora­
tion (condensation). Moreover as it was shown in the previous 
section when the coefficient of conductivity of droplets is much 
higher then the coefficient of heat conductivity of the ambient 
gas, the solution of the problem can be carried out in the domain 
outside the droplets only. Thus, under the above assumptions 
the linearized system of mass and energy conservation equations 
reads: 

V T W = 0, V'CjT = 0. (43) 

The boundary conditions for the above system of conservation 
equations (43) can be written as follows: 

f<e)|,. = fj«>, Cf\s= C$ (44) 

kie)(Vf^nr)\Sl + I LlimpnMDli(VCfnr)\Sl = 0 (45) 
(3=1 

where the values T(e) and Ctf* are defined similarly to the param­
eters shown in Table 3, subscript /3 denotes the number of 
species, and Dp is the effective diffusion coefficient. 

Conditions at infinity read as 

Cf I |r_P,| - 0, f ( e >| | r _ r , , ^0 . (46) 

Using the approach described in the above sections, the follow­

ing expressions for the temperature and concentration distribu­
tions in the neighborhood of the ith droplet were obtained: 

f(,) = r ( 0 ) + £ (x-(2„+1> £ a> G< 

+ (1 + a U " " , + l , ) H ; . . , . ) ^ • • • *l„ (47) 

*(e) _ /-i<0) cp+ I (xr(2"+1Vk^i,...,„ + ( i 

/ = i 
«/.*» -

Yf> 
xt 

(48) 

where 

n°> = a'oxrl, cp = r^xr', 
Lp/J-p i 

rr = c#(r.) ] + R.TL 
a0 

k(e)n - (n + 1) 2 Lpmpn^Dpjp 
i 0=\ 

dim = ft 
(n + l)(/fcw + 2 Lpmpn^Dpy'p) 

*fi,w 
{In + l)Lptnpnie)Dp 

ft 

(n + \)(kie) + 2 Lpmpnie)Dpyp) 
/3=1 

A 

- 2 Lpmpn^DpCp%T„) 
a'0 = ' • " A , 

kM + 2 LpmpnMDpYp 

y'p = Cp%T„) ^ g , n,h„ = yp{\+ a'h„), 
Kg!* 

and Sip is Kronecker's symbol. 
Using formula (28), the unknown coefficients Gjs,„,.. »„ a n d 

#!/,...i,„ can be found from the following system of linear alge­
braic equations: 

H' = Him 

N oo A 

+ 1 1 {ocikHi,.,k + I aJp,gkGi^..Vk)®^ (49) 
J = l k=0 P=\ 
j*< 

N » / 

Gp,„,.J/n = GZ\..,„ + 1 1 ^i„kHi,..n 
j=\ k-0 V 
J * ' 

+ 7 ^ 1 akm -
Jf> 

vy..vk j^nk 

where 

nk — <*>„/,£ j £/ 5 2„ ,(L,y). 

Similar to previous analysis, the solution of the above system 
of coupled linear algebraic equations can be found by Jacobi-
Zeidel iterations with successive underrelaxation and can be 
calculated with any accuracy of the rath power of the small 
parameter t. 
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In notations of the above solution, the heat and mass correc­
tion factors could be determined as follows: 

W = 1 + — 2, <*ksoGko + ; #o 
« 0 / 3 = l « 0 

2.2 

%,:' 
-.1(0) A 

I + ^ Y "Lgn-

yd 
m6"3 G\ (9,0 (51) 

For simplicity, we assume that the total droplet volume equals 
to the sum of the mixing species volumes. The error of the 
latter approximation is about 2.5 percent. Then, using this ap­
proximation, the rate of evaporation can be found from the 
following system of equations: 

dRj 

dt 2rtmq'fi{R,,M'0) 

dM'p 

dt 

4-rrRfp 

= -mpq'piR,, M'p) (52) 

with the following initial conditions: Rt = Ri0, Ml
p - M'po at 

t = 0. 
In (52), pf is the density of pure /3th species, q'p{Ri, 

M'n) is the integral mass flux of /3th species, and M'p is the 
mass of the /3th species within the j'th droplet. 

3 Results and Discussion 

The solutions derived in the previous sections have been 
applied to the analysis of interactions between multicomponent 
droplets and the effect of these interactions on evaporation (con­
densation) rates for variety configurations of evaporating 
(growing) clusters. The results were obtained for binary arrays 
and large clusters of droplets (i) composed of volatile compo­
nents and (ii) composed of a volatile and a soluble nonvolatile 
component. 

The results of calculation of Nusselt and Sherwood numbers 
for binary array of droplets consisting of a volatile and a soluble 
nonvolatile component are shown in Figs. 1 and 2 where two 
droplets of the same size but with different mole fraction of a 
volatile species (droplet 1, volatile species: 80 percent; droplet 
2, volatile species: 20 percent) are considered. In the calcula­
tions it was assumed that the mixture of a volatile component 
and a soluble nonvolatile component constitutes the ideal solu­
tion; octane, heptane, and hexane were considered volatile com­
ponents. As can be seen from these plots, Nusselt and Sherwood 
numbers strongly depend on the kind of volatile species and on 
the distance between droplets. When the relative distance tends 

6 10 14 18 

Dimensionless distance, L/R 

Fig. 2 Sherwood numbers for monosized binary array of droplets with 
volatile and nonvolatile species (drop 1-80 percent volatile species; drop 
2-20 percent volatile species) 

to infinity (i.e., LIR -> oo) Sherwood and Nusselt numbers as­
ymptotically approach the value 2, appropriate for a single drop­
let. In a case when the relative distance decreases, Nusselt and 
Sherwood numbers of predominantly volatile droplet (droplet 
1, with 80 percent volatile species) increase and Nusselt and 
Sherwood numbers of a droplet with a lower content of volatile 
component (droplet 2, with 20 percent volatile species) de­
crease. Therefore, at small distances between droplets, the evap­
oration rate of a droplet with a higher content of a volatile 
component increases and a droplet with lower content of a 
volatile component grows, and its surface temperature increases. 
Notably, Nusselt and Sherwood numbers increase beyond 2 
when octane is the volatile species and the LIR ratio varies in 
the range from 2 to 3. 

Interactive growth of droplets on hygroscopic nuclei is en­
countered in various environmental applications. In particular, 
small aerosol soluble particles act as nuclei for droplet conden­
sation in atmospheric clouds. In this case, the mixture of a 
volatile component and a soluble nonvolatile component consti­
tutes the non-ideal solution. In this connection, the evaporation 
of a binary array, comprised of a pure droplet and a droplet 
consisting of volatile and a nonvolatile soluble nucleus, was 
considered. The results of calculating the evaporation rate of a 
pure water droplet located in the neighborhood of a droplet 
consisting of water and a hygroscopic nucleus of NaCl are 
presented in Fig. 3. The calculations were performed for drop­
lets with the radius 3 /xm and for the ambient temperature T„ 
= 278 K, pressure p = 1 atm, mass of soluble nucleus M' = 

6 10 14 

Dimensionless distance, L/R 

Fig. 1 Nusselt numbers for monosized binary array of droplets with 
volatile and nonvolatile species (drop 1 -80 percent volatile species; drop 
2-20 percent volatile species) 
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Fig. 3 Evaporation rate of pure water droplet located in the neighbor­
hood of droplet consisting of water and hygroscopic nucleus of NaCl 
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Fig. 4 Mass flux versus radius. Comparison the results obtained for a 
growing two monosized drop array and single drop contain hygroscopic 
nuclei NaCI (/W—the mass of hygroscopic nucleus). 
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Fig. 6 Average mass correction factor of primary droplet versus volume 
fraction (radius of the primary droplet is equal to the average radius) 

10 ~'°g and various ambient concentrations of volatile species, 
and center-to-center distances (in this plot e is the LIR ratio). 
As can be seen from this plot for the considered values of the 
center-to-center distances and ambient concentrations of volatile 
species, the pure water droplet grows first and only then the 
droplet begins to evaporate. In this instance, the droplet con­
taining soluble nucleus (droplet 1) acts as a heat source and a 
mass sink that causes an increase of vapor concentration in the 
neighborhood of the droplet. Thus, the pure water droplet (drop­
let 2) located in the vicinity of droplet 1 grows. When the 
radii of the pure water droplet and salty droplet increase, the 
concentration of the solution within the droplet containing a 
soluble nucleus (droplet 1) decreases. The latter retards the 
condensation rate at the pure droplet and decreases vapor con­
centration in the vicinity of the droplets. Thus, inside the dense 
clusters and clouds containing pure droplets, droplets containing 
soluble nuclei heat and mass sources and sinks can occur. There­
fore, when a dense cloud contains both pure water droplets and 
droplets containing soluble nuclei, interaction between tempera­
ture and concentration fields causes the growth of some droplets 
in a cluster and evaporation of other droplets. In the case of a 
finite symmetrical array of compositionally dissimilar inter­
acting droplets this phenomena was originally predicted by La-
bowsky (1980a) who used the method of images. Later, the 
theoretical model of recondensation in multicomponent droplet 
arrays was developed using the point sources method by Anna-
malai(1993). 

The dependence of mass flux on the radius for the array of 
two identical droplets containing hygroscopic nuclei of NaCI is 

2 

0.01 0.02 

Volume 

0.03 0.04 

fraction, o 

0.05 

Fig. 5 Variation of average mass correction factor of primary droplet 
with volatile and nonvolatile component versus volume fraction (W—the 
number of droplets within the cluster) 

shown in Fig. 4. In this plot, the solid lines denote the interacting 
droplets and the dashed lines denote the single droplets. The 
calculations were performed for the ambient temperature Tx = 
278 K, ambient pressure p = 1 atm, dimensionless concentration 
of volatile species Ci/X = 0.009 and various values of the nu­
clei's mass. As it can be seen from this plot, the dependence 
of the mass flux on droplet radius has the minimum in a case 
of interactive evaporation of droplets. The negative values of 
mass flux mean that condensation of droplets containing soluble 
nuclei occurs. Thus, in case of a monosized cluster of droplets 
the radius of hygroscopic nuclei, which enables the growth of 
the droplets in the cluster, can be calculated. In clusters with 
droplet size distribution, the size distribution of hygroscopic 
nuclei, which enables growth of droplets in a dense cluster, can 
be determined using the developed theory. 

The results of calculation of the average mass correction 
factor for the primary droplet, r)p, located inside a spherical 
cluster with log-normal distribution of droplet radii and uniform 
spatial distribution of droplet are shown in Fig. 5. Notably, the 
effect of droplet size distribution width on correction factor is 
small (see Elperin and Krasovitov, 1994b). The calculations 
were performed for a primary droplet (droplet located in the 
center of the cloud) with the radii equal to the average radius 
(solid lines) and 0.5 of average radius (dashed lines). In all 
calculations presented hereafter, droplet radii and center-to-cen­
ter distances between droplets are normalized by the average 
radius. These results are obtained for TV = 50 and 100 droplets 
(N is the number of droplets in the cluster) with octane as 

f 
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-0.3 0.01 0.02 0.03 

Volume fraction, o 

0.04 0.05 

Fig. 7 Average mass correction factor of primary droplet versus volume 
fraction (radius of the primary droplet is equal to 0.5 of the average 
radius) 
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Fig. 8 Droplet radius versus time. Comparison of the results obtained 
for binary arrays of pure droplets (1—array of heptane droplets; 2— 
array of hexane droplets) with the results obtained for two drop array 
of heptane-hexane droplets (4—droplet I: 80 percent heptane and 20 
percent hexane, 3—droplet 2: 20 percent heptane and 80 percent hex­
ane). 

a volatile component (octane: 80 percent; soluble nonvolatile 
component: 20 percent) when the droplet volume fraction is up 
to five percent inclusive. Note that when droplet volume fraction 
equals five percent, the average center-to-center dimensionless 
droplet spacing Ly/Rp (where Rp is the radius of the primary 
droplet) between neighboring droplets is of order 5, i.e., such 
clusters are fairly dense. The value of the correction factor for 
the primary droplet, fjp, was calculated as an average from the 
calculations of the correction factor rjp for 100 various randomly 
sampled configurations of droplets in the cluster. 

The results of calculating the average mass correction factor 
for the primary droplet located inside a spherical random cluster 
with log-normal distribution of droplet radii and uniform spatial 
distribution of droplet are shown in Figs. 6 and 7. The calcula­
tions were performed for a primary droplet (droplet located in 
the center of the cloud) with the radii equal to the average 
radius, Fig. 6, and 0.5 of average radius, Fig. 7. Similar to the 
previous in the calculations, droplet radii and center-to-center 
distances between the droplets are normalized by the radius of 
the primary (trial) droplet. These results are obtained for iV = 
50 droplets (N is the number of droplets in the cluster) com­
posed of the binary mixture of 80 percent heptane and 20 per­
cent hexane when the droplet volume fraction is up to five 
percent inclusive. As it can be seen from Fig. 6, the dependence 
of mass correction factors of heptane and hexane species on 
volume fraction has a minimum. Remarkably, the increase of 
the correction factor for more dense clusters occurs due to the 
phenomena of recondensation whereby evaporating droplets act 
as mass sources and heat sinks and growing droplets act as 
mass sink and heat sources. The calculations presented in Fig. 
6 were performed for the primary droplet with the radius equal 
to the average radius of droplets in the cloud. The results of 
calculations for the primary droplet with 0.5 of the average 
radius are shown in Fig. 7. As it can be seen from this plot, the 
primary drop correction factor reverses sign in case of more 
dense clusters. The latter implies condensation of the primary 
droplet. 

The solution presented above was applied to the analysis of 
interactions between multicomponent droplets composed of a 
binary mixture of volatile components. The dependencies of 
radius on time for an array of two multicomponent droplets is 
presented in Fig. 8. Droplet 1 has a composition of 80 percent 
heptane and 20 percent hexane and droplet 2 has a composition 
of 20 percent heptane and 80 percent hexane. The dashed lines, 
1 and 2 in Fig. 8, are plotted for arrays of two heptane and 

hexane droplets of equal radii correspondingly. The calculations 
were performed for ambient temperature T„ = 283 K, ambient 
pressure p = 1 atm, and dimensionless concentration of volatile 
species CHept,« = 0 and CHex.«. = 0. 

4 Conclusions 

The quasi-steady evaporation of multicomponent drop arrays 
and random clusters of multicomponent droplets has been stud­
ied using the modified method of expansion into irreducible 
multipoles developed by Elperin and Krasovitov 1994a, 1994b. 
The evaporation and growth of binary arrays and large random 
clusters of droplets (i) composed of volatile components and 
(ii) composed of a volatile and a nonvolatile component were 
considered. The analytical and numerical results of the investi­
gation are presented in terms of heat and mass correction fac­
tors. Transient evaporation and condensation of multicompo­
nent droplet clusters is analyzed, and the evaporation rate is 
determined. It is shown that for droplets of ideal solution with 
different compositions, Nusselt and Sherwood numbers depend 
on the concentration of components inside each droplet. When 
dense cloud contains both pure droplets and droplets containing 
soluble nuclei, interactions between temperature and concentra­
tion fields causes growth of some droplets in a cluster and 
evaporation of the other droplets. Remarkably, at a certain stage 
the growth of the droplets slows down and they begin to evapo­
rate. The developed theory allows to determine the size distribu­
tion of hygroscopic nuclei which enables growth of droplets in 
a dense cloud. It is shown also that inside an evaporating large 
cluster of multicomponent droplets composed of volatile com­
ponents, the phenomena of recondensation occurs whereby 
evaporating droplets act as mass sources and heat sinks and 
growing droplets act as mass sink and heat sources. The results 
of this study are of relevance in the analysis of dynamics of 
droplet size distribution in clouds, artificial modification of 
clouds and precipitation, in-cloud pollutants scavenging, and 
in-cloud analysis of evaporation and combustion of multicom­
ponent (blended) fuels. 
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