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• Introduction

• Small particles in turbulent velocity field

• Governing equations

• New: Solution to the equation for tangling Instability

• New: Tangling clustering instability

• New: Growth of particle number density

• New: Water droplets in turbulent velocity field

• New: Collision and calescence-raindrop formation

• Conclusions
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�Equation for the particle number density in a turbulent velocity field

Equation for the mean particle number density  N = <n>

mD kT / 6 a= πρνcoefficient of molecular (Brownian) diffusion
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The equation for fluctuations of the particle number density pn(t, ) n (t, ) N(t, )= −x x x
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n

n n D n N N
t

∂
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p s= + τV V g Vp - the mean particle velocity
Wg =  τ τ τ τsg - the terminal fall velocity of particles
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Tangling velocity fluctuations (tangling turbulence), Lumley (1967)

Tangling velocity, particle number density and temperature fluctuations
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pSt
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ρ
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πρν ρν

3/4
0 / Reη =l l

1/2
0 / Reητ = τ 0 0Re u /= νl0 0 0/ uτ = l

Particle velocity:

(1/ )(u ) 0∇ ⋅ ≈ − ρ ⋅∇ ρ ≠uFor low Mach number:

form the Navier-Stokes equation for:∇ ⋅ v

2 2 2s
s s s

d 1
( ) ( ) p ( )

dt

τ ∇ ⋅ = ∇ ⋅ − τ ∇ ⋅ + Ο τ = − ⋅∇ ρ + ∇ + Ο τ  ρ ρ 

u
v u u

For large Peclet numbers 2
sdn / dt ( / ) p 0∇⋅ ∝ − ∝ − τ ρ ∇ >v

Inertial particles are accumulated in regions with maximum pressure of
turbulent fluid where 2p 0∇ <

For homogeneous and isotropic turbulence a drift of inertial particles from regions with 
increased or decreased concentration by a turbulent flow is equiprobable in all directions.
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Turbulent thermal diffusion results in formation of a nonzero gradient of 
the mean particle number density in temperature stratified turbulence.

u 0θ ≠

(n) eff
TF n N D N= = − ∇v V

In temperature stratified turbulence the fluctuations of fluid temperature, θ, and 

velocity are correlated. Therefore, fluctuations of pressure are correlated with the 

fluctuations of velocity due to a non-zero turbulent heat flux

( )p m

N
N nv D N

t

∂
+ ∇ ⋅ + = ∆

∂
V

From equation for the mean particles number density

The turbulent flux of particles T 0 0D u≈ l

( ) ( )m
n n

n n D n N N
t

∂
+ ∇ ⋅  −  − ∆ ≈ ≈ − ⋅∇ − ∇ ⋅ ∂ τ

v v v v

( ) ( )n N N≈ −τ ⋅∇ − τ ∇ ⋅v v (n) eff
iF N v ( ) V N= − τ ∇⋅ =v

eff
T

T
V D

T

∇
= −α

2

St ln(Re)
1

Re Ma
α = +
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Governing Equation for Instability

The equation for the two-point second-order correlation function of the 
particle number density, 

( ) 2 ( ) ( ) ( ) ( )AB D t I
t

∂Φ
= + ⋅ ∇ + ∇ ∇ Φ +

∂
R U R R R R( ) ˆ{ } ,αβ α β

( ) 2 (0) ( )αβ αβ αβ αβ= δ + −R RT T
mD̂ D D D

( ) ( )T
i j

0

D ( ) 2 v [0, t, 0 ]v [ , t, ] d
∞

αβ ≈ τ + τ τ∫R ξ x ξ x R

{ }(A) ( ) 1/ 2 ( ) ( )= − −U R U R U R

( ) ( ) ( ) ( )2 2 T
ij i j

1 3
I R B N U U N D ( N)( N)

2 4
 = + + − ⋅ ∇ + ∇ ∇ R R R

( ) ( )
0

B( ) 2 b[0, t, 0 ]b[ , t, ] d
∞

≈ τ + τ τ∫R ξ x ξ x R

( ) ( )i i j

0

U ( ) 2 v [0, t, 0 ]v [ , t, ] d
∞

≈ − τ + τ τ∫R ξ x ξ x R

Tensor of turbulent diffusion

( )div= vb

( ) ( ) ( )2
τ

 τ = − − − τ ∫ξ x x v ξ x w
t

mt , s, t , s ds D t
Wiener trajectory describes 
diffusion and the Lagrangian
transport of passive scalar 

The source of particle 
number density fluctuations

( ),n tx

( , , t) n(t, )n(t, )Φ = +R r x R x
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Degree of compressibility of turbulent diffusion tensor

For the small yet finite correlation time (the turbulent velocity field is not 
delta-correlated in time) the tensor of turbulent diffusion is compressible: 

( )

( )

2
T

i j ij
T T 2

i j mn imp jnp

D ( )

D ( )

∇ ⋅∇ ∇
σ = ≈

∇ ∇ ε ε ∇ ×

ξR

R ξ

%

%

2

v 2

( )

( )

∇ ⋅
σ =

∇×

v

v

T
ij

i

D ( )
0

R

∂
≠

∂

R

The degree of compressibility of the tensor
of turbulent diffusion is characterized by

=ξ ξ - x%
0t s− >> τ

For small yet finite correlation time (small Strouhal number)
22

2v
T v

v

9132Sr
1 (Sr )

3 12(1 )

 σ
σ = σ + + + 

+ σ 
O

T
ijD ( )R

The main contribution to the tangling clustering instability is at the Kolmogorov scale 
of turbulent motions, where turbulence can be considered as nearly isotropic.

( ) i j i jT c c
ij T c ij ij2 2

R R R RdF dF
D D F(R)+F (R) R R

dR 2dRR R

  
≈ δ + + δ −    

   
R( )

describes the compressible (potential) component of the turbulent diffusion 
tensor
corresponds to vortical (incompressible) part of the turbulent diffusion tensor

cF (R)

F(R)

1τSr 2
c

c <<=
τ
τ

= ηη
η
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Expression for ( )B R

( ) ( )
0

B( ) 2 b[0, t, 0 ]b[ , t, ] d
∞

≈ τ + τ τ∫R ξ x ξ x R ( )div= vb

p P T O( T)′ ′= ρ ρ + θ + ρ θ ρ/ / / /

2
sv p∇ ⋅ ≈ τ ρ ∇( / ) For St <<1

2 2 2
2 2 2 2s s

2 2 2

2 2 P
B( ) p( ) p( ) ( ) ( )

T

τ τ
       ≈ τ ∇ ∇ ≈ τ ∇ θ ∇ θ       ρ ρ

R x y x y

2 2 4( ) ( ) (k)k ( ) ( ) exp(i )d   τ ∇ θ ∇ θ = τ θ θ    ∫x y k -k k ×R k%

2 2( ) ( ) E (k) / 4 kθθ θ = θ πk -k %

( ) 5/31
0 0

2
E (k) k k / k

3
−−

θ =%

Spectrum function of the temperature fluctuations at 1
0k k −

η≤ ≤ l

0 0k 1/= l
2/3

0 0(k) 2 (k / k )−τ = τ%

Budget equation for the temperature fluctuations

( ) 2
0 0 0

DE
div (u / 3) T T / 2

Dt
θ

θ+ Φ = ∇ ⋅∇ − θ τl

2E / 2θ = θ
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Expression for ( )B R

22
1/40

4

T2St
B( ) Re

3 Ma Tη

∇ ≈  τ  
R

l

In very small scales                has a universal form( )B R

( )

2 2
v v

inertial
v

20 20 160 St
B

1 3η η η

σ σ Γ ⋅
= ≈ ≈

+ σ τ τ τ

2

2 2
v 2

( ) 8
St 1

3( )

∇ ⋅
σ = = Γ ⋅ <<

∇×

v

v
2 2 2

2

80
( ) St

3 η

∇ ⋅ = Γ ⋅
τ

v
2

2

10
( )

η

∇× =
τ

v

Typical parameters for atmospheric turbulence:

7
0 0u 1m / s 100m Re 10 T (1 3)K per100m= = = ∇ ⇒ ÷l

3(2 7) 10Γ ≈ ÷ ×

1/4
0

2

TRe

9Ma T

∇
Γ =

l
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Physical Mechanism of Tangling Clustering Instability

Pressure fluctuations in non-stratified turbulence

2P uρ∝
Pressure fluctuations in temperature stratified turbulence

T
cP 2
s

θ
ρ∝

Ration of two-point correlation functions of the Laplacian
of pressure fluctuations in temperature-stratified and non-
stratified turbulence

1
TMa

1

B

B 2

4
stratnon

strat >>






 θ
∝

−
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Solution to the Equation for Tangling Instability

nondimensional variables: t t / η→ τ R R / η→ l
2/ NΦ → Φ

( )
1 1

2 2UR B(R) I(R)
t M R R

∂Φ   ′′ ′ ′≈ Φ + + χ Φ + Φ + Φ +  ∂   
%

( )
[ ]c

1 2 2
1 F (RF )

M R Sc 3
′= + − −

( )c

M(R)
(R) F 2F

3
′χ = − −

22
0 T4( 1) 3 R (R)

I(R) 1 B(R)
3 T 2M(R) M(R)

 ∇α − χ = − − +  
   

l

Φ(R) has a global maximum at R = 0 : (R 0) 0, (R 0) (R 0)′′Φ = < Φ = > Φ >

mSc / D 1= ν >>

[ ] [ ]T
c

T T

1
F(R) exp f (R) , F (R) exp f (R)

1 1

σ
= − = −

+ σ + σ

The interpolation form similar to that 
used by Batchelor (A.S. Monin, A.M. 
Yaglom, Statistical Fluid Mechanics, 
1975)
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Solution to the Equation for Tangling Instability

The solution in turbulent diffusion 
range of scales is sought in the form:

1(t,R) R (t,R)+µΨ = Φ

T T
T

T T

1 10
1 2

1 3 1

 + σ σ
µ = − σ + + σ + σ 

(t,R) 1
I(R)

t M(R)

∂Ψ
′′= Ψ − Ψ +

∂
A

T T T T
T T

T v T T

40 5 (1 ) (1 )2
1 (2 1) 1 (2 1)

3 1 3 (1 ) (1 3 ) (1 3 )

    σ σ + σ + σ
= − + + σ − − σ −    + σ + σ + σ + σ   

A

2T

T

(1 3 )1 2
R

M(R) 3 (1 )

+ σ
=

+ σ

1v

v

20
I(R) R

(1 )
+µσ

=
+ σ

Initial conditions: (t 0,R) 0Ψ = =

( )1/ Sc R 1<< <<
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Solution for Tangling Instability

Solution in the turbulent diffusion range scales (              ):

m mm 1
(t,R) f (t) (R)

∞

=
Ψ = Ψ∑

m(R)Ψ is eigenfunctions of Schrodinger equation:

m m m

1
( ) 0

M(R)
′′Ψ − γ Ψ =A+

1/ Sc R 1<< <<

m
m m m

df
f BA

dt
= γ +

Taking into account the orthogonality condition for the eigenfunctions
and boundary condition:

[ ]v m
m m

v m

20 A
f (t) exp( t) 1

(1 )

σ
= γ −

+ σ γ

1
m0

m
2
m0

M(R)R (R)dR
A

M(R) (R)dR

∞ +µ

∞

Ψ
=

Ψ

∫
∫

m p(R a ) 1Φ = =

( ) ( )RABRI 1m mm∑∞
− Ψ=

( ) ( )1e
R

lncos
RA

1

20
NR,t t

DD
1m

m

m

v

v2 m −















κ








γσ+

σ
=Φ γ

λ−
∞

−∑
ll
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Solution for Tangling Instability

The molecular diffusion scale

The minimum of Φ(t, R) for the mode m = 1 is at R = Rmin = exp(1/λ)

[ ]2 /2 21
min 1

1

BA
N Sc exp( t) 1 N

e
−λκ

Φ = − γ − = −
γ λ

[ ]2 1
max p 1

1

BA
(R a , t) N exp( t) 1Φ = Φ = = γ −

γ

2vT T
0 T

T T T

103 1
St (Ma,Re, / L )

2(1 ) 1 1 3

 σ− σ + σ
λ = + ∝ Γ + σ + σ + σ 

l

pn N n= +

at R = Rmin = exp(1/λ)

( ) ( )SclnSc
e

1
N

n 2/
max
p λ

π
λ

+=
N2

( ) ( )ynxn pp

pD a~Scη= ll



16

Growth rate of the tangling instability and the particle number density
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Growth rate of the tangling instability and the particle number density
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( )
( ) ( )

( )
( )
( )

2 2
2

v T v T T
m 2 2

T T Tv

200 3 1 31 2 m

3 1 3 2 1 11 Sc

 σ σ − σ − σ + σπ γ = − +
+ σ + σ + σ+ σ  

( ) ln

/ ητ

6
pSc 10 a=T 1σ =m 1=
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Growth rate of the tangling instability and the particle number density
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Growth rate of the tangling instability and the particle number density
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Growth rate of the tangling instability and the particle number density
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DNS: particle clustering - first results of simulation

L= 1cm, Re=250, Ma=0.001
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DNS: Growth of the particle number density -first results of simulation
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Tangling clustering: Effect of droplet evaporation

In the equation for fluctuations of the droplet 
number density – additional term -evaporation drn(t, ) n (t, ) N(t, )= −x x x

( ) ( )m
ev

n n
n n D n N N

t

∂
+ ∇ ⋅ − − ∆ = − ∇ − ∇ ⋅ −

∂ τ
v v v v

D

ev

2(t,R) 1 1
2 (R) B(R) I(R)

t M(R) R

 τ∂Φ   ′′ ′= Φ + + χ Φ + − Φ +   ∂ τ    

2 eff
D T/ Dητ = l

2 eff
D/ / 3ητ τ = τeveff

ev

η

η

τ τ
τ =

τ + τ

2 eff
eff
T

u
D

3
ητ

=

( )ceff

1 2 2
1 F (RF )

M(R) 3Sc
′= + − −

eff
effSc Sc

η

τ
=

τ

( )
( ) ( )

( )
( )
( )

2 2 22 2
v T v T T

m 2 2 eff eff
T T Tv ev

2200 3 1 31 2 m

3 1 3 2 1 11 Sc( ) ln

η
  τσ σ − σ − σ + σπ γ = − + −

+ σ + σ + σ+ σ τ τ  
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Growth rate of the tangling instability

Matching the correlation function and its first derivative at the 

points                                                      gives 
effR 1/ Sc and R 1= = eff

1 2/ 2(C C ) m / lnScκ + ≈ π

2
3 dr

ev

a
2 08 10

1
−τ = ×

− φ
.
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Maximum increase of droplets concentration  inside the cluster

410Γ =
6Sc 10 (a / m)= µ

.
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Maximum increase of droplets concentration  inside the cluster



Tangling clustering instability enhances 
collision-coalescence of cloud droplets:

Impact on rain formation
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The droplet collision-coalescence rate is considerably enhanced 

due turbulent tangling clustering of inertial particles in the 

temperature stratified turbulence.

The increase in droplet number density within the cluster is 

restricted by:

(i) exhaustion of the droplets in the cluster surrounding air 

(ii) momentum coupling of particles and turbulent flow

2
maxn / N / 4.7 10< ρ µ = ⋅

ρnm drdr <
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Coagulation and collision time

The Smoluchowski coagulation equation (M. V. Smoluchowski, "Drei Vorträge über Diffusion, 

Brownsche Molekularbewegung und Koagulation von Kolloidteilchen". Physik. Zeit.17: 557–585 (1916)):

( ) ( )( ) ( )( ){ }
( ){ } ( )

a
3 33 33 3

0

ev0

n(a) 1
div n K a a ,a n a a n(a ) da

t 2

n(a)
K a ,a n(a )n(a) da D n a

∞

∂
′ ′ ′ ′ ′+ = − − −

∂

′ ′ ′− − + ∆   τ

∫

∫

v

K(a,a’) is the coagulation kernel - describes the rate of coagulation a-a’. 

Averaged Smoluchowski equation over statistics of turbulent velocity field

( )

( )( ) ( )( )
( ){ } ( )

( ) ( )

a
3 33 33 3

0

ev0

N(a)
div N n

t

1
K a a ,a n a a n(a ) da

2

N(a)
K a ,a n(a )n(a) da D a N a

a

∞

∂
′+ + =

∂

 ′ ′ ′ ′ ′= − − − 
 

′ ′ ′− − + ∆   τ

∫

∫

U u
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Coagulation and collision time

( ) ( )max maxn(a )n(a) n (a )n (a) CN a N a′ ′ ′≤ = ( ) ( )max maxC(a,a ) n (a )n (a) N a N a′ ′ ′=

Estimating integrals using the mean-value theorem, and with account that for 
small droplets the second term is always much larger than the first one  

( )( ) ( )( ) ( ){ }

( ) ( ) ( ){ } ( ) ( ){ }

( ) ( ) ( ) ( ) ( ) ( )

( )

333

a
3 33 33 3

0 0

a

0 0

a a a

0

K a a ,a n a a n(a ) da K a ,a n(a )n(a) da

K a ,a C a ,a N a N(a ) da K a ,a C a ,a N(a )N(a) da

K a ,a C a ,a N a N(a )a N(a)K a,a C a,a N(a )da

K a ,a C a ,

∞

∞

∞
′′ ′= −

 ′ ′ ′ ′ ′ ′ ′ ′− − − ≈ 
 

′′ ′ ′′ ′ ′′ ′ ′ ′ ′ ′ ′−

′′ ′ ′′ ′ ′′ ′ ′ ′→ − ≈

′′ ′ ′′ ′≈

∫ ∫

∫ ∫

∫
%

% % % % %

% ( ) ( ) ( ) ( )a N a N(a )a NN(a)K a,a C a,a′′ ′ −% % % %

( ) ( ) ( ) ( ) ( ) ( ){ }

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1

N

aa~N
a,a~Ca,a~KaNNaa~NaNa~,aCa~,aK

adanana,aKadanaana,aaK

a

0 0

3 333 33

<
′

<′′′′′′′′′≈

≈′′′′






 ′





 ′−





 ′′−∫ ∫

∞
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Coagulation and collision time

( )
( ) ( )

( ) ( )St
ev eff

N(a) N(a) N(a)
div N n D a N a

t a a

∂
′+ + ≈ − − + ∆   ∂ τ τ

U u

( ) ( ) ( )

2

St max
eff

n (a)1 1

NK a,a C a,a NK a,a N(a)

−
 

τ = >  
 % %

10 2K (7 8) 10 cm / s−≈ ÷ ⋅

BGK type approximation of Smoluchowski equation for small sroplets
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Raindrops formationRaindrops formation

The ambient number density of the micron size droplets 5 3N 6 10 cm−= ⋅

( ) 1st 4
eff (a 1 m) N K 2.4 10 s 7 hours

−
τ = µ ≈ ⋅ ≈ ⋅ ≈

The particle number density within the clusters increases 
and collision time decreases by the large factor

2
5max drn (a )

2 10
N

  ≈ ⋅ 
 

Typical water content in clouds 2.75g/m3

2
st max dr
eff

dr

n (a )1

N(a )K N

−
 τ =  
 

2
3 dr

ev

a
2 08 10

1
−τ = ×

− φ
.Droplet evaporation time
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Brownian droplet collision kernel
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Evaporation and collision-coalescence
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Conclusions
• The tangling clustering instability in the temperature The tangling clustering instability in the temperature The tangling clustering instability in the temperature The tangling clustering instability in the temperature 

stratified turbulence is significantly more effective stratified turbulence is significantly more effective stratified turbulence is significantly more effective stratified turbulence is significantly more effective 
than inertial clustering and may increase particle than inertial clustering and may increase particle than inertial clustering and may increase particle than inertial clustering and may increase particle 
number density in a cluster by several orders of number density in a cluster by several orders of number density in a cluster by several orders of number density in a cluster by several orders of 
magnitudemagnitudemagnitudemagnitude....

• The tangling clustering instability in the temperature The tangling clustering instability in the temperature The tangling clustering instability in the temperature The tangling clustering instability in the temperature 
stratified turbulence results in considerable increase stratified turbulence results in considerable increase stratified turbulence results in considerable increase stratified turbulence results in considerable increase 
of particle collision rate.of particle collision rate.of particle collision rate.of particle collision rate.

• Time required for droplet size growth up to the size Time required for droplet size growth up to the size Time required for droplet size growth up to the size Time required for droplet size growth up to the size 
typical for rain droplets typical for rain droplets typical for rain droplets typical for rain droplets is of the order of 15is of the order of 15is of the order of 15is of the order of 15----20 min.20 min.20 min.20 min.

For details see Phys. Fluids 25, 085104 (2013)


