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Abstract. A development is provided showing that for any phase, by not neglecting the
macroscopic terms of the deviation from the intensive momentum and of the dispersive
momentum, we obtain a macroscopic secondary momentum balance equation coupled
with a macroscopic dominant momentum balance equation that is valid at a larger spatial
scale. The macroscopic secondary momentum balance equation is in the form of a wave
equation that propagates the deviation from the intensive momentum while concurrently,
in the case of a Newtonian fluid and under certain assumptions, the macroscopic domi-
nant momentum balance equation may be approximated by Darcy’s equation to address
drag dominant flow. We then develop extensions to the dominant macroscopic Navier—
Stokes (NS) equation for saturated porous matrices, to account for the pressure gradient
at the microscopic solid-fluid interfaces. At the microscopic interfaces we introduce the
exchange of inertia between the phases, accounting for the relative fluid square velocities
and the rate of these velocities, interpreted as Forchheimer terms. Conditions are provided
to approximate the extended dominant NS equation by Forchheimer quadratic momentum
law or by Darcy’s linear momentum law. We also show that the dominant NS equation
can conform into a nonlinear wave equation. The one-dimensional numerical solution of
this nonlinear wave equation demonstrates good qualitative agreement with experiments
for the case of a highly deformable elasto-plastic matrix.

Key words: representative elementary volume, macroscopic momentum balance equation,
spatial scaling, solid-fluid microscopic interface, saturated porous media, nonlinear wave
propagation.

1. Introduction

Applying averaging rules to a Representative Elementary Volume (REV),
Bear and Bachmat (1990) formulated the macroscopic balance equations
for interacting phases of fluids and a deformable porous matrix. Based on
these, Bear and Sorek (1990) developed the dominant macroscopic forms
of mass and momentum balance equations following an abrupt pressure
impact in saturated porous materials under isothermal conditions. It was
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shown that during a certain time period, due to the domination of inertial
terms, the fluid momentum balance equation conforms to a nonlinear wave
equation. Bear et al. (1992) and Sorek et al. (1992), elaborated on these for
the case of thermoelastic porous media, describing the theoretical basis for
obtaining displacement and shock waves, respectively.

These models, however, excluded the possibility of the exchange of
microscopic inertia through the solid—fluid interface. Following Sorek et al.
(1992) and Levy et al. (1995) introduced additional Forchheimer terms and
obtained a variety of nonlinear wave equation forms. These together with
the development of the evolving balance equations following an abrupt
simultaneous changes of the fluid temperature and pressure, are the major
novel theoretical aspects with respect to Nikolaevskiy (1990).

A discussion about analytical and numerical developments of mod-
els to simulate wave propagation through porous medium, appears in
Sorek et al (1999). These modified models based on Sorek er al (1992)
and Levy et al. (1995), are compared to other existing models and to
observations from shock tube experiments. The latter proved to yield very
good agreement with numerical simulations of the model described by
Levy et al. (1995), when considering rigid porous matrices.

A rigorous mathematical development accounting for the exchange of
momentum and energy between phases at their common interfaces, appears
in Levy et al. (1999). This, when referring to inertial terms associated with
gradients of fluid velocity, formulate the expressions of Forchheimer terms
at the solid—fluid and fluid-fluid interfaces.

Sorek et al (1999) present the macroscopic fluid momentum balance
equation, coupled with the dominant averaged one and built of flux terms
deviating from the averaged terms.

In what follows we will present the detailed development of the mac-
roscopic form of the extended Navier—Stokes (NS) equation. This will
describe the secondary coupled momentum balance equation comprised
of momentum fluxes deviating from the averaged ones. When address-
ing the averaged momentum equation, it will account for the microscopic
exchange of momentum, at the solid—fluid interface, resulting also from the
fluid velocity rate (i.e. extension to Forchheimer term). Finally, based on
Levy et al. (1995) in reference to the macroscopic non linear wave equa-
tion, simulation will be provided for the propagation of a compaction wave
through a one-dimensional highly deformable saturated porous medium.

2. The Macroscopic Momentum Balance Equation

The basic forms of the macroscopic balance equations for a phase, are
presented by Bear and Bachmat (1990) for the case of a porous medium
of general local geometry. These are based on volume averaging of the
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microscopic balance equations. Some of these averaging techniques will be
key elements in obtaining our extensions of the macroscopic balance equa-
tions. These, e.g., are

o
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where e;, and ey, denote two intensive quantities of the o« phase, e,“
denotes the average of ¢,, over U,, the volume of o within &/, the volume
of the REV and e,(=e, —e,%) denotes deviation from the average (e,*) of
the intensive quantity of the « phase.
Modified rule (Bear and Bachmat, 1990) for averaging a spatial deriva-
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here x; denotes the i-th coordinate of a point on the o — B interface (Syp
denotes the surface of these interfaces) relative to the REV centroid, &,
denotes the unit vector outward to the o phase and 6, (=U,,/U,) denotes
the volume ratio of this phase. Bear and Bachmat (1990), assumed that the
modified rule can be justified for the fluid (f) pressure (P) when V>P =0
in U,r, namely that P has not an extremum distribution. Moreover, for
e= P, the second term on the r.h.s. of (2.2) allows the exchange of VP (at
Sep) With other momentum flux terms of the microscopic NS equation.
Instead of (2.2) the averaged gradient approximation, in Nikolaevskiy et al.
(1970) , Nikolaevskiy (1990, 1996) we find the notion of mass-averaged e(=
pe/p) variable, the deviation ¢(=e —¢) from the mass-averaged variable and
that of a phase interaction force, leading to an inertia resistance term which
is introduced in the macroscopic fluid momentum equation.

The tensorial tortuosity coefficient, T, appearing in (2.2) is defined by

R T
Taij:M/xisaj dS, (23)

Somt

where S,, denotes the « —« part of the REV boundary. This macroscopic
coefficient reflects the microscopic configuration of the solid—fluid interface.

2.1. THE SECONDARY MOMENTUM BALANCE EQUATION

Following Bear and Bachmat (1990), the macroscopic (i.e. averaged over
the REV) momentum balance equation of a phase, reads



218 S. SOREK ET AL.

Dﬂ —mOl #(X 4
E <9a/0ava )— _Vl [901 (/OotVa Va —0q )] + eatpozFoz
i [VEn -9 -8, as 4
osaﬂ

where D#/Dt = 9/0t 4+ -V denotes the material derivative, which expresses
the rate of change from the point of view of an observer traveling at the
velocity, # (in (2.4) this velocity refers to the deforming surface enclosing
U,), po denotes the density of the o phase, V? denotes the mass weighted
velocity of the o phase, F, denotes the body force acting on the o phase
and o, denotes its stress.

Let us assume that:

[4.1] The Syp surface is material to the momentum flux of the phases,
[A4.2] Very large Strouhal number (StC7%) > 1),

where St (z (L& /1% / z?c) is associated with the characteristic length

increment (L) of the REV averaged e, (=0,€,°, 6, - volume ratio of the
o phase) quantity, its characteristic time step (z%), and the characteristic
velocity (9.) of the deforming surface enclosing the REV.
In view of (2.1), [4.]] and [4.2], we rewrite (2.4) in the form:
8 el 0 4 — e 4 — O\ —u
E[ea(m“Vgi +aV )} :—V-{eaKp—a“V;" +av )Vg; +

(VY™ —a—a“]}wapaFa“, (2.5)

o
in which @a (= p,V" ) denotes the deviation from the macroscopic
intensive momentum (,oo,Vg’a) of the o phase.

Let us add the assumptions,

[A.3] ay“|, and [A4] [EoVEVE| > e VmvEr |.

Pt 0 4
e ‘>>

Following Biot (1956), a compressible fluid will behave as incompress-
ible for a porous medium saturated with perfect fluid, when considering
the seepage law (i.e. microscopic velocity field is a linear function of the
phases average velocity components). This first-order approximation refer-
ring to the fluid density being constant over the REV, was demonstrated
by Auriat et al. (1990) for a slow flow regime using an asymptotic method.
Hence, for the fluid phase under such conditions, we can express [4.3] and
[4.4] using only its velocity terms.

We note that [4.4] does not apply to, say, Brownian motion in which
the 1st moment of the momentum flux (i.e. the left expression in [4.4]
being the advective momentum flux) can be zero while the 2nd moment
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(i.e. the dispersive momentum flux) will not vanish. However, here and in
what follows we consider the condition that the existence of an advective
momentum flux (i.e. a nonzero « phase velocity) will dictate the occurrence
of a dispersive momentum flux. Moreover, we conclude that the vanishing
of e, will also cause the disappearance of, 20,, the deviation from the aver-
age. We thus assume that

[A4.5.1] eq = A, 25",

in which A,, denotes the component of a, say empirical, factor that can be
a scalar, a vector or a tensor of any rank. In view of [4.5.1] we write

A=A Ve, A =R, Ay (2.6)
and
(peVIVT =C, pgVmvm*, C_aaEA(paV;”)AVOj"aa (2.7)

in which A(,,v») can be shown to be dependent on A,, and Ayx.
By virtue of [A.5.1] and (2.6), we express [A.3] in the form:

[4.5.2] 1> A, | =¢, suggesting that A, =&B,  with B, [=1,
and note that [A.5.1] together with (2.7), conforms [4.4] to read

[4.5.3] 1> IIC_aall, which in view of [4.5.2], we assume that C, =¢D,”.
By virtue of [4.5.2] and [A4.5.3], we now rewrite (2.5) in the form:

ad _ —a d g
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We note that as ¢ « 1, then an approximate solution to (2.8) can be
obtained by decomposing it into a set of two coupled balance equations,
each of a different order of magnitude. Moreover, since the solution of
(2.8) depends on e, we can expand its dependent variables (e.g. 02~
D02 + 60000+ 00 4 VI AV VI 2V +-) using terms
associated with a polynomial of ¢ powers. An approximate solution to (2.8)
can thus be obtained by solving an infinite set of momentum balance equa-
tions of descending order of magnitude. While the first (i.e. when ¢ = 0)
balance equation is nonlinear and of the highest order of magnitude, the
others are linear balance equations as they are combined with variables
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obtained from the solution of the equations that are of higher order mag-
nitude. In view of (2.5) and (2.8), we can assume that the dominant momen-
tum balance equation, reads

8 - el § Gl 03 E— 0
E(eamfth; ):—V.[ea(m“Vgg Vo —a_a“)]—l-Qa,ana . (2.9)

The validity of an assumption is justified by comparing the predictions
of its resulting model with observations. As will be shown in the case of
a fluid phase, under certain assumptions, (2.9) can conform to the well-
known Darcy’s linear momentum, to Forchheimer’s law or to a momen-
tum balance equation that governs the propagation of shock waves through
porous media. The latter was verified, Levy et al (1995), by shock tube
experiments.

In view of (2.5) and (2.8) the balance equation assumed to be of a much
lower order of magnitude, i.c., the secondary momentum balance equation,
reads

8 —u —a—q o o
— M ——_V. M m myym
- (6u0") ==V {90, [da Vi 1 (p VIV ]} (2.10)

Both, (2.9) and (2.10) are coupled via, V_{;'a the velocity of the o phase.
In view of (2.6) and (2.7), we can rewrite (2.10) in the form:

% (685 ) =V [0, 0+ 20aF Vi*]. 2,=C°(&.7) . @1

which represents a wave equation propagating the d¥ ¢ quantity.

We note that although (2.9) and (2.11) are coupled, each is based on
a different premise and thus can represent different characteristics. Based
on the averaging procedure, the dominant macroscopic momentum bal-
ance equation (associated with the larger spatial scale), accounts also for
transfer of microscopic flux of the phase extensive quantity through the
microscopic interface of interacting phases. The macroscopic secondary
momentum balance equation considers deviations from processes averaged
in the considered REV. A valid possibility, when drag at the solid—fluid
dominates, is that (2.9) can be approximated by Darcy’s equation at the
large spatial scale while, concurrently, (2.11) (or (2.10)) represents the gov-
erning of inertial flow at a smaller spatial scale. Moreover, we can solve
(2.9) for \7_g1a and then estimate the magnitude of d¥ ¢ by solving (2.11).



EXTENSIONS TO THE MACROSCOPIC NAVIER-STOKES EQUATION 221

2.2. THE MICROSCOPIC PRESSURE GRADIENT THROUGH THE SOLID—FLUID
INTERFACE

In what follows we will further develop (2.9) in the form of NS equation
accounting also for the microscopic pressure gradient transferred through
the solid—fluid (Sys) interface.

Subtracting from (2.9) the product of V”’ with the mass balance equa-
tion for the o phase reads,

0 — _ _ -
ep—a“aVz?%— e VIV VI LV - (0,55%) + O puFa - (2.12)

Let us consider the case of a saturated porous medium (i.e. ¢ = f—fluid,
and B =s—solid) for which 6, = ¢, the porosity, and 6, =1—¢.
Referring to the fluid phase, let us assume that

[4.6] Newtonian fluid, and that
[4.7] only gravity body forces exist.

In view of [A.]] from which we obtain V - (6,0,%) =6,V Oy, [4.6] and
[4.7], we rewrite (2.12) in the form of the macroscopic NS equation which
reads

__ D (Wf>_arf,~jf ap’ 0z o1
pr Dt fi - 8Xj 0x; pfgaxi ’ '

in which 7y denotes the shear stress tensor of the Newtonian fluid and
gdZ/dx; denotes the gravity acceleration in the Z direction.
In expanding oP/ox; of (2.13), in view of (2.2) and (2.3), we write

ap’
0x;

o dP
_¢8 ¢ + n [ Sfj ds. (2.14)
The microscopic dP/dx; at the r.h.s. of (2.14) can be deduced from the
microscopic NS equation at the Srs interface. In doing so, Levy et al

(1999) expanded the assumption made by Bear and Bachmat (1990) and
assumed that

8Vf’” aff

j_ 9Tij

‘(p "ot T o, )gff
Levy et al. (1999) specifically found approximations for, Vf’;? Vi /ox)),

the microscopic terms of the inertia transferred through the Srs interface.

This yields the Forchheimer terms associated with the square velocity of
the fluid, relative to the solid.

P dZ BVf”,’
L[\ 7=+ + oV &rjl-
8x 8
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Instead, we will exchange 9 P/dx; with all flux terms of the microscopic
NS equation. Thus, we will write

o 0P o anm anm 0Z 8‘[f
/ %‘fj dS——/m[m( TR j)+ﬂfg—— k]]éf] ds,

Sis Syts

(2.15)

in which we add, in comparison with Levy et al (1999), the approxima-
tions for, BVJ’Z} /0t, the rate of the fluid velocity and, dtr;/9dx;, the surface
force due to shear.

The first term on the r.h.s. of (2.15), by virtue of the integral form of
the mean value theorem, can be approximated to read

L R i
—/ Sf, 5 U /xiSfj
L Sts
v
= gpr! (6~ ). (2.16)

in which §;; denotes the components of the Kronecker delta function, 6‘“
denotes an average over the Sig area. Note that in (2.16) and in what fol-
lows for any a and b variables, we use the approximations a/* =a”; ab’ =
EfEf; da/o¢ P~ gaf /3¢, and 9/9¢ denotes a derivative over time or space.

The fourth term on the r.h.s. of (2.15) expressed in its constitutive rela-
tion, reads

2ym
o B‘ka,- /o a V 8vfrZ
T FdS= i Ap)— i dS,
/x ™ & i | Moy k+(l/«f+ f) oy &)

st SfS
(2.17)

In which u¢ denotes the fluid dynamic viscosity and )»; denotes its second
viscosity.
We add the assumption that

[4.8] no slip conditions prevail at, Sgs, the solid—fluid interface.

Thus the first term on the r.h.s. of (2.17) can be approximated to read

v (1 g, ds
n / ffj S=pu faxkaxk d)uo/xiffj
StS StS
v
~omr —2L(8;; —T7). 2.18
(ﬁ,bbf axkaxk( J flj) ( )
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The second term on the r.h.s. of (2.17) can be approximated by a first order
difference, in the form

1 /;( i) a (VY & ds
U, R A ox; \ 0xg £
Sts

OV /0xp)| s — (0 Vfr;:/axk)lAd
Ac

~ _ _uf 1 o
~ o + ) M/xi s
Sts

12

Cf (—¢ F — f — | o
_pcp@ff +2; ) (Vi7" —av ox, )%/xi ds,  (2.19)

f S

where ¢y denotes a shape factor, Ac denotes a characteristic, A, distance
(aligned with &;;) from the Sis surface to the fluid within the pore space
and A¢(=¢U,/Sss, also related to ¢y Ac) denotes the hydraulic radius of the
pore spaces.

Using the averaging rule for spatial derivative, we express the diver-
gences of (2.19) in the form:

—
VI 8 1
_fk 7 ym ) _/ m ds
Bxk 8xk <¢ £ + Z/{o fksfk
Sts
9 s —n —f 1 D /i s 0
~ % (pvm ) vee | — s :—( V'")—Vm had
™ (d) k)T Vsk uoféfk ox A S g

: (2.20)

in which q,[= ¢(V_?’f —V_’S"S) =¢V,] denotes the vector of the specific rela-
tive flux related to, V;, the vector of the relative velocity, and

avE v 1 /
— vre, ds
o ox (=gt ] Ve
Sts
svr v VT VT 99
=~ 97 sk | 2 [ g, ds | =Lk 4 Tk 2P 221
Bxk+l—¢ uO/S" Bxk+l—¢8xk 2.21)

Sts
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In view of (2.18)—(2.21) we express (2.17) in the form:

zwf

1 o 3‘1,'fkj fj
— | x5, =N dsz=mp/ L (8 — T3 )—
Uo / E)xk Sf] ne ¢8xk8xk( J f”)
Sts 5 P 56
cy y —f drk s
——L s - V) A,
A%(“f+f>(axk 1—¢ axk) .

(2.22)

where A denotes the element of a vector (associated with X;) representing
the order of magnitude of the pore extent in the i-th coordinate direction,
defined in the form:

1 o
Ao =— ; dsS. 2.23
Xi st /X ( )
Sis

Hence, following Levy ef al. (1999) and by virtue of (2.16) and (2.22), we
rewrite (2.15) in the form

1 o 8P C . —
— / xi—&; dS= —fz¢,0ferk V,; Fiji — gpr’ (8i3 — Tfi3)+
Llo an

272
Sts ; ;
i Ve o foq,; BV
! A o v (a7 Rt I 7 S
+ d)ru“f 9%,z +dpr 9t £ Visk (8xk +¢ 9xs ( lj—T“.j)
A% Mt + f an 1_¢ sk 8Xk xi ( . )

in which Fyi[=(1/Sws) [ )Cc),-(ékj —&71&4j)dS] denotes the kji components of
Srs

the Forchheimer tensor.

Actually, we note that (2.24) is the macroscopic approximation of (2.15)
which expresses the exchange between the microscopic pressure gradient,
at the solidfluid interface, with the microscopic NS equation. In view
of Levy et al (1999) we note that (2.24) addresses the extensions to
Forchheimer terms emerging from the microscopic terms of the fluid veloc-
ity rate and the surface force due to shear.

In the followings we will refer to the macroscopic quantities of the fluid
phase and its velocity will be regarded as being mass weighted. Thus, e.g.,

symbols as in Wf, will be omitted.
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2.3. MACROSCOPIC FORMS OF THE NAVIER—STOKES EQUATION

Following Bear and Bachmat (1990) and by virtue of (2.24), we rewrite
(2.13) as the extended macroscopic NS equation

*

oP 0Z
ij

Dy, v+ Vi ~_4(2F
¢10|:E(Vt)+ 9t (81] l]):| (b( ]+ ga ]

2A§» P Virk VijLkji — Maxka PVsk 8xk 8xk ij — ,J

0 8q”' 8Vs,' Cr 1 aq,j aVSj
— _5 . A RV
+M|:8xj (ax,- +¢ 8xj) Aza”qi|+(ﬂ+ ) 8 0x; +o 0x;

_%8_¢+c_f2<8qr,-_ ¢ K18¢>A. |
8xj 8x,~ Af 8Xj 1—¢ ad x

(2.25)

where o;;[=(1/Sws) [ (8;j —&&;)dS] denotes the ij components of a cosine
Sis
directions tensor. ‘

Let us now assume that

[A.9] Theflowisisochoric at the microscopiclevel[i.e. (9V;/0x;)(d¢/dx;) =0].
[A.10] The velocity of the solid phase is negligible in comparison to the
fluid velocity (i.e. ||V > | VsID).

Actually by virtue of [A.10] we conclude that

9qi Vi dq; 3%V,
r; - V? P ) V P ’
1 q ¢ 8Xj >>‘¢ ax]' ’p sk Bxk < ¢Maxkaxk

0 ad

9q; ¢ ¢ v, ¢\

0x; 1—¢ ' ax;

[A.11] The fluid velocity rate summed over the microscopic solid—fluid
interface is negligible in comparison to the fluid velocity rate
averaged over the volume of the REV scale.

[A.12] The friction at the solid—fluid interface is dominant in comparlson
to the friction between the fluid layers [1 €. Azoz, Jq]‘>> Fr (g-)’f/)‘]
as well as to the friction resultmg from the microscopic shear at that

interface [1.6. ‘q&(éu —T7) < AZO‘U‘I/‘>> o % A ]
f

J 3xk3)€k A% dx; T xi
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By virtue of [A.9]-A.12] we rewrite, (2.25), the NS equation in the
form:

oP 0Z « cr
—¢ Tj+pg8 5 T,J—EQXOVkV Fiji — A%aijCIj-
(2.26)

Further, let us assume that

[A.13] The flow is fully developed [i.e. op I]))V; (VH < M%aijqj} .
f

In view of [A.13] we note that (2.26) conforms to Forchheimer Law
which reads

Py ki; (P Iz
l Fii T St 2.27
9i+ "y % Floiged; == o TP, (2.27)

where k;; is regarded as the intrinsic permeability tensor expressed by

kij=keo ;' T} (2.28)

ij’
and k. denotes the characteristic permeability

AZ
ko= A1 (2.29)
Cr

related to, ¢, the characteristic porosity.

Let us express quantities as products of their, ( )., characteristic val-
ues with their, ( )*, nondimensional ones that are of unit orders [i.c.
) =0)c()*], eg., Fyji=xc(Fj;)* in which x; =x.(x;)*.

Assuming that

[A.14]  crxc= Ay,
we obtain by virtue of (2.29) and [A.14]

ok
Xe= .
occt

(2.30)

We note that X, actually represents a characteristic length of the
porous medium. Rewrltlng the Lh.s. of (2.27) in its nondimensional form,

[1e (P Vo) (@) +[(oc/ 1e)xcdeV, ]("/“ 1Fk,,qkq]> ] and assuming that

"Note that for a one-dimensional case, say when neglecting gravitation, (2.27) is writ-
ten in the form of ¢ +alg|lqg=—(k/wn)(@P/dx).
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[A.15] T> |Vm/kc/(d)CCf)/(/Lc/pc)| = Re (i.e. Reynolds number for a porous
medium),

then in view of [A.15], we note that (2.27) conforms to a linear momen-
tum balance equation similar to Darcy’s Law (i.e. for p =const) namely,

ki (0P  0Z
0= (20 voe gl ). @31)
mo\ 0x; 0x;

3. Shock Waves through a Highly Deformable Porous Medium

Extending the theory developed by Sorek et al. (1992), the macroscopic
theoretical basis for nonlinear wave motion in multiphase deformable
porous media was introduced by Levy et al (1995). In Levy et al
(1995), the fluid momentum balance equation is similar to the form
of (2.26). Using a dimensional analysis it was shown that during the
wave period (following an abrupt change in fluid’s pressure and temper-
ature) the momentum flux accounting for the drag in (2.26), is negligi-
ble. Numerical simulations with the one-dimensional version of this model
(Levy et al., 1996) proved to yield excellent agreement with experimen-
tal observations, concerning almost nondeformable porous materials. The
results of the experimental study of Levy et al (1993) with 40 mm long
sample made of SiC having 10 pores per inch and an incident-shock-wave
Mach number of 1.378, for the pressure histories of air at various locations
along the shock tube, are presented in Figure 1. In Levi-Hevroni et al.
(2002), following Levy et al. (1995), we consider a solid matrix that is capa-
ble to undergo extremely large deformations. Consequently, the constitutive
law was expressed in terms of, ¢, the tensor of incremental stress rate being
a function of, &, the incremental strain rate tensor, i.e., ¢ = f(¢). Actu-
ally, this follows the constitutive law of stress being a function of strain
o = f(e), which can be valid for static loadings. Such a change resulted
in an additional differential equation, which required an additional integra-
tion. Furthermore, the interface between the solid and the gaseous phases
had to be tracked. As a consequence, in Levi-Hevroni et al. (2002) a mixed
Lagrangian and Eulerian method was adopted when simulating tracking
of the solid matrix moving front. Hence, the mass and momentum bal-
ance equations of the solid matrix were expressed in Lagrangian coordi-
nates along a particle pathline.

To verify the performance of this approach, simulations were compared
against the shock tube experiments of Levy et al (1993) and the one-
dimensional simulations (Levy et al., 1996) of a porous matrix undergo-
ing small deformations. The gas pressure histories upstream of the porous
material, on the side-wall inside the porous material and at the end-wall are
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Figure 1. Experimental results and numerical predictions [dotted line - Levy et al.
(1996) and solid line - Levi-Hevroni et al. (2002)] of the gas pressure histories (after
Levi-Hevroni et al. (2002)) using a 40 mm long silicon carbide sample with 10 pores
per inch and average porosity of 0.728+0.016. Incident-shock wave Mach number
in this experiment was M;=1.378. (a) Upstream 43 mm ahead the porous material
front edge. (b) Along the shock tube side-wall inside the porous material. 23 mm
from end-wall. (¢) At the shock tube end-wall.
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Figure 2. Simulated gas pressure and effective stress histories at the shock tube end-
wall (after Levi-Hevroni et al. (2002)). The line labeled as gas pressure indicates the
gas wave within the sample pores. The line labeled as fotal normal stress indicates
the wave propagating through the sold part of the porous sample. The total-normal-
stress shows the overall pressure exerted on the end-wall, indicating that the porous
sample causes a pressure increase from about 410 KPa to about 1050 KPa. Numer-
ical results of Levi-Hevroni et al. (2002) are in excellent, consistent, agreement with
the foam experiments of Skews et al. (1993).

shown in Figure 1(a)—(c), respectively. Comparisons clearly indicate that the
developed numerical code in Levi-Hevroni et al. (2002) reproduced the test
problem very well.

We are not aware of experimental data concerning highly deformable
porous medium. Hence, to fully validate the theoretical model and its numer-
ical simulations as developed in Levi-Hevroni et al. (2002), only qualitative
comparisons and physical behavior were examined. Figure 2 illustrates the
calculated gas pressure and effective stress histories at the end-wall. It is
clearly evident that two waves arrive at the end wall. The one moving in the
gas, faster than the one moving in the solid matrix, is in excellent consistent
agreement with the foam experiments of Skews ez al. (1993). We note from
Figure 2 that the peak effective stress (total pressure) is clearly reproduced by
the simulation in Levi-Hevroni ez al. (2002), which also resulted in a pressure
amplification of about 12 similar to that reported by Skews et al. (1993).

The simulated trajectory of the front edge of the flexible porous mate-
rial and the density field of the solid matrix are depicted in Figure 3. We
also note that the front surface of the foam, first undergoes about 80%
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Figure 3. Evolution of the sample solid phase spatial density field and the trajec-
tory of its front edge, as simulated by Levi-Hevroni et al. (2002). The undulate tra-
jectory that decays in time follows the gas pressure inside the sample that is due
to the periodic structure of alternating rarefaction and compression waves propa-
gating back and forth between the front and back edges. The highest pressure is
obtained behind the shock wave reflecting from the end-wall. Coupling between the
motion of the sample/gas interface and the inside striking wave (shock/compression
that increases the gas pressure and induces a velocity in the propagation direction)
or rarefaction (i.e. decreases gas pressure and causes an opposite velocity) is clearly
evident. Simulation results are similar to experimental observations by Skews et al.
(1993).

deformation before it started to retreat backwards. In addition the foam
wave head, which was reported by Skews et al. (1993), can clearly be seen
in the foam domain.

The contact surface of the gas which originally filled the pores and was
pushed out, was found experimentally by Skews et al. (1993) and reported
in Levi-Hevroni et al. (2002) to be reproduced numerically. The calculated
gas density field and the trajectory of the foam front edge are depicted in
Figure 4.

From the experimental studies of Gvozdeva et al (1985), we note
that, to some extent, the peak in the solid effective stress (total pressure)
depends on the lengths of the foam slab. The longer the foam slab the
higher is the peak of the effective stress. This phenomenon was also repro-
duced by simulation, Levi-Hevroni et al (2002), as depicted in Figure 5
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Figure 4. Calculated gas density field and front edge trajectory of the flexible elasto-
plastic porous sample (after Levi-Hevroni ez al. (2002)). We note the contact surface
due to gas emerging from the sample porous matrix, after it had reached its utmost
deformation. This very large deformation depleted the sample pores and forced the
gas to flow across the sample/gas interface. Simulation results are similar to the
experimental observations of Skews et al (1993).

where the pressure histories at the end wall for three flexible foam slabs
having the lengths 60, 90 and 120 mm are shown. As can be seen the pres-
sure amplifications corresponding to these three cases are about 6, 8.25 and
10.5, respectively. It is also interesting to note that regardless of the length
of the foam slabs, the waves at the end-wall approach after a few millisec-
onds with the same pressure.

4. Summary

Rigorous averaging, on the basis of the REV concept, of the microscopic
NS equation produced two coupled macroscopic momentum equations
each addresses its own spatial scale. Although the one associated with the
smaller spatial scale is habitually assumed to be less dominant, it is how-
ever suggested that it can not be negligible in cases of significant deviation
from the average fluid velocities and/or for heterogeneity in fluid properties.
Moreover, it presents a feasible possibility of coupled formulation between
a dominant Darcy law and a secondary macroscopic balance equation
accounting for inertial effects at a smaller spatial scale.
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Figure 5. Pressure histories at the shock tube end-wall for different lengths of flex-
ible foam slabs (after Levi-Hevroni et al. (2002)). We note that the peak pressure
increases as the sample length increases while the shape of the pressure pulse at

the end-wall remains similar. Simulations are consistent with the experiment results
provided by Gvozdeva et al. (1985).

Focusing on the dominant macroscopic momentum balance equation,
we had summed up the transfer of the pressure gradient at the microscopic
solid—fluid interface of a saturated matrix, and obtained the full extent of
Forchheimer terms accounting for the square of the relative velocity as
well as its temporal rate. This led to an extension of the macroscopic NS
equation which depending on the dominance of its terms can be approxi-
mated to a nonlinear wave equation, to the form of Forchheimer law or to
Darcy’s law.

As one specific outcome accounting for Forchheimer terms, we present
the modeling of shock wave propagating through a rigid porous matrix
(Levy et al., 1995) and an extremely deformable one (Levi-Hevroni et al.,
2002). Results of the simulations are in very good quantitative and qual-
itative agreement with data of available experiments. These authors rely
on (2.26) without drag (last term on the r.h.s) at the solid-fluid inter-
face, we thus consider their simulations as examples validating the current
developments.
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